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1. Introduction

Y ou probably have some familiarity with the standard L aplace transform and its
inverson by partid fractions. However, you may not have seen its links with the
classcd theory of complex variables and the role of resduesin the inversion of a
transform. These noteswill fill alittle of that ggp. They're not a subdtitute for proper
study of complex variables, but they will show you the progression from Fourier seriesto
L gplace trandform, the meaning of “region of convergence” and how to invert transforms
by residues.

The discusson is restricted to one-sded functions— ones that are zero for
negaivetime. Thisiscommonly the case in control system design or any other Stuation
where initia conditions and trangent behaviour after application of an input are
important. However, many signas and functions in communications are two-sided, and
require the two-sded Laplace transform (which, thankfully, is beyond the scope of this
note).

2. Definition of One-Sided Transform

A one-sded function is zero for negetive time; that is, t <0, where O° denotesa
time just before O (this formulation makes dlowance for impulses a time zero, d (t) . For
exponentia, snusoida and polynomid sgnals, and for systems described by linear
differentid equations with congtant coefficients, the Laplace transform provides a
convenient smplification. 1t'saway of expressing any function as a superposition
(integra) of complex exponentids.

The Laplace transform of afunction x(t) is
¥

X(s) = OX(t)e *dt

0

where sisacomplex varidble. Theinverse transform is given by

1 CtHj¥
X(t) ==— ¢ X(s)€e"dt

c-j¥

where c isared congtant sdlected for convergence of X(s), as discussed in detail inthe
next section.



A Short Table of One-Sided Transform Pairs

x(t), t3 0 X(s)
at
¢”, red a —— , Re[s]>a
s-a
e™, p complex 1 Re[s] > Re]
= p|
S- P
sin(w,t) W,
sz+w§’ Re[s] >0
cos(w,t) s
—sz+m1§’ Re[s] >0
d(t), unitimpulse 1
u(t) , unit sep 1
S
r(t), unit ramp 1
s

Quedtions:
1 Use the definition of the transform to verify the firgt entry in the table above.
2. Whéat is the Laplace transform of the function

X(t) =te’"

induding the condition on Re(s] ?

3.  TheLaplace Transform on the Complex Plane

3.1 Its Origins

A wdl-behaved function can be expanded on an interva [0,T] as a Fourier series
—asum of Snesand cosneswith frequenciesw, = k2p /T or, equivaently, asasum of

complex exponentids— as follows:

¥ .
xt)= & X, e™ , 0£t<T

k=-¥

where




T

X, :Ti Oxt) e ™dt ,w, =k2p /T
0

dnce

=l

T . y T ] ]
O e™dt =g OXe™e™d=T X,
0 n=-¥o

The seriesisaresolution of x(t) into components at frequencies w,, that are spaced by
2p/T radls, eech component having complex amplitude Xi.

The resulting series represents the function on [0, T], dthough it may depart from
the function outsde thet interval, as shown in the sketch.
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Now let usincrease T, the length of the interval over which the series equas the
origing function. The frequenciesw, will become more closaly spaced, and in the limit

the sum becomes an integra

¥

x(t):% _QX(W) e dw

where

¥

X(w) = ox(t) ™' dt

This type of resolution into components dong a continuous frequency axisis known as
the Fourier transform, and the pair of integrals is known as the Fourier transform pair.

The component of x(t) at frequency w, X(w), can be consdered adensity: if the units of
X(t) arevalts, then theunitsof X (w) are volt-sec (or volt/Hz if we had been usng Hz
instead of angular frequency in radia/sec). Equivdently, theunitsof X (w) dw are

volts. Thetransform X (w) iscomplex, to represent both magnitude and phase.



When we attempt to calculate the Fourier tranform of some functions, however,
the integral does not converge. Examples are the unit step x(t) = u(t), or sin(w,t) or
exp(at) for a>0 (try them and see). A way around this difficulty isfirst to multiply x(t)

by e°' , for somerea s >0, and Fourier transform theresult. With s large enough,
most useful functionswill converge. We can easlly regain x(t) by inverting the modified
Fourier transform and multiplying theresult by €. The pair of equations now becomes

¥
X(w) = Ox@t) €°"™* dt
.

1 ¥ -
X)) =— X W) 5" gw
(t) > (¥) (w)

Findly, achange of varigble gives the Laplace transform. Define the complex frequency
vaiable s=s + jw . Then

X(s)= oOx(t) €°' dt

c+j¥
X)=— O X(s) €' ds

c-j¥
wherewe pick ¢ =s to belarge enough for convergence of the transform.

The vadues of sfor whichthered part s islarge enough make up the “region of
convergence’. Condder, for example, transforming x(t) = exp(- 3t) :

¥ ¥
3t - \ - (3+s 1
X(S)=093t e St :Oe(a )t Gt :m, Re[s]>-3

(o) 0
The pole and region of convergence are illustrated below:
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3.2 Inverson by Line and Contour Integrals

A Laplacetransform X(s) is apparently only going to be evauated at points dong
theline s=c+ jw intheinversetransform integrd. Neverthdess, X(s) isawell-defined

complex function everywherein the complex plane s=s + jw (except at the poles,
which are sngularities).

Consider the transform pair x(t) =€ 2" and X(s) =1/(s+a). Thetwo sketches
show clearly that the inverse trandform isalineintegra on the complex plane.
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The region of convergence consigts of dl pointsto the right of s=-a — and generdly, for

one-sded tranforms, it isto the right of the rightmost pole — and the integration line must
liein the region of convergence. That is c>-a.

The lineintegra suggests a contour integration. Consder the integration path
shown below. Curve C congds of the origind line integrd, circles around the poles, and
agiant semicircleto the left. The cuts do not have to be considered, since the integration
in one direction is cancelled by the contribution from the opposite direction, which has
opposite sgn.
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Now for some complex varigble theory. Firgt, the Cauchy Integrd Theorem: if a
function F(s) is andytic within and on aclosed curve C then

©F(s) ds=0

Rationd polynomid transforms are analytic everywhere, except at the poles. The
practical result, demongtrated by the sketch above, isthat our line integral equals the sum
of integrals around each of the poles, lessthe integrd dong the semicircle.

Next consder theintegration ong the semicircle. If theintegrand in

x(t)=% OX(s) €' ds

approaches zero more quickly than 1/|g| on that semicircle, then the contribution from the
semicirdeis negligible, and gpproaches zero astheradiusincreases. This conditionis
ensured by the combination of (1) postivet and large negative s in the exponentid

factor and (2) | X (s)| ® O uniformly as the radius becomeslarge. The latter condition is

in turn guaranteed if the degree of the numerator of X (s) islessthan the degree of the
denominator.

We now have the important result that our line integral equals the sum of integras
around each of the poles, so that

x(t):é@% X(s) €' ds

where C; isaclosed curve encirding the i pole. Next, we use the Cauchy Integral
Formula if F(s) isandytic within and on a closed curve C;, and the point s=a iswithin
Ci, then

1 F(s)
@—

Eqs_a dS:F(a)

F(a) isthe“resdue’ of the integrand F(s)/(s-a) when it isintegrated around the curve
centred on s=a. Thisisan extremey useful result. For example, we might want the

inversetranform x(t) of X(s) = % . Then, as shown by the sketch above, we must
s+r

integrate €' /(s+r) aongaclosed curve about the pole s=-r. In order to use the Cauchy
Integral Formula, weidentify F(s) with €* and awith —+. Theinverse x(t) isobtainedin
onegep: x(t)=e "', theresidue a s=-r, which agrees with the result obtained in Section
1.



To obtain the resdue a a pole with multiplicity n greater than one, note that
differentiation of the Cauchy Integra Formulawith repect to a, n-1 times, yields

1 d"F(s)| _ 1 F(9
(n-1! ds™! 2] (s- a)"

s=a

which again lets us evaduate the resdue on the right hand side without explicitly
performing the integration (athough the differentiation that replaces it can become
tedious for integrands with many factors or for pole multiplicities greater than about
three).

4. Inversion by Residues

In this section, we' Il turn the contour integration and residue theory into a
relatively mechanical procedure for inverting a Laplace transform of the rationd
polynomial type.

Given aLaplace transform X(s), we want the associated inverse transform x(t).
Theintegrand in the inverse transform equation isthen X (s)e™ . Define apole of the
integrand as asingularity point a which it becomes infinite (aloose definition, but it
works for polynomias). For our rationa polynomials, poles are roots of the
denominator. For example, the integrand

(sz+1) e
(s- 2)(s+3)(s* +2s+5)

has three smple poles, at s=2 and s=-1+ j2, and adouble poleat s=-3. Let therebeN
diginct poles p,,i =1...,N, eachof multiplicty n.. Inour example, N =4:p;=2,
p2=-3, p3=-1+j2, ps=-1-j2 and n;=1, n,=2, n3=1 and n,=1. Each pole has an associated
resdue, and the inverse transform isjust the sum of the al theresidues. In the discusson
below, we'll see how to caculate the residue at each pole.

Firdt, define the pole coefficient associated with pole p. as
F(9=(s- p)" X(s) €
In our example, the pole coefficientat p, =- 3 is

(52 +1) e
(s- 2)(s*+2s+5)

F(9) =



Notice that this definition smply removes the pole in question.

Next, we operate on the pole coefficients to produce the resdue at pole p,. For a
smple poletheresdue R (t)is

R®=F(s)
In our example,
2t 1 .
RO= 25>13 65 °

For amultiple pole, the resdueis given by

1 d"'R(9)
-0 dstt

RO=T;

|s=pi

which requires calculation of the (n - 1)" derivative. This definition is dearly valid for
smple poles, too. Inour example, theresdueat p, =- 3 is
leel 0 -3

R,(t) =- —8—""[—
after differentiation, subgtitution and smplification.

The complex poles require some comment. Although they are smple poles, and
do not need differentiation, the resulting arithmetic is complex. That's the bad news.

The good news will be evident shortly, but first we obtain theresdueat p, =- 1+ | 2.
After factoring the quadratic in the denominator to (s- p,)(s- p;), or
(s+1- j2)(s+1+ j2), wehavetheresdue

((_1+ J-2)2 +1) e(—l+j2)t
(-1+j2- 2)(- 1+ j2+3)° (- 1+ j2+1+ | 2)

Ri(t) =F(ps) =

(2 jAele® @l 16
96- 64 €208 26y

The complex arithmetic was laborious, and we till have another complex pole (p, = p;)
to go. Now for the good news. It is straightforward to show that the residues of complex
conjugate poles are themselves complex conjugates, so that R, (t) = R;(t) . When we sum

the residues, their sum just produces 2Re[ Ry(t)], so thereis no need to calculate R (t) .



Theinversetransformis, a ladt, just the sum of the residues:

xH)=aRm

In our example,
lael .0 éel 16 xU
X(t)=—=e*- ZF=+t: e¥+¢ 2Re el
0= 2810 7 %208 JZG@ a
- Len. leel t0 e +e—(cos(2t)+85|n(t))
28 17} 104

where the bracketed quantity in the last term can aso be written
as«/@cos(Zt - tan'1(8)) .

3.

(b) X(s) =

(© X(s)=

(d) X(s)=

uestions

Identify the poles and zeroes and their multiplicity in the transforms below:

_ S+3
@ X(9)= s®+s%+8s- 10
(b) X(s)= s

s?+7s* +15s+9

and show their locations on the s-plane.

Invert the following trandforms:

@ X(s)=—2—

s+3

S
s*- 55+6

1
s +2s5+5

s
s* +8s+16
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Answvers

(@ Polesat s=-1% j3,zeroat s=- 3, dl ample

-5”
;4 1.15
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x t-i3

(b) Polesats=1, s=- 3 (double), zero at s=0 (double)

'ih-'l
5 -
(@ x({t)=2e*,t30 sngle pole
(b) x(t)=3€"-2e*,t30 two smple poles

(© x(t) :%e‘tsin(Zt), t3 0 complex conjugate poles

(d) x(t)= (- 4t) €*,t3 0 doublepole
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