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Abstract —The family of Barnes—Wall lattices (including D, and E;) of
lengths N =2" and their principal sublattices, which are useful in con-
structing coset codes, are generated by iteration of a simple construction
called the “squaring construction.” The closely related Reed—Muller codes
are generated by the same construction. The principal properties of these
codes and lattices, including distances, dimensions, partitions, generator
matrices, and duality properties, are consequences of the general proper-
ties of iterated squaring constructions, which also exhibit the interrelation-
ships between codes and lattices of different lengths. An extension called
the “cubing construction” generates good codes and lattices of lengths
N =3-2", including the Golay code and Leech lattice, with the use of
special bases for 8-space. Another related construction generates the
Nordstrom—Robinson code and an analogous 16-dimensional nonlattice
packing. These constructions are represented by trellis diagrams that
display their structure and interrelationships and that lead to efficient
maximum likelihood decoding algorithms. General algebraic methods for
determining minimal trellis diagrams of codes, lattices, and partitions are
given in an Appendix.

I. INTRODUCTION

COMPANION PAPER [1] characterizes a large

number of the coded modulation techniques that
have been proposed for band-limited channels as coset
codes, i.e., as sequences of cosets of a sublattice A’ in a
partition A /A’ of a binary lattice A, where the cosets are
selected by the outputs of a binary encoder.

The principal purpose of this paper is to give a unified
development of the family of lattices that have proved to
be most useful in constructing coset codes and of the
properties of such lattices that are most important for such
applications, e.g., their minimum squared distances, their
partitions, and aspects of their structure that are useful in
decoding.

This family of lattices is the sequence of 2"-dimensional
lattices called the Barnes—Wall lattices, and what we call
their “principal sublattices.” This family includes such
important lattices as the Schlafli lattice D,, the Gosset
lattice Eg, and the infinite sequence A, Ajy, -+ of
Barnes—Wall lattices, whose fundamental coding gain [1]
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increases by a factor of 2!/2 (1.5 dB) for each doubling of
dimension.

What may be obscured by the length of this paper is
that the construction of these lattices is extremely simple.
The only building blocks needed are the set Z of ordinary
integers, with its infinite chain of two-way partitions
Z/2Z/4Z/ - - -, and an elementary construction that we
call the “squaring construction,” which produces chains of
2 N-tuples with certain guaranteed distance properties from
chains of N-tuples. Iteration of this construction produces
the entire family of lattices, determines their minimum
squared distances, shows their partition (sublattice) struc-
ture, and gives general interrelationships between the lat-
tices of different dimension. The construction also natu-
rally points to structural decompositions that we illustrate
by trellis diagrams and that lead to efficient maximum
likelihood decoding algorithms. Other attributes of these
lattices, such as their generator matrices, “code formulas”
[1], and duality properties, may be easily derived from
general properties of this simple construction.

Actually, the development makes it clear that the most
natural starting point for the construction is the two-di-
mensional lattice Z? of pairs of ordinary integers, with its
infinite chain of two-way partitions Z2/RZ%*/2Z?%/ - --
or, equivalently, the complex lattice G of Gaussian inte-
gers [1], with its partition chain G/¢$G/$*G/ - - -, where
=1+

These lattices are closely related to the family of
Reed—Muller codes. Indeed, the Reed—Muller codes can
be generated by the same construction, except that the
starting point is the binary field GF(2), with the exhaustive
two-way partition into its two elements. The two-by-two
integer matrix G, » = {[10],[11]} turns out to be a key tool
in describing the application of the squaring construction
to group partitions, and the m-fold Kronecker product of
this matrix with itself, i.e, the N X N integer matrix
G(n,~) that contains all the generators of all the
Reed—Muller codes of length N = 2", turns out to be very
helpful in characterizing the results of m-fold iterated
squaring constructions (Lemma 2).

A construction that we call the “cubing construction,”
which is closely related to the twofold iteration of the
squaring construction, produces groups of 3N-tuples from
groups of N-tuples. The principal use that we make of this
construction is to construct the (24,12) Golay code and the
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24-dimensional Leech lattice. In addition to the cubing
construction, we need to introduce special bases of 8-space
to obtain the requisite distance properties.

Using these bases, we go on to construct the length-16

nonlinear Nordstrom-Robinson code, which is better than
any comparable linear code, and an analogous 16-dimen-
-sional nonlattice packing, which falls just short of the
density of the 16-dimensional Barnes-Wall lattice A .
These constructions are closely related to each other and
to those already described. Furthermore, they show that
while coset code constructions may almost always be based
on partitions that result from coset decompositions of
groups (codes, lattices), the resulting constructions need
not themselves be linear to have good distance properties
(indeed, many of the best trellis codes are nonlinear [1]).

These constructions lead directly to unexpectedly simple
and highly structured trellis diagrams for these codes and
lattices. The trellis diagrams suggest maximum likelihood
decoding algorithms for both codes and lattices that gener-
ally turn out to be improvements over the best previously
known algorithms. For completeness, we give methods for
systematic algebraic determination of minimal trellis dia-
grams for linear codes and lattices in an Appendix.

Relatively little in this paper is new. All of the codes and
lattices are well-known (except for the 16-dimensional
nonlattice packing, which was noticed earlier by Conway
and Sloane but has not previously been published). Their
constructions and properties have generally been derived
earlier in various forms, some essentially equivalent to our
constructions, which we have attempted to acknowledge
appropriately. While we know of no readily accessible text
on lattices, the recent book by Conway and Sloane [2] is an
encyclopedic reference for practically everything here and
far more. What we hope to have contributed is a unified
treatment of the lattices that are most useful in applica-
tions, with a derivation of their principal properties, at a
reasonably elementary mathematical level. We do believe
that the structural properties exhibited in our trellis dia-
grams are generally new, as well as the decoding methods
that they suggest.

The paper is organized as follows. In Section II we
introduce the language and elementary results that we use
for sets, set partitions, distance measures, and additive
groups,-particularly groups with orders equal to a power of
two, with a few words on binary codes and lattices. Section
III contains the general properties of the squaring con-
struction and of iterated squaring constructions; then, in
Section IV, the Reed—Muller codes and Barnes—Wall lat-
tices are developed using these constructions, along with
their principal properties. Similarly, Section V is devoted
to the cubing construction, which then is used in Section
VI to develop the Golay code and Leech lattice after the
introduction of special bases for 8-space. In Section
VII these bases are used to construct the Nordstrom-—
Robinson code and the analogous 16-dimensional nonlat-
tice packing. In Section VIII we work out some examples
of our decoding algorithms, for the (8,4) first-order
Reed—Muller code (and the E; lattice), the Golay code,
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and the Leech lattice. Finally, in the Appendix we show
how to determine the state spaces and trellis diagrams of
codes, lattices, and partitions algebraically, using trellis-
oriented generator matrices.

II. PRELIMINARIES

This paper is about discrete sets on which a distance
metric is defined, partitions of such sets, and set construc-
tions based on such partitions. In this section we gather
the elementary facts that we will need about such sets and
partitions. These sets will almost always be algebraic
groups, i.e., closed under some addition operation; how-
ever, the constructions do not essentially depend on group
properties, and to emphasize this point, we defer the
discussion of group properties for as long as possible.

A. Partitions

Let S be any discrete set with elements s € S. An
M-way partition of S is specified by a set of M disjoint
subsets T(a) whose union is S, where a is a label for the
subset T(a). We denote such a partition by S/7, and we
say that the order of the partition is |S/T|= M. Ordinar-
ily, in this paper, the order of a partition will be finite,
even when the sets involved are infinite.

A subset labeling is any one-to-one map between the
subsets and a set of M labels. Examples of labels which we
shall use include: a subset index i, where, for example,
0<i<M-1; binary K-tuples a, when M=2%; or a
system of subset representatives ¢ € S, one from each sub-
set. When S contains a zero element 0, we call the subset
that contains 0 the zero subset T(0), or simply T, and use 0
as its representative.

For example, there is a two-way partition of the set of
ordinary integers Z into the even integers, 2Z, and the
odd integers, 2Z +1. We say that Z/2Z is a partition of
order 2. The natural labels for the subsets are {0,1}, where
2Z is the zero subset.

An m-level partition chain S,/S,/ - /S,, is obtained
by repeated partitioning of subsets; i.e., the set S, is first
partitioned into |S, /S| subsets S;(a,), then each subset
Si(ay) of S, is partitioned, and so forth. We shall require
that the order of all subset partitions at any given level be
the same; e.g., that all second-level partitions of the sub-
sets S(a,) have the same order. Then we can say that the
order |S; /S, | is the common order of all jth-level parti-
tions, and |S,/S,,| must then be the product of the orders
1S;/S;h 0<j<m—1

It 1s natural to label an m-level partition by an m-part
label a =(aq, a,- -+, a,_,), where a; is one of a set of
S;/S; 1| labels, 0 < j < m —1. The subsets at the jth level
may then be labeled by the first j parts of the label; e.g.,
Si(ag), S,(ay, a;), and so forth. In other words, the
same ‘system of labels a; is used for each partition
Si(ag, -+, a;.1)/S; .14y, - -, a;). The final subsets S,,(a)
are labeled by the complete m-part label a.
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Fig. 1. Two-level partition S/T/V. (a) As partition trees. (b) As parti-

tion tower. (c) As partition trellis. (d) As schematic trellis.

Fig. 1 illustrates a two-level partition S/7/V in three
ways: as a tree, as a tower, and as a trellis. Let the orders
of the partitions be M =|S/T| and N=|T/V|, so that
|S/V|= MN; in the figure, M =2 and N=4. Then the
subsets T(a,) are labeled by an M-valued label a,, and
the subsets V(a) are labeled by an MN-valued two-part
label a = (a, a;). The partition tree consists of an M-way
branch at the first level, where each branch may be labeled
by a label a,, followed by N-way branches of each first-
level subset at the second level, where each branch may be
labeled by a label a,. The partition tower represents the
selection of a subset T(a,) of S in the partition S/T by a
first label a,, and then the selection of a subset V(a,, a,)
of T(ay) by a second label a,. The partition trellis is a
single-level representation of the partition tree with each of
the MN branches representing a subset V(a), and the
branches grouped into M clusters of N branches, each
cluster representing a subset 7(a,). The final illustration is
a generic schematic trellis diagram for a two-level partition
with arbitrary orders |S/T|and |T/V|.

The dummy partition S/S is a one-way “partition” of S
into a single subset, namely S itself; partition chains can
be arbitrarily extended by dummy partitions. If Z is a
single-element subset (e.g., Z = {0}), then a partition chain
can be extended all the way down to Z, yielding the
exhaustive partition S/Z, whose order is the number of
elements in S.

The Cartesian product SV is defined as the set of all
N-tuples s = (s, 5,,"--,sy) of elements of S. If §/T is
a partition of order |S/T}, then S¥/T¥ is a partition
of order [S¥/T™|=|S/T|". The subsets of the par-
titton SV/TV may be labeled by an N-tuple label
(ay, a,, -, ay), where T¥(ay, a,,- - -, ay) is the subset of
S™ consisting of N-tuples whose first component is in
T(a,), whose second component is in T(a,), and so forth.
If S,/S:/ /S, is an m-level partition chain, then
SY/S¥/ -+ /SN is an m-level partition chain, and the
1So./S,.|" subsets of S¢¥ may be labeled by m-part, N-tuple
labels a={a,, 1<i<N, 0<j<m-—1)}, where a,=
{a,;, 0<j<m—1} is an m-part label for the |S,/S,|
subsets of S, for each i, 1<i<N.

B. Distances

We are interested in discrete sets S on which a distance
metric d(s,s’) is defined between pairs (s, s’) of elements
of S. We assume that d(s,s’) is zero if s =s’ and greater
than zero if s # s’, and we define the minimum distance
d(S) of S as the minimum nonzero d(s,s’). (If S is a
trivial set with only one element, we say d(S) = .)
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If S/T is a partition of S, the distance metric on S
carries over to its subsets 7(a). We define the minimum
distance d(T') as the least minimum distance of any subset
T(a). Sometimes we say in shorthand that the partition
S/T has distances d(S)/d(T), where the slash is only a
separation symbol. Generally, we are interested in parti-
tions for which d(T) > d(S).

If T(a) and T(a’) are subsets of S, the subser distance
d(a, a’) is defined as follows: a) if a # a’, d(a, a’) is the
minimum distance between the elements of the distinct
subsets T(a) and T(a’); b) if a=a’, then d(a, a’) is the
minimum distance between distinct elements of the subset
T(a), ie., d(a,a)=d(T(a)).

In a single-level partition S/T, d(a,a’) is lower-
bounded by d(S) in general, but if a = a’, then d(a, a’) >
d(T). In a two-level partition S/T/V with a two-part
label a = (ay, a,), d(a, a’) is lower-bounded as follows:

a) in all cases, d(a,a’) > d(S);

b) if a,=a(, then d(a,a’) > d(T), because V(a) and
V(a’) are both subsets of the same first-level subset
T(ay);

c) if a=a’, then d(a, a’) > d(V'), by definition.

This lower bound thus depends only on whether the parts
of the label are the same or different; i.e., on the Hamming
distances between parts of the label, where the Hamming
distance between two quantities is defined as zero if they
are the same and one if they are different.

The general version of these observations is the essential
distance property used in constructions based on set parti-
tions, which we shall call the partition distance lemma: if
So/Sy/ -+ /S,, is an m-level partition chain with dis-
tances d(S,)/d(S,)/---/d(S,) and S,(a) and S, (a’)
are subsets with multipart labels @ and a’, respectively,
then the subset distance d(a,a’) is lower-bounded by
d(S;), where if a+a’, j is the smallest index such that
a;# aj, while if a =a’, j is equal to m.

If SV is the N-fold Cartesian product of S with itself,
then let the distance metric between two N-tuples s and s’
be defined as the sum of the N componentwise distances
d(s;,s]), 1<i< N. Then d(S¥)=4d(S), since distinct N-
tuples need not differ in more than one element. Distance
metrics that naturally have this additive property include

a) Hamming distance: d (s, s’) =X, dy(s;, s}), where

’ 0, i =5’
a0 o

b) squared Euclidean distance: ||s —s'||> 2 d(s,s') =
Y.dp(s,, s!), where d(s,5") 2 |s —5'|%.

Thus if S/T is an M-way partition with distances
d(S)/d(T), then S¥/T" is an M"-way partition that also
has distances d(S)/d(T).

C. Group Partitions

Often we shall be interested in sets § which are groups,
primarily because any subgroup T of a group S naturally
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induces a partition of S into subsets, namely, the cosets of
T. We recall the following facts from elementary group
theory:

An (additive) group S is defined by a set of elements
s €S including 0, and an addition operation such that
(s+s)€ES, s+0=s, and s+ s’ =0 has a solution s’€ §
called —s. Our groups will mostly be groups of N-tuples
(vectors, points), and the addition operation will be some
form of vector addition. (Thus we will use bold face for
group elements s.)

When S is a group, we assume that the distance metric
d(s,s’) has the group property, d(s,s’y=d(0,s—s")=
wt(s — s’), where the last expression involves the weight
wt(s) £ d(0,s). Of course wt(0)=0 and, assuming that
the distance metric is symmetric, wt(s)=wt(—s). The
minimum distance d(S) is then equal to the minimum
nonzero weight of any element s €S. Both Hamming
distance and squared Euclidean distance have the group
property; the weight of s may be identified as the norm
|Is||? in the latter case.

Any subgroup T of a group S naturally induces a
partition of S as follows. Two elements s and s’ are said
to be equivalent (or congruent) modulo T if (s —s')e€T,
and we may write s=s'(mod7T). Since s=s', s=s",
implies s’=s", congruence modulo T is an equivalence
relation and partitions S into disjoint equivalence classes;
we denote this partition by S/T.

Let us label each class by taking one of its elements ¢ as
a representative. The equivalence class T(c) that contains
¢ is the set {t+¢: t €T}, which we write as T+ ¢. Any
set T+ c is called a coset of T in S, and any such ¢ is
called a coset representative. The coset containing 0 is the
zero coset T +0, which is T itself, and we always use 0 as
coset representative for the zero coset.

All cosets of T must have the same minimum distance
d(T), which is equal to the minimum nonzero weight
within 7 itself. The subset distance d(c,¢’) between the
cosets T+ ¢ and T+ ¢’ is the minimum weight within the
coset T+ (c—c’); if we define wt(c) as the minimum
weight within T + ¢, then d(e, c¢’) = wt(c — ¢’).

Let [S/T] denote any system of coset representatives c,
one for each equivalence class; then S is the union of the
|S/T|cosets T+ ¢, c€[S/T], so every s € S is equivalent
to one such ¢ €[S/T], and thus every s €S has a unique
representation of the form s=r¢+ ¢ for some c€[S/T]
and t €T, namely, t =5 — ¢. Thus S is the direct sum of
[S/T] and T. This is called a coset decomposition of S and
will be written here as S=[S/T]+T. (We reserve the
symbol @ for mod-2 addition.)

The sum of two cosets T+ ¢ and T + ¢’ is defined as the
coset T+ (¢ + ¢’) which contains any sum of two elements,
one taken from each coset. Under this definition of addi-
tion, the cosets form a group, called the quotient group,
and also denoted as S/7. The order |S/T| of this group is
the number of cosets of T in S (also called the index of T
in §), which is the same as the order of the partition S/T,
so the notation and terminology are consistent.

If S is a finite group, then |S|=|T||S/T|; therefore, the
order of any subgroup 7T divides |S|. While no multiplica-
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tion operation need be defined on a group, it is always
possible to multiply group elements by integers, since the
product + ms of any integer + m € Z with any group
element s€ S is +(s+s+ ---) (m times). The set [s] of
all such multiples is a subgroup of S. The order of the
subgroup [s] is called the order of the element s; the order
of any element s € S must therefore divide the order of S.

If S is a group with order |S|=2X for some K, we say
that S is a binary group. Any subgroup of a binary group
is a binary group, and all elements of a binary group have
orders equal to powers of two. Any nontrivial binary
group contains an element of order 2; for if s is any
nonzero element, then the sequence s,2s,4s,--- eventu-
ally arrives at 0, and the last nonzero element of this
sequence has order 2.

If S is a binary group with order |S|=2X, then every
element of S can be expressed as s(a)=X,a,g, = aG,
where a = (ay, a,,---,ax_;) is an integer K-tuple such
that a, € {0,1}, 0 <k < K —1, and the generators g, are a
set G={g;, 0<k <K -1} of group elements. The set G
will be called a generator matrix, the parameter K (the
binary logarithm of |S|) will be called the (binary) dimen-
sion of S, and the expression s(a)=aG will be called a
binary linear combination of the generators. This may be
shown by induction, as follows: choose gx_; as any
nonzero group element of order 2; then if T is the sub-
group [gx_1]1= (0,841} = {ax_18x_1, ax-1€ {01}}, S
has the coset decomposition S=[S/T]+ 7T, where the
quotient group S/ T of elements of S$ modulo T is another
binary group, with order |S/T|=2%"1 Repeating K
times, we arrive at the desired expression.

A sequence S, S},- -, S, of groups S; is said to be
nested if S, is a subgroup of §;, 0 < j<m—1. Then
So/S1/ - - /S, is an m-level partition chain, and all parti-
tions at the jth level have order |S;/S,.,|. The order of
|So/Snl 1s the product of the orders of the [S;/S,, ),
0<j<m-—1. A coset of S,, in S, can be labeled by the
m-part label ¢=(cy, ¢, -,¢,_1), Where ¢; is a coset
representative in [S,/S;,,}, 0 < j<m —1. This is a chain
coset decomposition, S, =[S,/S;]+[S,/S;]+ -+ +S,,.
(The expression s(a)=2X.a,g, for elements of binary
groups is an example of such a chain decomposition.) In
this case the partition distance lemma is expressed as
follows: the subset distance d(c, ¢’) between two cosets is
lower-bounded by d(S;), the minimum distance between
elements of S, where if ¢ # ¢/, then j is the smallest index
such that ¢, # ¢/, while if ¢ =¢’, then j is equal to m.

If |S,/S,,| is some power of two, say 2X, then we say
that S,/S,/---/S,, is a binary partition chain. Because
S, /S; 1| divides |S, /S,,|, the order of each partition in the
chain must be a power of two, say 2%, and K=Y jkj.
Obviously, we can label the cosets of ;.. in S; by binary
k ~tuples a; in any arbitrary way (but with the zero coset
labeled by the all-zero k-tuple 0). Then an alternative
m-part label for the cosets of §, in S, is the binary
K-tuple a = (ay, a,,- -+, a,,_,). Because the partition dis-
tance lemma is based only on whether labels are the same
or different, it continues to apply, however we label the
cosets.
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In a binary partition chain, at each level the quotient
group S, /S; ., is a binary group, and therefore a set of k,
generators G, = { g} exists such that the elements of
S,;/S;+1 are the binary linear combinations a,G; of the
generators in the generator matrix G,. In other words, we
have a coset decomposition S;=S;,,+{a;G,}, meaning
that every s; € S; has a unique representation of the form
s;=s;,;+a,G, for some 5,,,€S,,, and some integer
k-tuple a; with a, € {0,1}, 0 <k <k, —1. Concatenat-
ing these representations, we arrive at a set of K genera-
tors G = {G,, 0 < j < m—1} that is a generator matrix for
So/S,; 1.e., every s, €S8, has a unique representation
s, =S5, +aG for some s, €S, and some integer K-tuple
a=(ayga, -,a,_,) wtha, €{0,1},0<k <K-1.0b-
viously, this is a nice way of assigning labels to the cosets
of S, in .

Note that if S; and S;,, j'> j, are any two groups in the
partition chain, then the union of the generator matrices
from G; to G, _, is a generator matrix for S;/S,.. This
motivates the following definition of addition of generator
matrices: the sum of two generator matrices is the union of
their generators. Thus we may write, for example, G =X G,
The empty set { &} is the zero generator matrix under this
notion of addition. However, there is no additive inverse
or subtraction in this algebra.

Fig. 2 illustrates a binary partition chain S, /S;/--- /S,,
with |S,/S,,| = 2% in three different ways. The first is as a
partition tower (as in Fig. 1(b)) with vertical heights scaled
proportionally to the dimensions k. The second is as a
corresponding tower for a chain T, /T, /- - /Ty of two-
way partitions, where the subgroups T, are defined recur-
sively by T,_,=T,+{a,_18,_1), starting with T, =S,
with the label a broken out into individual values
ay, a,, -, ax_,. We can arrange this ordering so that
all of the groups S, S;,---,S, appear in the chain
T,/T,/ - -+ /Tk. Finally, we give a chain representation of
the chain S,/S,/---/S,, with the links of the chain
labeled with the corresponding generator matrices G;, and
a similar representation of the chain T, /T, / - - - /Ty, with
the links labeled by the corresponding generators g, .

S, T
4o T o ° 94
a T,
Loyl 5.8 Frng BT & U
2
o —az" /% 7, 92
— TN 93
ay S, T,
a T. g
1o 5,5 s TJ/E | G T g4
s s, T, %5
a S T3
a aK T3 Tk " T, 93
— % S /S ——a‘ﬁ‘ Teor M| G o k2
1 LS g S | g
i Lo g S, T«

(@) (b © (@

Fig. 2. Partition chain $/S,/ - - /S, where |S/S,|=2% and
1S0/811=2% 15, /8| =22, |S,,_1 /Sl = 2*. (a) As partition tower. (b)
As corresponding tower of two-way partitions T, /T; /- - /T. (c) As
chain representation for S, /S, /- - - /S,,, showing the generator matri-
ces G; for S;/S; .. (d) As chain representation for 7, /T, /- -- /Ty,
showing generators g, for T, /T, ..
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D. Binary Codes and Lattices

The groups S, that we are most interested in are binary
codes and lattices.

A binary (N, K) code C is a set of 2X binary N-tuples
(codewords) that forms a group under mod-2 vector addi-
tion. The components of the codewords are usually thought
of as belonging to the binary field GF(2), whose elements
we shall write in bold face as {0,1}; however, they may
equally well be thought of as ordinary integers restricted to
the values {0,1}, since mod-2 vector addition and multipli-
cation by a binary scalar lead to the same result in either
case.

We use (vector) Hamming distance as a distance metric
for codes. If we regard a codeword as an integer N-tuple,
then the Hamming weight of a codeword ¢ is equal to its
norm ||c|% If the minimum Hamming distance between
elements of the code C is d,(C) = d, we may also use the
notation (N, K, d) for the code C.

Since C is a binary group, from the discussion above, C
has a generator matrix G, consisting of K generators g,,
where each g, is a codeword in C, such that the code
consists of the 2% binary linear combinations aG. of the
generators, using mod-2 vector addition. (In fact, if we
regard the codeword components as elements of GF(2),
then C must be a vector space of dimension K over the
field GF(2).) If C’ is an (N, K’) code that is a subcode of
C, then G, can be chosen to include a generator matrix
G for C’, and we may write G = G¢., + G, meaning
that the generator matrix for C is a union of a generator
matrix for C” with a set of K — K’ generators G, for C
modulo C’. The set of 2X~X’ binary linear combinations
aGc,c, is a system of coset representatives [C/C’], and
C=C"+[C/C"]is a coset decomposition of C correspond-
ing to the decomposition G- =G + G- of its generator
matrix.

Any binary code C is a subcode of the (N, N) code of
all binary N-tuples, so (N, N)/C is a 2V~ X.way partition
of the binary N-tuples into cosets of C, and there is a
generator matrix G, v, for the (N, N) code that contains
a generator matrix G for C plus N — K additional gener-
ator Gy y),c that generate a system of coset representa-
tives [(N, N)/C] for the cosets of C.

A generator matrix Gy y, for the (N, N) code is an
N X N integer matrix that is a basis for binary N-space. Its
(integer) determinant must be congruent to 1 modulo 2. If
in fact the determinant is equal to 41, then we say that
G~y 18 @ universal basis for any Cartesian product S¥,
where § is any group, or a “universal basis for N-space”;
for then (and only then) Gy y, has an integer inverse
G(x vy SO that any element s € SV can be uniquely ex-
pressed as s = s'Gy, v, for some s’ € SV, namely s'G,} ).

A (real) binary lattice A is defined as a set of integer
N-tuples that forms a group under ordinary vector addi-
tion, and that has 2”"Z ¥ as a sublattice for some m, where
Z" is the set of all integer N-tuples. The 2-depth of a
binary lattice is the least m for which 2"Z" is a sublat-
tice; a binary lattice with 2-depth 1 or 2 is called a mod-2
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or mod-4 lattice, respectively (see [1]). We use squared
Euclidean distance as a distance metric for lattices (al-
though it is not a metric in a strict sense).

The cosets of A modulo 2"Z" may be represented by
N-tuples of integers modulo 2™, and coset representatives
may be added modulo 2™. If A is a mod-2 lattice, there is
thus an isomorphism between its cosets modulo 2Z*" and
the codewords of some binary (N, K) code C (see [1,
lemma 3)). The (Euclidean) weight of a coset 2ZV + ¢, i.e.,
the minimum weight of any element of this coset, is equal
to the Hamming weight of the codeword c.

Since Z¥/A /2™Z¥ is a partition chain and |[ZV/2"Z V|
=2™N the theory of binary partitions applies. The parti-
tion A/2™ZN has a generator matrix G, comprising K
coset representatives g, of 2"Z ¥ modulo 2™ such that the
2K binary linear combinations aG, (mod2™) are a system
of 2K coset representatives [A /2"Z™] for the cosets of
2mZ"N in A. If A’ is a binary lattice that is a sublattice of
A, then we can choose G, so that it includes a generator
matrix Gy, for A’/27Z", and G,= Gy + Gy, where
the binary linear combinations aG, ,, are a system of
coset representatives for the lattice partition A /A’. If
|A/2mZN|=2X then |ZV/A|=2"""K and there is a
generator matrix Gyv pmpn for ZN/2"ZN=(Z/2"Z)V
(the N-tuples of integers mod2™) that is the union of a
generator matrix G, plus a generator matrix G~ ,, for a
system of coset representatives for the cosets of A in ZV.

The Gaussian integers are the set of complex numbers
G={a+bi: a,b€Z}. A complex binary lattice A is
defined as a set of Gaussian integer N-tuples that forms a
group under complex vector addition and that has ¢*G~
as a sublattice for some p, where G is the set of all
Gaussian integer N-tuples, and ¢ 21+ is the prime of
least norm in G. The depth (¢-depth) of A is the least such
1. Every property stated above for real binary lattices is
true for complex binary lattices, if we substitute Gaussian
integers for integers and the lattice chain G¥/A /¢*G" for
ZN/A j2mZ N,

The fundamental coding gain vy is the principal subject of
[1]. For a lattice A of real 2 N-tuples or complex N-tuples,
the coding gain is in general defined as y(A) 2
d2i(A)/ V(AN where d2, (A) is the minimum squared
distance between points in A, and V(A) is the fundamen-
tal valume of A. All of the lattices to be considered here
may be regarded as complex binary lattices and have
minimum squared distance equal to d2, = 2*, where p is
the depth of A. If |A /2*G"|=2X, then V(A)=|G"V/A|
=2#N-K Consequently, for such lattices y(A) =25V =
|[A /2HKG VN,

III. SQUARING CONSTRUCTIONS

If S is any set and S/T is a partition of S, then the
squaring construction is a simple method of generating a
set U of pairs of elements of § with distance at least
min[d(T),2d(S)]. In the next section we show that this
simple 2-construction generates many good codes and lat-
tices, notably the Reed—Muller codes and the Barnes—Wall
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lattices. As in Section II, we begin by considering set
partitions S/ T, then go on to group partitions, and finally
to partitions of codes and lattices.

A. The Squaring Construction

If S is a union of M subsets 7;,, 1<i< M, then the
squaring construction is defined as the union U of all pairs
(51, §,) where s, and s, are in the same subset, i.e., as the
union of the M sets T, 1<i< M. We denote U by
IS/T|%

Fig. 3 illustrates the squaring construction by a trellis
diagram. The trellis consists of two sections joined at M
intermediate nodes, or states. Each section contains M
branches, one corresponding to each subset 7, and repre-
senting all elements of 7. The union of all branches in a
section thus represents the total set S, and the section thus
represents the M-way partition S/7. The branches in each
section corresponding to the same subset 7, are joined at a
common state; thus each joined pair of branches repre-
sents a Cartesian product T,%. The set U=|S/T|? is repre-
sented by the set of all possible paths through the trellis
from the initial node to the final node, i.e., by the union of
the T2, 1<i< M. The essential property of the squaring
construction is that it guarantees a certain minimum dis-
tance between elements of U=|S/T|? which is in part a
consequence of the partition distance lemma.

Fig. 3. Trellis diagram representing squaring construction U = |S/T|*.

Lemma I: If S/T is a partition with minimum dis-
tances d(S)/d(T), then U=|S/T|*> has minimum dis-
tance

d(U)=min[d(T),2d(S)].

Proof: a) If two distinct elements of U belong to the
same set T2 (correspond to the same path through the
trellis), then they differ by at least d(T') in one coordinate.
b) If two distinct elements of U belong to different sets 7,2
(correspond to different paths through the trellis), then
they differ by at least d(S) in both coordinates. c) If ¢,
and ¢, are two elements in the same set 7, that differ by
d(T), then (t,,t,) and (¢,, t,) are elements of U that differ
by d(T). d) If s, and s, are two elements of S that differ
by d(S), then (s,,s,) and (s,, s,) are elements of U that
differ by 2d(S).

In view of Lemma 1, we shall be particularly interested
in partitions S/T where d(S) and d(T) are in the ratio
1:2.

Suppose we arrange the branches in each section of the
trellis so that they connect in any arbitrary order, i.e., let U
be the union of M Cartesian product sets T,® T}, where the
M pairs (i, j) are ordered in any way such that both
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indices run through all possible values. Another way of
saying this is that there is a one-to-one map j(i) from i to
j. We call this a twisted squaring construction. Then asser-
tions a) and b) of the proof of Lemma 1 still hold; c) holds
with a minor modification; but d) need not necessarily
hold. Thus the minimum distance is bounded by d(T) >
d(U) = min[d(T),2d(S)]; ie., the equality of Lemma 1
becomes a lower bound. We shall see later, in the construc-
tion of the Nordstrom-Robinson code and the analogous
nonlattice packing, that twisted squaring constructions can
indeed improve minimum distance.

A trellis diagram may be used as a recipe for decoding,
provided that the decoding metric is a sum of independent
contributions from each section of the trellis. More pre-
cisely, if the elements of a set (code) are represented by a
trellis diagram with N sections, so that each codeword ¢ is
an N-tuple (¢;,¢,, -, ¢y) corresponding to some path
through the trellis, and the decoder’s objective is to find
the codeword ¢ that minimizes some additive distance
metric d(c,r)y=%,d(c;,r;), where r=(r,r, - -, ry) is
some “received word,” then a trellis diagram is a guide to
an efficient search, as follows. First, for each branch in the
trellis, find the element ¢, in the subset 7(a) correspond-
ing to that branch that minimizes d(c; r;) over T(a).
Thereafter, regard that branch as being labeled by the
minimizing ¢; and having the corresponding distance as its
metric, or length. Second, find the minimum length path
through the trellis by some orderly search that systemati-
cally compares the lengths of all possible paths between
nodes and discards all but the best.

For example, the squaring construction trellis diagram
of Fig. 3 specifies the following obvious decoding method.
First, for each branch in each section, find the best ele-
ment of the corresponding subset 7. Then, for each of the
M intermediate nodes, sum the metrics of the two branches
connecting that node to the initial and final nodes, and
compare the M sums to find the shortest of the M two-
branch paths. The latter step involves M additions of two
numbers and an M-way comparison, equivalent to M —1
two-way comparisons, so that the total number of binary
operations (additions or comparisons of two numbers) is
2M-1.

The construction of U exhibits it as a union of M
subsets 7,2, and U is a subset of S2. §? is the union of M?
subsets T,®T,, where the indices (i, j) run through all
possible values. Clearly, we can express S? as the union of
M subsets U,, where each U, has the form of a twisted
squaring construction, one of which (but only one) can be
a true squaring construction. Fig. 4 is a trellis diagram
illustrating such an M-way partition S2/U. Now there are
M final nodes, one corresponding to each U,. The set S? is
the set of all elements (s,, §,) corresponding to all possible
paths through the trellis from the initial node to any final
node. Fig. 4(a) illustrates the partition S2/U for M = 4,
and Fig. 4(b) is a schematic representation of this kind of
trellis.

Decoding a partition means finding the shortest path
through the trellis from the initial node to each final node,
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Fig. 4. Trellis diagram for partition S2/U, where U=|S/T|*..(a) Hlus-
tration for case M = |S%/U|=|S/T| = 4. (b) Schematic representation.

i.e., finding the least distance d(e¢, r) for each subset in the
partition. Decoding an M-way partition is thus a set of M
parallel computations. The trellis diagram for the M-way
partition S2/U suggests the following efficient decoding
procedure. First, find the best element for each branch and
the corresponding branch metric. Then, for each of the M
final nodes, decode the corresponding squaring construc-
tion as before. The total decoding complexity after the first
step is thus M(2M —1) binary operations.

B. Two-Level Squaring Constructions

Now suppose that S/T/V is a two-level partition chain:
ie., that there is a set of MN subsets V, 1<i<M,
1< j < N, such that each T, is the union of N subsets V;,
and S is the union of the M sets T,. Then, for each T, we
can form a squaring construction W, equal to the union of
the N corresponding sets Vj However, W, is a subset of
T;?, which is a subset of U=1S/T|2. In fact U is the union
of the M sets 7,2, while each 7;? is the union of N twisted
squaring constructions of the type of W,, so that there is
an MN-way partition U/ W, illustrated by the trellis dia-
gram of Fig. 5. The trellis is the union of M subtrellises,
one corresponding to each set T>. Each subtrellis is an
N-state trellis of the form of Fig. 4, representing a parti-
tion 7./W, The set U corresponds to the union of all
paths from the initial node to any of the MN final nodes,

each such node representing one of the subsets of the type

(2) (v)

Fig. 5. Trellis diagram for partition U/W, where U=|S/T|>, W=
|T/V|?. (a) Ulustration for case M =|S/T|=2, N=|T/V|=4. (b)
Schematic representation.

Comparing Fig. 5 to Fig. 1, we see that the first section
is a partition trellis for the two-level partition S/T/V,
while the nodes at the end of the second section represent
the two-level partition U/T?/W. Note that |U/T? =
|S/T|= M, while [T?/W|=|T/V|= N, so that there is the
same number MN of nodes at the end of each of the two
sections of a two-level partition trellis.

Decoding the partition U/ T2/ W involves decoding MN
N-way squaring constructions, so the decoding complexity
is MN(2N —1) binary operations. Because U/W is a set
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partition, we can iterate the squaring construction to arrive
at a two-level squaring construction U/ W |*. Alternatively,
we denote a two-level squaring construction in terms of the
original chain S/T/V as the 4-construction

IS/T/VI*2|S/T\*/|T/V|**.
In view of Lemma 1,
d(1S/T/V|*) = min[d(W),2d(U)]
=min[d(V),2d(T),4d(S)].

Thus we will be particularly interested in two-level parti-
tions S/T/V with distances d(S)/d(T)/d(V) in the ratio
1:2:4.

A trellis diagram for a two-level squaring construction
|S/T/V|* is obtained by joining two trellises of the type
of Fig. 5 back-to-back, as shown in Fig. 6. Every branch in
this trellis represents a subset V, .. The decoding complex-
ity of such a trellis, given branch metrics, is 2MN(2N —1)
to decode the partitions represented by the two halves of
the trellis, plus MN additions and MN —1 binary compar-
isons to sum the left and right metrics to each of the MN
center nodes, and finally to select the largest. The total
decoding complexity is thus 4MN? —1 binary operations,
given branch metrics.

Fig. 6. Schematic trellis diagram for two-level squaring construction

1S/T/V|*

Wei [3] and Ungerboeck [4] use the branch complexity of
a trellis as a measure of decoding complexity, where the
branch complexity is the number of branches per section.
For the trellises of Fig. 5 and 6, the branch complexity is
MN? in the most complicated section. Note that in all
cases so far, our decoding complexity per section is closely
approximated by the branch complexity.

C. Iterated Squaring Constructions

The squaring construction can be iterated indefinitely to
produce 8-constructions |S/T/V/W|3, 16-constructions,
and so forth. The corresponding trellis diagrams become
not only more complicated but also less regular, in that
they do not have the same number of states at each
boundary. Nonetheless, the decoding methods for the one-
and two-level squaring constructions do generalize.

Let S,/S,/ - /S, be an m-level partition chain. We
may apply the squaring construction to each partition of
the chain to generate m sets S;, 2 |S, /S, 1|, 0< j<m—1,
which in turn form a partition chain S,,/S,,/ -+ /S .1,
because each S, is a subset of S} and has S%, as a
subset. We may iterate up to m times, finally arriving at a
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2™-construction defined inductively by
1S0/S1/ +++ /Sul™
211Se/S1/  /Smadl™181/S2/ <+ /S
where N = 2", By iteration of Lemma 1, we find that
d(1So/S1/ - /S,l")
=min[d(S,,),2d(S,._1), - -,27d(S,)].

A schematic trellis diagram for the partition S,,/S,,/
/81 m-1 1s shown in Fig. 7. The first section represents
the m-level partition S,/S,/--- /S,, with every branch
representing one subset S, (a) in this partition. The nodes
at the end of the second section represent the subsets
Sy m-1(a)=1S,,_1(a’)/S,|* in the partition S,/S,;/
- /S) m—1- The total number of such nodes is equal to
[S10/S0/ -+ /Sl,m—1|

=1S0/81/ -+ /Sul*/ (1S0/S1ll 1/ Sl) -
For each such node, there are |S,,_, /S,,| merging branches,
all originating from a common cluster of |S,,_; /S,,| nodes
at the end of the first section. The total number of branches

in the second section (the branch complexity) is thus equal
to

1Sm—1/SnllS10/S11/ - - - /81, m-1l

=150/81/ -+ /Sul*/ 180 /80l-
The diagram shows that the union of all [S,,_,/S,,| nodes
S1.m—1(a’) in a cluster at the end of the second section
represents a set S,,_;(a’)?, while the whole trellis, repre-

senting S, =[S, /S,|% is the union of |S,/S,| subtrellises,
each representing a set S;(a)>

} Sy (8P +

S, (a®

Fig. 7. Schematic two-section trellis diagram for partition Sjo/S;1/ " -

/Stm-1=18/S11%/ - /\Sp-1/Snl*

The decoding of an iterated squaring construction pro-
ceeds in stages. Given the best element for each subset
and the corresponding subset metric in the partition
So/S1/ -+ /S, for each of the two sections illustrated in
Fig. 7, we may determine the best element for each subset
and the corresponding subset metric in the partition
S1w0/Su/ " /S1,m-1 by decoding |Sy,/S; .1l (twisted)
squaring constructions, each involving |S,,_,/S,,| addi-
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tions and |S,,_, /S,,|—1 binary comparisons, for a total of
Q218,_1/Sul—1IS16/S), m—1| binary operations, or ap-
proximately twice the branch complexity. This operation is
repeated m times to decode the whole 2™-construction.
Thus the strategy is to decode first 1-tuples, then 2-tuples,
then 4-tuples, and so forth until we arrive at a final
decoded 2™-tuple. This strategy resembles that of other
“fast” algorithms, such as the fast Fourier transform on 2™
points.

D. The Squaring Construction for Groups

Now let S be a group, T a subgroup, and S/T the
group partition induced by T. Since each subset of S in
this partition is a coset T + ¢ for some coset representative
¢ €[S/T], the squaring construction for groups may be
defined as the union U of all pairs (¢, + ¢, t, + ¢), where
t;,,1, €T and c€[S/T)] Thus U is the union of |S/T|
cosets of T2, namely T2 +(c,c) for c€[S/T].

Since S/T remains a set partition, all of the properties
of the squaring construction applied to set partitions con-
tinue to hold, in particular the expression for d(U) of
Lemma 1, as well as the trellis and associated decoding
method. The chain $2/U/T? is thus a set partition chain.
However, S? and T2 are groups, and it is easy to see that
U=|S/T)?* is also a group, because an element of T2+
(¢,¢) plus an element of T2+(c’,¢’) is an element of
T2 +(c+c',e+¢"). Thus S2/U/T? is in fact a group
partition chain.

The elements (¢,c)€[S/T)* form a natural set of
|S/T| coset representatives [U/T?] for U/T? As coset
representatives for S2/U, we may choose any |S/T| ele-
ments of S? that are distinct mod U. Two natural choices
are [S2/U]={(¢,0): c€[S/T]} and [S*/U]={(0,¢):
ce[S/T]}.

We shall find it convenient to express coset representa-
tives of squaring constructions as Kronecker products.
Define g, as the integer 2-tuple [10], and g, as [11]. Then
the two-by-two integer matrix G, ,) £ {80, 81} is a univer-
sal basis for any two-fold Cartesian product group, and in
particular for $2/T?=(S/T)% We have

(¢,0) =g,®c
(c,c)=g,®c
[s2/U] =g@[S/T]
(U/T?] =g®[S/T]
[s2/T%] = (go+81)®[S/T]

where the sum in the last equation is the direct sum
[S%/T?)=[S%*/U]+[U/T?. (Note that we could have
equally well used g4 2 [01] in place of g,.) In the rest of
the paper, we will usually write Kronecker products as
ordinary products.

Now we may write the squaring construction as

IS/T|*=T*+g,[S/T]

and because g is a generator matrix G, ;, for the binary
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(2,1) code, we may also write
IS/T|*=T?+ Gy [S/T]

where the sum is a direct sum and the indicated products
are Kronecker products in both cases.

Suppose now that S/T is a binary group partition, i.e.,
that the order of S/T is some power of two, say 2X. Then,
as shown in Section 1II, there is a generator matrix Gg,7 =
{8, 0 <k < K—1}, such that [S/T]=aG,r, where the
label a runs through all K-tuples of {0,1}-valued integers,
i.e., such that the set of all binary linear combinations of
the generators g, in the matrix Gg,r form a system of
coset representatives for the partition S/7. The partitions
S$2/U and U/T? are then also binary partitions of order
2X, with generator matrices

Gsz/u =8¢® GS/T = [GS/T’O]
GU/T2 = g1®GS/T= [GS/T’GS/T]'

The (binary) dimensions of $2/U and U/T? are equal to
the dimension of S/T.

Let S/T/V now be a two-level group partition. Because
|S/T|? has T? as a subgroup and |T/V|? is a subgroup of
T2, |T/V|? is a subgroup of |S/T|* and |S/T|%/|T/V|?
is a group partition. A set of coset representatives
[IS/T\*/|T/V|?*]is the direct sum g,®[S/T]+ g,®[T/V].
The squaring construction applied to this partition yields

IS/ T/VI*£1IS/ TP/ \T/V|*?

=(IT/VP) +88(2:9[S/T]+g@[T/V])
=V*+(go+g)®(g®[T/V])
+2:2(8®[S/T]+g®[T/V])

=V*+(gog:1+ 2180+ £218)[T/V]+212[S/T].
In the last expression we have written Kronecker products
as ordinary products and used the fact that the associative
law holds for Kronecker products.

The Kronecker product g,®g, is the integer 4-tuple
[1111), while g,®g, = [1100], g,®g, = [1010]. Because g,®
g is a generator matrix G, for the binary (4,1) repeti-
tion code, and (g,8; + 8.8, + £18,) 1 a generator matrix
G5, for the binary (4, 3) single-parity-check code, we may
write

|S/T/V|4 =Vi+ G(4,3)[T/V] + G(4,1)[S/T]

where Kronecker products are written as ordinary prod-
ucts.

If S/T/V is a binary group partition, then S/7T and
T/V both have orders equal to a power of two, say 2% and
277K, respectively, and there are generator matrices G,
={g 0<k<K-1) and G,y ={gs, K<k=<J-1},
respectively, such that [S/T]=aGs,;r and [T/V]=
a’'Gr,,, where a and a’ are {0,1}-valued integer K-tuples
and (J — K)-tuples, respectively. Then if U=|S/T/V|*,
the partition U/V* has generator matrix

GU/V" = G(4,3)GT/V + G(4,1)GS/T
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which can be written out as

Gryy Gryw 0 0
G oo Gy 0 Grv 0
e Gryy Gryw Grw Gryv ’
Gsyr Gsyr Ggyr Gs/r

The dimension of the partition {S/T/V|*/V* is thus
3dim{T/V 1+ dim[S/T).

In summary, when we use squaring constructions or
iterated squaring constructions with group partitions, we
obtain groups comprising 2"-tuples of elements of the
original groups. Partitions involving 2™-tuples can be ex-
pressed as direct sums of the products of integer {0,1}-val-
ued 2”-tuples with coset representatives of the original
partitions, these integer 2"-tuples being m-fold Kronecker
products of the 2-tuples g, and g,. When the group
partitions are binary group partitions, then partitions in-
volving 2"”-tuples are also binary group partitions and have
generator matrices which are Kronecker products of inte-
ger {0,1}-valued 2™-tuples with the generator matrices of
the original partitions.

Note: When S/T is a group partition, an alternative
form of the squaring construction is

U={(s,s+t):s€S,teT}

because the first element of U=|S/T|* can be any ele-
ment of S, while the second must then be from the same
coset T+ s of T. This is the |u|u+ v| construction of
MacWilliams and Sloane [5, ch. 2, section 9]. The squaring
construction can be defined whenever S/T is a partition,
whether or not S and T are groups, and thus is fundamen-
tally a geometric construction. The |u|u + v| construction
can be defined whenever the elements of S and T can be
added, whether or not T is a subset of S, and thus is
fundamentally an algebraic construction. The distance for-
mula of Lemma 1, the trellis diagram, and the associated
decoding method all depend on T being a subset of S,
rather than on group structure, and we therefore feel that
the squaring construction better expresses the basic con-
struction principle. However, when S/T is a group parti-
tion, the results of the two constructions are identical.

E. The Squaring Construction for Group Partition Chains

Now let S,/S,/---/S, be a group partition chain.
From the previous section, S,,/S;,/ -+ /S| ,,—, is also a
group partition chain, where S, £1S,/S,,,>,0< j<m—
1; thus the squaring construction can be iterated on the
new chain. Iterating m times, we arrive at an m-level
iterated squaring construction of 2™-tuples denoted by
1So/S1/ -+ /S,I", where N=2".

Let us define S, ,, 0<n<m, 0<j<m—n, as the jth
group in the chain after n iterations. Thus S,;= S5, 0 < j
<m,and S,,=|5/8,/ " /S,|. §,; is a group of 2"-
tuples of elements of S. By iteration of Lemma 1,

a(s,,) = min[d(5,,).24(S,., ). --.2d(S))]

nj
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From the previous section, a set of coset representatives
for S,;/S, 1 0<j<m—-n-1is

[Snj/Sn,j+l] =89® [Sn—l,j/Sn—l,,'+1]
+ 8o® [Sn—1,1+1/Sn—1,1+2]

where the indicated sum is again a direct sum.

When the group partition chain is a binary partition
chain, it is convenient to deal with generator matrices. Let
G, 0<sn<m-1,0<j<m—n—1, be a generator ma-
trix for the set of coset representatives given by the above
formula, with G,; = G; a generator matrix for Sy, /S, ;. 1,
0 < j <m—1. Then we have the recursion

G,,j=g1G"_1,j+g0Gn_1,j+1, 0<j<m-n-1,
again writing Kronecker products as ordinary products.

The above recursions have the form of convolutions of a
sequence G,_; ; or [S,_y /S, 1 ;1) 0<j<m—n-1,
with the sequence (g, g;), except for end effects. To avoid
end effects, let us extend the original chain S, /S,/ - - /S,,
with dummy partitions S,/S,/--- /S, and S, /S, /

--- /S, at each end. The generator matrix for the coset
representatives of a dummy partition is the empty set
{2}, which serves as the zero element 0 in the addition of
generator matrices, and the corresponding set of coset
representatives is the trivial set {0}. Thus in the extended
chain, G,;= {2} =0, or [S;/S,,,]={0}, for ;<O or
j = m. Then the above recursion s true for all ;.

Fig. 8 illustrates these definitions with a tableau of
partition chains. The original chain S,/S;/ - /S, =
So0/So1/ *** /'Som 18 extended in both directions by dummy
partitions. The links of the chain are labeled with the coset
representative generator matrices G,;, where G, =0 for
j <0 or j>m. The squaring construction then produces a
second chain S,,/S;;/ -+ /S; ,,_1, extended at the top by
dummy partitions SZ =1S,/Sp!%, and at the bottom by
dummy partitions S? =1S,,/S,,|% Note that SZ/Sy, is not
a dummy partition and has coset representatives generated

: So*
: 8¢? \
S, | Syt
| S¢? | s avta,3, G0
So | 90800 Sy
| Goo Sy | Gle ava,51G01 *+Cia 31100, Goo
S | 80Go1+81Gg0 S20
: Sy (a,40/(0,3 G0z * Ca 304, Cor
: S21 +Ga,1G00
: sZ;n—}
: Sim2 | Gt vt 3G0m-1 *Cra 31704, Gom-2
St | 9680m-1 Som2  +GanCom-s
Go -1 Simt +8180mz | Guzya,n Comt *Ga,nComz
S g, Go,m-1 2,m-1
| 8.7 | G, 1Gom-i
S, | St
: s,2 |
g 54

Fig. 8. Tableau of iterated squaring constructions for partition chains.
Gaay/4.3 = {8080} Gy = (8081, 8180 )3 Gy = {8181}
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by G, _,=8Go; neither is S, ,/S2, with generator
matrix G, ,,_, = 8,Go, ,_1- Thus the nontrivial part of the
tableau expands, rather than contracts, with increasing ».
Nonetheless, after m iterations, the center element S, in
the chain is the m-level iterated squaring construction
1So/S1/ =+ /Syl N=2".

Generating functions are a convenient way of dealing
with convolutions. Let us define formal power series in the
indeterminate x as follows:

Gn(x) __A:_ Zanxj
J

g(x) &g +gox

(We could replace G,; by [S,,;/S, ;+] if we preferred to
use systems of coset representatives rather than generator
matrices.) Then the recursion is expressed as the generat-
ing function product

G,(x) =g(x)G,_,(x)

where sums are direct sums and products are Kronecker
products. Because the associative law applies to Kronecker
products, we may iterate to obtain

G,(x) = (g(x)]"Gy(x)

where the coefficients of [g(x)]" are 2"-tuples of {0,1}-
valued integers which are n-fold Kronecker products of g,
and g,. If we define G,gp (1, x) £ [g(x)]", then

Gn(‘x) = Gyrym (n, X)Go(x)~
Thus

an= Z Garm (7 n)GO‘j+r

O<r<n

where Gygy (7, n) is the coefficient of x~” in the polyno-
mial Gypyy (7, X).

Because of the generality of this formula, it behooves us
to examine the generating function Gygy (7, x) more
closely. It is a polynomial in x~! with n+1 nonzero
terms. The coefficient G,gp (7, 7) of x™" in this polyno-
mial is the set of all n-fold Kronecker products of g, and
g, that comprise g, r times and g, n—r times, in any
order. The number of such products is the combinatorial
coefficient C,, 2 (n")/[(r')(n—r))]. If v is any vector,
then the Hamming weight of the Kronecker product g ,®v
is the Hamming weight of v, and that of g,® v is twice the
Hamming weight of o; thus, by induction, every such
product has Hamming weight 2"~".

Another way of expressing these facts is to consider the
n-fold Kronecker product Gy, v, £ Gf 5 of the two-by-two
matrix G, 5, = { g0, &} With itself. G, 5, Gy 4= G 5, and
Gs.8y= G,y look like this:

100 0
1o 11 0 0
G<2’2>'[1 1} “49=11 0 1 o0
111 1
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1 00 0 00 0 O]
1100000 0
1 01 00 0 0 0
G..-|1 11100 00
@»~ 11 0 0 0 1 0 0 O
1100 110 0
1 01 01 0 1 0
1 11 1 1 1 1 1]

The rows of G y, are all 2" n-fold Kronecker products of
g, and g;. A row corresponding to a product that includes
go r times and g, n —r times has Hamming weight 2" 7",
The set of all such rows is the coefficient of x™" in
Gyrm (1, x), i.e, Gypypp (7, n). Any such matrix Gy y, is a
universal basis for N-space.

The Reed—Muller code RM(r, n) is a binary code of
length 2" which may be defined as the code generated by
the generator matrix Gy, (7, n) that consists of all rows of
Gy, n) Of weight 2" " or greater. (In the next section, we
will define it as the product of an iterated squaring con-
struction; then we will show that such a construction leads
to this generator matrix.) Then Gygy (7, 1), the matrix of
the C,, rows of weight exactly 2", can be identified
as the generator matrix of the partition RM(r, n)/
RM(r—1,n). Thus Gry(r,n)=X,. . ,Gyrm(r’,n). For
example, the Reed—Muller codes of length 8 are RM(3,3)
=(8,8), RM(2,3)=(8,7), RM(1,3)=(8,4), RM(0,3) =
(8,1), and RM(—1,3) = (8,0); correspondingly, G,z (3,3)
is the single row G /4 Of weight 1 that generates
(8,8)/(8,7), Gyrm (2,3) is the set of three rows G 7 s 4
of weight 2 that generate (8,7)/(8,4), and so forth.

The group S, is the direct sum S,,=SN+X,, G,
where N = 2" as can easily be seen from Fig. 8. Thus a
generator matrix for S, ; /SY can be obtained by summing
the coefficients of x* for k > j in G,(x). Therefore, if we
define the generating functions

Sn(x) £ ZSnjxj
J

u(x D E1+x x4
then

Sn(x) = u(xél)Gn(x) = “(X_I)GaRM (n,x)Go(x)-

There are two ways of expressing the S, , in terms of the
original partition chain, depending on how we group terms
in the above expression. (We have this freedom since

u(x~") commutes with G,y (1, x).) On the one hand, we
have

S.(x) = Gyrpm ("»x)[“(X_I)Go(X)]
= Gyrp (1, x) Sp(x).
Thus
S, = Z Gyrm (7, ”)So,j+r

O<r<n

A

where Gy (7, 1) is again the set of all rows in Gy y, of
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Hamming weight 2" 7', For example,
S1; = Garm (0,1) Sy, + Goru (L1)S,, ;41
=Ga,pS;t Gay/enSja
=g1Sj + gOSj+l
={(s+t,5):s€S;,t€S;,,},

the |u|u + v| construction. The two-level generalization of
the |u|u + v| construction is, for example,

S2,;=Garm (0,2)S,,+Garum (172)S0,j+1 + Goram (2,2) S, 42
=Gt Gan/anSie1 T G anSisa
=285, +(g0gl+glgO)Sj+1+gOg0Sj+2
={(s+n+t,+0v,5+1,s+1,,5):
SES, L, LES, vES,,},

a ||uju + vlju + w'|lu + v’ + v + v’}| construction.
Alternatively, we have

Su(x) = [“(x_l)GaRM (n, X)] Go(x).
However, observe that if we define the generating function

GRM(”ax) & ZGRM(r7n)x_r7

then
Gry (1, x) =u(x"1) Gyry (1, x),
so that
S,(x) =Gry(n,x)Go(x).
Hence

Snj= Z GRM(rv ")Go,/+r-

r=0

When r > n, then Gy (7, 1) = Gry (n, 1) = Gy ny, SO We
can simplify this by using

Z GRM(r’n)GO.j+r=G(N,N) Z GO,j+r

r=n rzn
=G(N,N)s0,j+n
— QN
- SO.j+n

where N =27, since Gy »,®R=R" for any group R,
Gy, vy being a universal basis for N-space. Thus we have

Snj =S jent ) Grm(r,n)Go . -

O<r<n-1

This yields expressions such as
Sy, = Soz,,-+1 +Grm (0,1)Gy,
= szﬂ + GG,
=571+ &[8,/5,].
the squaring construction, and
SZj = S(?,,urz + Gy (172)G0.j+1 +Grm (O’z)GOj
= Sﬁrz +G,3G1t GG,
= Sf+2 +(ge+ 208+ £1£0) [Sj+1/Sj+ 2]
+8181[5,/5,1],
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the two-level squaring construction, such as were intro-
duced in the previous section.
We summarize these results in the following lemma.

Lemma 2: Let S,/S,/---/S, be an m-level group
partition chain. Let S, be the n-fold iterated squaring
construction |S, /S, 1/ /S, ,|", N=2"0< j<m—n.
Then

Snj= Z G@RM(r’n)®Sj+r;

O<r<n
also,
—_ QN
S=Sk.+t X

O<r<n-1

GRM (r’ n)® [Sj+r/Sj+r+1]’

where the sums are direct sums, G,y (7, n) is the set of all
rows in G NN of Hamming weight equal to 2"77, a_nd
Ggrum (7, n) is the set of all rows.in Gy y, of Hamming
weight greater than or equal to 2"7". Furthermore, if G, is
a generator matrix for S,/S;,,, 0 < j<m—1, then
an = Z Gorm (7, n)®Gj+r
O<r<n .

is a generator matrix for S,;/S, ;1 0<j<m—n—1,
where the sum indicates a union of generator matrices.
Finally, the minimum distance of the iterated construction
is

d(18,/8;.1/ ++ /S;eal")
=min|d(S,,,).2d(S,. 1), . 27d(S;)].

J

F. Duality

The sets generated by the squaring construction often
have nice duality properties. Although these properties are
not needed for our other results, it would be a shame not
to mention them, at least briefly.

Let the set S consist of elements s from some space A
such that the inner product (s,s’) of elements of S with
elements s’ of some space B is defined. Here 4 and B will
both be R™, where R is some ring, and the inner product
will be the sum of the products of the coordinates, an
element of R.

Two elements of R" are said to be orthogonal if their
inner product is zero. They are orthogonal mod r if their
inner product is congruent to zero mod r for some r € R,
where R is a principal ideal domain.

The dual S* to a set S is the set of all elements of
RY that are orthogonal (possibly modr) to all elements
of S.

Let T be a subset of S. Then S* is a subset of
T+. If S/T is a partition chain, T+/S+ is the dual
partition chain. In general, the order |T*/S*| is equal
to |S/T|. If S,/S,/---/S,, is a partition chain, then
Sy /Sa_1/ - /Ss+ is the dual partition chain. If
So/S1/ -+ /S, 1s a chain of two-way partitions, with g,
the generator of S,/S;,,, then S /S /- - /S is a
chain of two-way partitions, and the generator g,* of
S&1/Sid is orthogonal to all elements of S,,;, so
(g, 8¢") =0 for k < j. (It is usually possible and desirable
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to choose the generators g;* so that (g, g; )=0 for
k+#j.)

If S/T is a group partition and U=|S/T|? thenU* =
[T+ /S *|%, where the dual squaring construction is defined
as

IS/T)*% {(t,+e,t,—¢c): t),t,€T, c€[S/T]};

that is, |S/T|? is the union of the cosets T2+ (c, — c),
¢ €[S/T]. Thus |S/T)* is the very mildly twisted squaring
construction in which the second coset representative is the
additive inverse of the first (mod T'). Alternatively, it is the
squaring construction followed by a sign inversion of the
second coordinate, if 7= —T. Thus the distance expres-
sion d(|S/T|?*) = min[d(T),2d(S)] of Lemma 1 holds for
the dual—;q:aring construction.

The duality of U+ follows because the inner product of
an element (f,+¢,t,+¢) of |S/T|* with an element
(sf +e*, st +c¢*) of {T*/S** is equal to the inner
product of the coset representatives (¢, ¢) and (e *, — ¢ ™),
which is zero; and the orders of the partitions in the chains
S%/|S/T\*/T? and (T*+)*/|T*/S*>/(S*)* are both
equal to |S/T|=|T*/S*| These chains are thus dual
partition chains.

The dual squaring construction |S/7)? is actually equal

Bto the squaring construction |S/T|? if and only if every
element ¢ of S/T hasorder2,ie,2¢c=c+c=0(modT),
for then and only then will the coset T — ¢ equal T+ ¢ for
all c€[S/T). In this case we say that the squaring con-
struction is self-dual. 1f S, /S,/ - - /S,, is a self-dual parti-
tion chain, ie., if S;= S._,, 0<j<m, and the squaring
construction is self-dual for all partitions in this chain,
then the result of applying the squaring construction to
each partition in this chain is another self-dual partition
chain.

IV. BINARY CODES AND LATTICES OF LENGTH 2"

It will not be a surprise at this point to note that the
Reed-Muller codes themselves can be constructed by iter-
ated squaring constructions, starting with the simple two-
way exhaustive partition of the binary field. The general
properties of the squaring construction lead immediately
to the determination of the minimum distances of these
codes, their duality properties, dimensions, generator ma-
trices, trellis diagrams, and so forth, and give many interre-
lationships between them. The development shows that
generalized Reed—Muller codes, with the same parameters
as the binary Reed—Muller codes, can be defined over any
group.

We shall also show that a notable sequence of dense
lattices of lengths N =2" can be constructed by iterated
squaring constructions, starting with the simple two-way
partition of the integers into even and odd. These are the
sequence of Barnes—Wall lattices, which begin with the
important lattices Z2 = G, D,, and E,, and their principal
sublattices. We will see that the most natural starting point
for this sequence is in two dimensions, where we have an
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infinite partition chain of two-way partitions with mini-
mum squared distances 1/2/4/ --- . The general proper-
ties of the squaring construction lead immediately to the
determination of the minimum distances of these lattices,
their duality properties, dimensions, generator matrices,
trellis diagrams, and so forth, and give many interrelation-
ships between them, as well as with Reed—Muller codes.

A. Reed— Muller Codes

Consider the binary field GF(2) = {0,1}, which may
also be considered to be the (1,1) binary code. The trivial
(1,0) binary code has one codeword 0, and the exhaustive
partition of the field is the two-way partition (1,1)/(1,0).
The generator matrix for the (1,1) code, or for the coset
representatives [(1,1)/(1,0)] is the one-by-one integer ma-
trix G, ;, whose single generator is the 1-tuple 1.

Applying the squaring construction to the partition
(1,1)/(1,0), we arrive at a binary block code U of length 2
whose words are (¢, ¢), where ¢ € GF(2) = {0,1}. Thus U
is a (2,1) code (which may be regarded as either a repeti-
tion or parity-check code). From the general properties of
the squaring construction, the (2,1) code is a union of two
cosets of (1,0)2=(2,0), is a subcode of (1,1)2 = (2,2), has
minimum distance dy =2, has a generator matrix G,
with the single generator g, =[11], and has a trivial two-
section two-state trellis diagram.

A generator matrix G, ,, for the (2,2) code that reflects
the squaring construction and exhibits the coset decompo-
sition (2,2) ={(2,2)/(2,1)]+(2,1) is the matrix G, =
Ga /et Gony= {80 &1} = ([101,011]}, where G5 50,1
= { g} is the generator matrix of a system of coset repre-
sentatives [(2,2)/(2,1)).

The (2,1) code is self-dual, and the (2,2) and (2,0) codes
are each others’ duals, so (2,2)/(2,1)/(2,0) is a self-dual
partition chain.

Applying the squaring construction to the two partitions
(2,2)/(2,1) and (2,1)/(2,0), we arrive at two binary block
codes of length 4, which may be seen to be the (4,3)
parity-check code and the (4,1) repetition code. From the
general properties of the squaring construction, there is a
partition chain (4,4)/(4,3)/(4,2)/(4,1)/(4,0) with dis-
tances 1/2/2/4 /0. A generator matrix for the (4,3) code
is the set of three integer 4-tuples G4 5, = { g,g;=[1111],
g8 = [1010], gog, = [1100]}, corresponding to the rows of
weights 4 and 2 in G§ ,), and g, g, = [1111] alone generates
the (4,1) code. Both codes have two-section two-state
trellis diagrams. Alternatively, we have the two-level
constructions (4,3) =(1,1)/(1,1)/(1,0)|* and (4,1) =
I(1,1)/(1,0)/(1,0)|*, leading to four-section two-state trel-
lis diagrams. These two codes are duals of each other.

By continuing to iterate the squaring construction in this
way, we can generate all Reed-Muller codes. The rth-order
Reed—Muller code of length N = 2" is conventionally de-
noted by RM(r, n). We define an initial partition chain
with RM(0,0) as the (1,1) code, and RM(—1,0) as the
(1,0) code, and extend the chain with dummy partitions in
both directions by defining RM(r,0) as the (1,1) code for
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r>0, and as the (1,0) code for r <0. We then define
RM(r, n) as the code obtained by the squaring construc-
tion

RM(r,n) 2|RM(r,n—1)/RM(r—1,n-1)|".

By the general properties of iterated squaring construc-
tions, this definition produces a chain of nested codes of
length N = 2" from the chain of codes of length N/2. By
induction, RM(r, n) is the single-element (N,0) code for
r <0, and RM(r, n) is the (N, N) code [GF(2)]" of all
binary N-tuples for r > n. By Lemma 1 and induction, the
minimum Hamming distance of RM(r,n) is 2"7" for
O<r.

If we define M(r,n) as the dimension of [RM(r, n)/
RM(r —1,n)], then by the properties of the two-level
squaring construction, M(r,n)=M(r,n—1)+ M(r—1,
n—1), and 2M>»~1D js the number of states in a two-sec-
tion or four-section trellis diagram for

RM(r,n) =|RM(r,n—1)/RM(r—1,n-1) |’
=|RM(r,n—2)/RM(r—1,n=2)/RM(r—2,n-2)|".

Solving this recursion with the initial conditions M(r,0) =1
if r=0 and M(r,0)=0 otherwise, we obtain M(r,n)
equal to the combinatorial coefficient C,, 2 (n!)/[(r)(n
— )], so the M(r, n) array is the Pascal triangle. (The
generating function for M(r, n)is M,(x) =1+ x)".) If we
define K(r,n) as the dimension of RM(r, n), or the di-
mension of [RM(r,n)/RM(—1, n)], then K(r,n) is the
sum of M(r’,n)=C,,, for r'<r. From the recursion for
M(r,n), we obtain the recursion K(r,n)=K(r,n—1)+
K(r—1,n—1). (The generating function for K(r,n) is
K, (x) =1+ x)"u(x).)

Finally, every codeword ¢ in a binary code has order 2,
¢+ c¢=0, so the squaring construction is self-dual for
binary codes. The (1,1) and (1,0) codes are duals, so the
initial partition chain is self-dual, and, by induction, all
chains are self-dual; i.e., RM(r,n)* =RM(n—r—1,n).
Note that the trellis diagrams for dual Reed-Muller codes
have state spaces of the same size; in the Appendix we
prove that this relationship holds in general for dual codes.

Fig. 9 is a tableau of the Reed—Muller codes of lengths
up to N =32, as generated by the squaring construction
recursion defined above. The italicized codes are those
corresponding to dummy partitions. The dimensions
M(r, n) are also shown in parentheses between RM(r, n)
and RM(r —1, n), where they are nonzero; from these
dimensions, we can see the numbers of states in the trellis
diagrams for the partitions in the next chain.

Fig. 10 exhibits four-section trellis diagrams for
Reed—Muller codes of lengths 8-32, with the associated
two-level squaring construction RM(r, n) =|RM(r,n—
2)/RM(r —1,n—2)/RM(r —2,n —2)|*. There are sur-
prisingly few states: only four for the (8,4) code, eight for
the (16,11) and (16, 5) codes, 16 for the (32,26) and (32,6)
codes, and 64 for the (32,16) code. (The single-parity-check
and repetition codes all have two-state trellis diagrams, as
shown in [6].)
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(1.1,1)
22,1
(1.1,1) (4,4,1)
22,1) 88,1)
(1,1,1) (4,4,1) (16,16,1)
221) (881 (32,32,1)
(1,1,1) 4,4,1) (16,16,1) (1)
22,1) (8,8.1) (1) (32,31,2)
,i,1) (44,1 ) (16,15,2) (5)
2,2,1) N (8,7,2) (4) (32,06,4)
(1.1,1) M) (4.3,2) 3) (16,11,4) (10)
1) (2,1.2) (2) (8.4.4) (8 (32,16.,8)
(1,0,) (1) (4,1,4) (3) (16.5, 8) (10)
(2,0,) 1) (8,1,8) (4) (32,6,16)
(1,0,%0) (4,0,)(0) (1) (16,1,16) (5)
(2,0,) (8,0,2) (1) (32,1,32)
(1.0,29) (4,0,) (16, 0,0) (1)
(2,0,%2) (8,0,) (32, 0,00)
(1,0,5) (4,0,0) (16,0,%0)
(2,0,0) (8,0,02)
(1,0,02) (4,0,0)
(2,0,%)
(1,02}

Fig. 9. Reed—Muller codes of lengths N < 32, as generated by squaring
constructions.

o> < >

8.7) = (222,212, 1) (8,1) = 2.1)/2.0)/(2.0)*

(8,4) = |(2,2)/(2,1)/(2,0)[*

(32.16) = |(8,7V/(8,4)/8,1)|*

Fig. 10. Four-section trellises for Reed-Muller codes of lengths 8-32.

As we have noted, the total number of branches per
section in a trellis diagram (the “branch complexity”) is a
more telling measure of complexity than the number of
states. The number of branches in the middle sections of
these four-section trellises is 22", where the exponent
E(r,n) is given by

E(r,n)=M(r,n=2)+2M(r—-1,n-2).
Using the fact that the generating function M,(x) equals
(1+ x)", we can determine the generating function E, (x)
of E(r,n) as E,(x)=(1+2x)1+x)" 2 For example,
E(r,n) is one for repetition codes, two for single-parity-
check codes, three for the (8,4) code, four and five for the
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(16,5) and (16,11) codes, and five, seven, and nine for the
(32,6), (32,26), and (32,16) codes, respectively.

What is the relation of this construction to the generat-
ing function formalism of Lemma 2, which involves the
sets Gry (7, n) and Gypy (r, n) of K(r,n) and M(r,n) =
C,, of integer N-tuples? In the notation of that formalism,
the original partition chain has elements S;; equal to the
(1,1) code (or GF(2) = {0,1}) for j <0 and to the (1,0)
code (or the single-element set containing only 0) for j > 0.
The generator matrix sequence G; is nonzero only for
J =0, where it is the single generator 1. Thus the generat-
ing function Gy(x) is the “unit impulse” 1, and the gener-
ating function S,(x) is the “unit step function” u(x™1).
Consequently, G,(x) = G;pym (1, X)Go(x) = Gyry (1, X),
and  S,(x) = Gyry (1, X)Sp(x) = Gy (7, xu(x~t) =
G ppm (1, x), where Gy (7, 1) is the set of all rows of the
N X N integer matrix Gy y,= G, With weight 2”7, and
Gy (7, n) is the set of all rows of Gy y, with weight
greater than or equal to 2"~". Thus Lemma 2 shows that
the code RM(r, n) is equal to the set of all codewords
generated by binary linear combinations of the set of
generators Gy (7, 7), using mod-2 vector addition.

By substituting an arbitrary group S for GF(2), it is
possible to show that codes with the parameters of the
Reed—Muller codes can be constructed over any group S.
Let Z be the trivial group containing only the single
element 0 of S, and let S/Z be the exhaustive partition of
S. The single generator 1 still generates a system of coset
representatives {s} = S for S/Z. By repeating the deriva-
tion of the previous paragraphs with S in place of GF(2),
we arrive at a nested set of codes RMg(r, n) which consist
of all sums of N-tuples of the form sG gy, (r, n), where s is
a K(r, n)-tuple of elements of S, using vector addition in
S. If S is a field, RMg(r,n) is a K(r, n)-dimensional
vector space over S. The minimum Hamming distance
between codewords in RMg(r, n) is 2" ', even if S is not a
field or S is not finite. The N X N integer matrix
Grum (1,1) =Gy xy is a basis for S¥, reflecting the fact
that G » is a universal basis for N-space.

The binary Reed~Muller codes are the best binary codes
of length N = 2" with minimum distances 2" " for N < 32.
At N =64, the extended BCH codes with minimum dis-
tances 8 and 16 are superior and can themselves be im-
proved upon [2, table 5.4]. Important special classes are

RM(n, n) = (N, N,1): binary N-space [GF(2)]";

RM(n,n—1) = (N, N —1,2): single-parity-check codes;

RM(n,n—2)=(N,N—-n—1,4): extended Hamming
codes;

RM(n,(n—1)/2))=(N, N/2,2(n+1)/2) (n odd): even
self-dual codes;

RM(n,1) =(N,n+1, N/2):
codes;

RM(n,0) = (N,1, N): repetition codes;

RM(n,—1)=(N,0,00): the code whose single code-
word is OV,

first-order Reed-Muller

None of these codes (except the even self-dual codes) can
be improved upon, for any N.
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The nonbinary generalized Reed—Muller (N, 1, N) repe-
tition code and (N, N —1,2) generalized single-parity-check
codes cannot be improved upon, in view of the Singleton
bound, d; < N— K +1. (Because they meet this bound
with equality, they are “maximum distance separable.”)
Thus the first generalized Reed—Muller code that can be
improved upon is RM(1,3) = (8,4,4); indeed, when § is
a finite field with more than seven elements, there is an
(8,5,4) Reed-Solomon code over S [5}].

Note that linearity was never used in any essential way
in constructing the Reed—Muller codes or deriving their
distance properties. This supports the view that these codes
are fundamentally geometrical rather than algebraic con-
structs.

Notes: Reed—Muller codes were among the first to be
constructed, and most of the properties derived here have
been known for a long time. The first explicit iterative
constructions of the Reed—Muller codes seem to be in [7],
using a “product generator code” construction that is
effectively the same as our iterated squaring construction,
and in [8], using the |u|u + v| construction. A close retro-
spective reading of Plotkin [9] reveals the same construc-
tion. The iterative construction using the squaring con-
struction is also stated in [5, ch. 13, sec. 3, problem 6].
These are also special cases of the “generalized concate-
nated codes” of Blokh and Zyablov [10] and Zinov’ev [11].

The two-level constructions for the Reed—Muller codes,
with their associated trellis diagrams, are believed to be
new and unexpectedly simple. For example, Wolf [6]
showed that an (N, K) code could be represented by a
trellis diagram with no more than min[2X,2¥~X] states,
giving, for example, a trellis for the (15,11) Hamming code
with 16 states; our construction yields a regular eight-state
trellis for the (16,11) extended Hamming code. (A com-
plete trellis would have 16 states; see the Appendix.)

B. The Barnes—Wall Lattices and Their Principal
Sublattices

Consider now the two-way partition Z/2Z of the inte-
gers into even and odd integers. The set of coset represen-
tatives [Z/2Z) is {0,1}, with generator 1. Z and 2Z are
both groups under addition and are therefore one-dimen-
sional lattices.

Applying the squaring construction to the partition
Z/2Z, we arrive at a two-dimensional set U=|Z/2Z|*>=
(2Z%+(c,c), c< (0,1}}, which is a subgroup of Z? un-
der vector addition, and thus is a two-dimensional lattice.
Since U is the set of all integers which are either both even
or both odd or, equivalently, the set of all integers with
even norm, we identify U as the lattice RZ? obtained
earlier by applying the two-dimensional rotation operator
R to Z* From the general properties of the squaring
construction, RZ? has minimum squared distance d2;, =
2, has a trivial two-section two-state trellis diagram, and is
a union of two cosets of 2Z2, while Z? is a union of two
cosets of RZ?, RZ*/2Z* has a generator matrix with the
single generator g, = [11], while Z2/RZ? has a generator
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matrix with the single generator g, =[10]. Since Z? and
2Z? may be regarded as each others’ duals modulo 2,
RZ? is self-dual modulo 2.

Since Z2/RZ*/2Z?* is a chain of two-way partitions
with generators g, and g; and distances 1,/2/4, it follows
that 2Z2/2RZ?*/4Z? is a chain of two-way partitions
with generators 2g, and 2g, and distances 4/8 /16, and so
forth. Therefore, there is an infinite chain of two-way
partitions Z2/RZ?*/2Z*/2RZ?/4Z?/ - - - with minimum
squared distances increasing by a factor of two at each
partition, and with generators g.g;,280.28;, - . (Note
that Rg,=g,, Rg, =2g,, and so forth.) As noted in [1],
this chain can also be regarded as the one-dimensional
chain G/¢G/¢*G/ - - - of complex lattices $*G, where G
is the lattice of Gaussian integers and ¢ is 1+ i, the prime
of least norm in G; the generators are then the 1-tuples
1,6,4% -+ - . This is an ideal chain to which to apply the
squaring construction.

Let us therefore extend the chain upwards with dummy
partitions to obtain the chain ---/Z%/Z?/Z?/RZ?/
2Z%/-.-; ie, we define the two-dimensional lattices
A(r,0) as Z? for r=0, and as R™"Z? for r <0 (since
R?=12). The lattices A(r,n) are then defined recursively
by the squaring construction

A(r,n) é|A(r,n——1)/A(r—1,n—1)|2.

By the general properties of iterated squaring construc-
tions, this definition produces a chain of nested lattices of
length N =2""! from the chain of lattices of length N/2.
By induction, A(r,n) is ZV for r>n, and A(r,n)=
R"A(0, n) for r <0 (since the rotation operator R com-
mutes with the squaring construction). We shall see that
A(0, n) is the N-dimensional Barnes—Wall lattice, and we
shall call the sequence A(r,n), 0<r<n, its principal
sublattices (although at this point we have shown only that
A(0, n) is a sublattice of A(r, n) for r > 0). By Lemma 1
and induction, the minimum squared distance of A(r, n) is
2" rforO0<r<n.

If we define M,(r, n) as the dimension of [A(r, n)/A(r
—1, n)], then by the properties of the two-level squaring
construction, M,(r,n)=M,(r,n—1)+ M,(r —1,n 1),
and M,(r,n) is the binary logarithm of the number of
states in a two-section or four-section trellis diagram repre-
senting A(r,n)=|A(r,n—D)/A(r—=1,n=1)>=|A(r,n
-2)/A(r—1,n—2)/A(r =2,n—2)|*. Solving this recur-
sion with the initial conditions M,(r,0)=1 if r>0 and
M,(r,0) =0 if r <0, we obtain M,(r, n) equal to K(r, n),
the dimension of RM(r, n), since M,(r,0) = K(r,0) and
the recursion is the same.

Fig. 11 is a tableau of the Barnes-Wall lattices and their
principal sublattices of lengths up to N =32, as generated
by the iterated squaring construction defined before. The
italicized lattices are those corresponding to dummy parti-
tions. We have preceded the initial chain A(r,0) defined
above with a one-dimensional chain ---/Z/Z/Z/2Z/
2Z/AZ/AZ/ - -, as we may since |mZ/mZ|?>=mZ?* and
\mZ/2mZ|*=mRZ? As we shall verify shortly, the
Barnes—Wall lattices A(0,1) and A(0,2) are the Schlifli
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ZZ
z z

z2 z
z z 2z

z 2 %2
z z 2'%(1) (1)

22 (1) ) Ds2(2)
z Z*(1) Q) Ds(2) )

22(1) ™ Dg(2) () X32(4)
z(1) ) Da(2) ) Hig(4) an
) RZ2(2) (@) Egl4) @) Hs2(8)
22(4) ) RD4 (4) @) Nis(8) (15)
(0) 222(4) @ REg(8) ) A32(16)
2z(4) 1) 2D4(8) @ RA6(16)  (16)
1) 2RZ%(8) @ 2E4(16) ®) RA32(32)
4z(16) ™ 2RD4(16)  (4) 2A5(32)  (16)
) 472(16) @ 2REg(32)  (8) 2N 3,(64)
42(16) 0} 4D4(32) @ 2RA5(64) (16)

Fig. 11. Barnes-Wall lattices and principal sublattices of lengths

N < 32, with minimum squared distances.

lattice D, and the Gosset lattice Eg, respectively. The
lattices A(0,3) and A(0,4) are simply called the 16- and
32-dimensional Barnes—Wall lattices A, and A, respec-
tively. The lattices A(n—1,n) are the checkerboard lat-
tices Dy, and the lattices A(1l,n) are called H, (for
half-lattices) wherever not previously named. The last un-
named lattice A(2,4) is called X,,. R? is replaced by 2
wherever possible. The dimensions M,(r, n) are also shown
in parentheses between A(r,n) and A(r—1,n), where
they are nonzero; from these dimensions, we can see the
numbers of states in the trellis diagrams for the lattices in
the next chain.

The Barnes—Wall lattices themselves are generated by
the recursion

A0, n) =|A(0,n—1)/RA(0,n—1)

since A(—1,n—1)=RA(0,n—1). Thus A0, n-1)%/
A0, n)/RA(0,n—1)? is a lattice partition chain with
distances 2"71/2"/2" where each partition has order
[AO,n—1)/RA(0,n—1)|. Since RA(0,n)2|RA(0,n—
1)/R?A(0, n —1)|?, RAO,n—1)2/RA(0,n)/R*A(0, n —
1)? is also a lattice partition chain with the same partition
orders. Thus the order of A(0,n)/RA(0, n) is the square
of the order of A(0,n—1)/RA(0,n—1). Solving this re-
cursion with the initial condition |A(0,0)/RA(0,0)]=2,
we find that |A(0,n)/RA(0,n)|=2"=2% a Fermat
power of two.

We also see that A(0,n) and RA(0,n—1)2 have the
same minimum squared distance 2", but A(0,n) has
[A(0,n—1)/RA(0, n —1)|=2"? as many points per unit
volume of 2"-space as does RA(0, n —1)%, so the coding
gain y(n) of A0, n)is |A(0, n —1)/RA(0, n —1)|'/N =212
as large as that of RA(0, n —1)2, which is the same as that
of A(0, n—1), namely y(n —1). Since y(0) =1,

v(n) =2"2

Thus the coding gain of the Barnes—Wall lattices increases
without limit.

2
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Since D, and Eg are mod-2 lattices isomorphic to the
(4,3) and (8,4) Reed-Muller codes, respectively, their trel-
lis diagrams are the same, and have two and four states,
respectively. These lattices achieve coding gains of 2'/?
(1.5 dB) and 2 (3 dB). The Barnes—Wall lattices A, and
A,, which achieve coding gains of 23/2 (4.5 1B) and 4 (6
dB), have treilis diagrams with only 16 and 256 states,
respectively, illustrated in Fig. 12. In general, since
A0, n)/RA(O, n) is a partition of order 2V, where N = 2",
a two-section or four-section trellis diagram for A(0, n +1)
has 2V states. The trellis for A(0, n) thus has 22" states,
and the number of states in the trellis for A(0, n +1) is the
square of the number of states in the trellis for A(0, n).
The first four numbers in this sequence, i.e., 2, 4, 16, and
256, are well behaved, but then a combinatorial explosion
occurs: 65 536 states for A,, which achieves a coding gain
of 25/2 (7.5 dB), and more than four billion states for A g,
which achieves a coding gain of eight (9 dB). This explo-
sion might have been expected from capacity and R,
considerations (Forney ef al. [14]).

Fig. 12. Schematic trellis diagrams for Ajg = D, /RD, /2D,|* and A5,
=|Ey/REg /2Eq|*.

The chain A(r,n), Vr, is obtained by applying the
squaring construction n’ times to the chain A(r,n —n’),
Vr. Thus we can express any lattice A(7, n) by an n’-level
iterated squaring construction on an n’-level lattice parti-
tion chain from the chain A(r, n — n’), namely,

A(r,n) =|A(r,n—n’)/-~~/A(r—n’,n—n’)|N/,
' N'=2",

From Lemma 2, therefore,

[A("»")/A(’_l’”)]= Z GaRM("/’"/)

O<r<n'

AA(r=rn=n)Y/A(r—r'—1,n- n')]

A(r,n)= Y Guu(r n)A(r—=r',n—n
O<r'<n
A(r,n)=A(r=n'n-n)"+ ¥ Grm (', 1)
O<r<n

JA(r=r'n=n)/A(r—r'~1,n-n)].
In particular, if we let n’=n,
A(r,n) =|A(r,0)/A(r=1,0)/--- /A(r —n,0)]",
=12 /2 e JRTZY,
where N = 2", and we obtain

A(r,n)=A(r-n0)"+ Y Grm(r'yn)

O<r'<n

JA(r=r,0)/A(r—r' —1,0)], N=2",

O<r<n,
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which, for 0 < r < n, is equal to
A(r,n)=R""Z?V
+ ¥ Guu(r.m)[R77ZYR1Z.

r<r'<n
This shows that R"7Z2¥=¢""'G" is a sublattice of
A(r,n), but R""F1ZIN = ¢7=r*1GN s not, so the depth
of A(r,n)isu=n—r.Since R"Z*/R""'Z? = ¢'G/¢'*'G,
and [¢'G/¢""'G] is generated by ¢, we arrive at the
complex code formula
A(r,n)=¢"""GN+ Y, RM(r',n)¢" "
r<r'<n

where the expression RM(r’, n)¢” =" is to be interpreted
as the set of all 2X¢"-") codewords in RM(r’, n), regarded
as integer 2"-tuples, multiplied by the Gaussian integer
¢” 7, and where the sum is a direct sum over all linear
combinations of these generators. Thus the whole expres-
sion is a coset decomposition involving 25" -" cosets of
¢"~'G", where K*(r,n) =X, _, . ,K(r’, n). Because of the
symmetry of the sequence K(r’, n) around N/2, we have
K*(@0,n)=nN/2, where N =2"; therefore, the Barnes—
Wall lattice A(0, n) is the union of 2”2 cosets of ¢"G",
which shows again that its coding gain is y(n) = 2"/2 For
example,

D,= A(O’l) = ¢GZ +(2»1,2);
D8= A(lvz) =¢G4 +(47392)7
E;=A(0,2) = *G* + ¢(4,3,2) +(4,1,4),

and so forth, since RM(0,1) = (2,1,2), RM(1,2) = (4,3,2),
and RM(0,2) = (4,1,4). This means, for example, that E,
is the lattice of all complex 4-tuples A that are congruent
to ¢, + ¢, modulo ¢?, where ¢, and ¢, are codewords in
the (4,3,2) and (4,1,4) binary codes, respectively.

By going one step further back, we arrive at the one-
dimensional chain ---/Z/Z/Z/2Z/2Z/4AZ/4Z/ - - - .
In this chain, S,; is 2//2Z for j even, and 2¢~V/2Z for j
odd, so that the generator matrix G, is the single genera-
tor 2U7Y/2 for j odd, and the empty set for j even.
Consequently, in the general formula of Lemma 2 involv-
ing Ggy (r, n+1), every other term drops out, and we are
left with the real code formulas

A(r,n) =200z

+ )y

r+l<r'<sn,n—r'even

RM (7", n+1)2(=r/2
n—reven,
/&(’.7 n) - 2(n—r+1)/222N

+ )y

r+l<r'<sn,n—r"even

RM(r’, n+ 1)2("_’/)/2,

n—rodd,

where the expression RM(r/, n +1)2¢"~"/2 is to be inter-
preted as the product of the codewords of RM (7', n +1),
regarded as integer 2"*-tuples, with the integer 2" ~""/2,
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For example,
D,=A(0,1)=2Z%+(4,3,2)
E;=A(0,2) =2Z%+(8,4,4)
A=A(0,3) =42 +2(16,15,2) +(16,5,8)
Ay, =A(0,4) =4Z°%+2(32,26,4) +(32,6,16)
and so forth. Since R commutes with the squaring con-
struction, we also have
RA(I‘, n) = 2(n—r+l)/222N

+ )y

r<r’'<n,n-—r"odd

RM(r',n+1)20=r" =172,

n—rodd;
RA(r, n) — 2(n—r+2)/2z2N

+ z

r<r'<n,n-r"odd

RM(r', n+1)2(=r=b/2
n— reven.
For example,
RD,=A(—-1,1)=2Z%+(4,1,4)
RE;= A(-1,2)=4Z%+2(8,7,2)+(8,1,8)
RA =A(-1,3)=4Z'+2(16,11,4) + (16,1,16)
RA,,=A(-1,4)=8Z%2+4(32,31,2)
+2(32,16,8) +(32,1,32),

and so forth. These code formulas exhibit the relationships
between Reed—Muller codes and Barnes-Wall lattices that
were developed in [12] and allow us to verify that indeed
these are the Barnes—Wall lattices, including D, and Ej.

From these code formulas, it is easy to verify that
A@©,n)/RAQ,n)/ -+ /R"A(n,n) is a lattice partition
chain, because each lattice involves a subset of the genera-
tors for the previous lattice. For example,

Eg=A(0,2) =¢’G* +¢(4,3,2) +(4,1,4),
RDy= RA(1,2) = ¢*G* + ¢(4,3,2);
R?A(2,2) = ¢*G*;

A =A(0,3) = ¢’G* + ¢%(8,7,2)
+¢(8,4,4)+(8,1,8);
RH16 = RA(193) = ¢3G$ + ¢2(8’7’2) + ¢(8a4,4),
R’Dyg = R’A(2,3) = $'G* + ¢(8,7.2);
R*A(3,3) = ¢°G?.
Note that every lattice in such a partition has the same
minimum squared distance 2"~ ". The partition A(r,n)/
RA(r +1, n) has order 25X ™ where K(r, n) is the dimen-
sion of the code RM(r,n); the points in A(r,n) are
therefore 2X("™ times as dense in 2" *!-space as the points
in RA(r+1,n). This allows us to determine the coding
gain of each of these lattices, which is given in [1, tables I

and II]. The partition A /RH), always has order 2, which
is why H,, is called a half-lattice; the trellis diagram for
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A consists of two parallel subtrellises, each representing
one of the two cosets of RH, of which A is the union.
The duals A(r, n)* of these lattices may be defined by

A(r,n)* 21G/$G/ - /&"'G/ - /¢" "G,
O<r<n, N=2"
where the notion of duality is as a complex lattice modulo
¢" 7, and the chain is the dual modulo ¢" " to that which
gives A(r,n) in the expression A(r,n)=|G/---/G/
¢G/ -+ /¢" 'G|". Then we arrive at the complex code
formula

A(r,n)*=¢""G"+ ¥

O<r'<n-—r

RM(r’, n)¢".

For example,
Dt =A(0,1)" =¢G*+(2,1,2) =D,
D¢t =A(1,2) " =¢G*+(4,1,4)
Egt=A(0,2) " =¢°G* + ¢(4,3,2) +(4,1,4) = E;

and so forth. Thus A(0, r) is self-dual modulo ¢", because
the code formulas of A(0, n) and A(0,n)* are the same;
the depth of A(r,n)* is p=n— r, the same as the depth
of A(r,n); the minimum squared distance of A(r,n)* is
28 =12""7 the same as that of A(r,n); and the complex
code formula for A(r,n)* involves the codes which are
the duals of the codes in the complex code formula for
A(r, n).

(Note that Dg* has ¢G* as a sublattice of order 2; Dg*
is therefore a mod-2 lattice, with 2Z% as a sublattice of
order 2°, so D" must be isomorphic to some (8, 5,2) code;
but the real code formula D¢t =278+ (8,5,2) is not nearly
as nice as the complex code formula. The lattice RDg" is
the mod-2 dual to Dy and has real code formula RDg" =
2Z%+(8,1,8), which is dual to the real code formula for
Dy.)

To display these dual sublattices, we may begin with the
two-dimensional chain - /G/G/G/6G/$*G/ --- /
"G /"G /$*G/ - - -, which is self-dual modulo ¢*. Re-
peated application of the squaring construction to this
chain results in a self-dual chain of 2**!-dimensional
depth-p lattices. The 2**!-dimensional lattices comprise,
on the one hand, the lattices A(r,p), 0 <r <y, and, on
the other hand, lattices ¢*A(r,p)* which involve their
duals A(r,p)*, 0 <r <pu. Since the Barnes—Wall lattice
A(0, p.) appears in the middle of this self-dual chain, it is
self-dual. This construction is illustrated for w=4 in
Fig. 13. Note that this tablean illustrates the chain
AQ©, ) /oA, W)Y/ -+ /o*A(p, p)*, with distances
2820/ ... /2 which is the dual chain to A(p, p)/A(p —
1, 1)/ -+ /A, ), modulo 2#; there is also a chain
Ap, W /A(p -1, 1)/ -+ /A, p)*  with distances
1/2/ -+ /2% which is dual to the chain A, p)/
oA, p)/ - -+ /o*A(p, p), modulo 2% In [1, fig. 9] is an
illustration of all of these chains in a single diagram.

It seems to us that these lattices are best regarded as
complex lattices, for a number of reasons. The two-dimen-
sional chain is a more natural starting point than the
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6Gi15) $7GY16)
34G?(16)
¢“G(15;

Fig. 13. Barnes—-Wall lattices, principal sublattices, and dual principal
sublattices of lengths N < 32 with minimum squared distances.

one-dimensional chain, and the two-dimensional chain is
best regarded as a one-dimensional complex chain. Multi-
plication by a complex scalar ¢ is nicer than rotation by
the 2X?2 matrix R; for instance, it is easier to see that
multiplication by ¢ commutes with the squaring construc-
tion. (Also, we avoid the abuse of notation that occurs
when we operate with R on 2 N-dimensional vectors.) The
complex code formulas are more regular than the real
ones. The depth (¢-depth) seems a more significant struc-
tural parameter than the 2-depth. Duals are most naturally
defined for the complex lattices modulo ¢* and are natu-
rally expressed by complex code formulas.

Notes: The infinite series of lattices A(0, n) is due to
Barnes and Wall [13], who essentially constructed them
from rows of Gy y). (The principal sublattices and their
duals also appear in {13], although without special notice.)
Their iterative construction by the squaring construction,
their construction by the two-level construction with the
associated four-section trellis diagrams, and the general
multilevel constructions are believed to be new. Forney
et al. [14] gave constructions for D,, Eg, and A4 in terms
of repeated binary partitions of a two-dimensional rectan-
gular grid and gave a four-section trellis diagram for Es.
Cusack [15] derived a general construction for Barnes—Wall
lattices equivalent to our complex code formula, using
partitions from the two-dimensional chain Z2/RZ%/2Z°/
2RZ?/--- and Reed-Muller codes. The real code formu-
las that we derive from one-dimensional partitions, involv-
ing alternate Reed—Muller codes, amount to construction
C of [12] or construction D of Barnes and Sloane [16].
There are also constructions involving nonbinary Reed-
Solomon codes in [16] and [17] that turn out to be equiva-
lent to our squaring construction and two-level construc-
tions; this happens because the binary (2,1), (4,3), and
(4,1) codes are “maximal distance separable,” so that the
Reed—-Solomon code does not improve on the Reed—Muller
or generalized Reed—Muller codes.
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V. CuBING CONSTRUCTIONS

We now give constructions that generate codes and
lattices of length 3N from those of length N. These will be
applied in the next section to yield codes and lattices of
length 3:2", notably the Golay code and Leech lattice,
from those of length 2" that have already been con-
structed.

A. Cubing Constructions for Two-Level Partitions

Let S/T/V be a two-level partition chain, with |S/T|
=M and |T/V|=N. Then S/T/V is represented by a
partition trellis as in Fig. 1, with M clusters of N nodes
each, each cluster corresponding to a subset T; of S.

Let U=|S/T|* and W, =T, /V;|>. We saw in Fig. 5(a)
that the partition U/W is represented by a two-section
trellis, also terminating in M clusters of N nodes each,
each cluster corresponding to a subset 7; of S. It seems
natural, therefore, to paste these two trellises together to
arrive at the three-section trellis of Fig. 14. We respect the
integrity of the clusters, but otherwise the clusters and the
nodes within clusters may be pasted together (twisted) in
any arbitrary way. We call such a construction a cubing
construction |S/T/V|>. It is closely related to the two-level
iterated squaring construction |S/7/V |*, whose trellis (Fig.
5(b)) is the same as that of Fig. 14, except with one more
middle section.

(®)

Fig. 14. Trellis diagrams for cubing construction |S/T/V|’. (a) For
|S/T|=2,|T/V|=4. (b) Schematic.

Decoding a cubing construction involves decoding the
partition U/ W, whose complexity is MN(2N —1) binary
operations, followed by decoding what is essentially an
MN-state squaring construction, whose complexity is 2 MN
—1, for a total of 2MN?+ MN —1 binary operations. The
branch complexity in the middle section is MN?2, so that
the decoding complexity per section approximates 2/3 the
branch complexity for large N.

From the trellis diagram, we obtain a lower bound on
the minimum distance for any cubing construction, again
using the partition distance lemma.

Lemma 3: If S/T/V is a two-level partition chain with
distances d(S)/d(T)/d(V), and U=|S/T/V|?, then

d(U) = min[d(V),2d(T),3d(S)].

Proof: If two distinct elements of U correspond to
paths in the trellis which are

a) the same—then at least one component differs by at
least d(V'), so d(U) = d(V);

b) distinct but in the same subtrellis (cluster)—then at
least two components differ by at least d(T), so
d(U)=2d(T);
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¢) in different subtrellises—then all three components
differ by at least d(S), so d(U) = 3d(S).

Elements corresponding to the same path always exist
that differ by d(V'), so d(U) < d(V'). Whether or not there
are elements that differ by 2d(T") or 3d(S) depends on the
connection of the branches. If the cubing construction
contains squaring constructions within two adjacent sec-
tions of a single subtrellis, however, then d(U) <
min[d(V),2d(T)), by Lemma 1.

As special cases of cubing constructions, we have the
repetition 3-construction |S/T/T|?, defined as the set of all
3-tuples of elements of S that all belong to the same coset
of T, with a trellis diagram as shown in Fig. 15(a) or (b),
and with minimum distance equal to min[d(T),3d(S)];
and the parity-check 3-construction |S/S/T|?, defined as
any cubing construction with a single subtrellis, as shown
in Fig. 15(c) or (d) and with minimum distance lower-
bounded by min[d(T),2d(S)].

T T
(@ (b)

T 1
S T N7 J S S z r S
=8
252N
© (d
Fig. 15. Schematic trellis diagrams. (a) For repetition 3-construction

|S/T/TP,if |S/T|=4. (b) Same as (a), schematically. (c) Parity-check
3-construction |S/S/TP, if |S/T|=4. (d) Same as (c), schematically.

B. The Cubing Construction for Group Partitions

Now let S/T/V be a two-level group partition chain,
with systems of coset representatives [S/T] and [T/V]. As
with the squaring constructions, we seek to define a cubing
construction in terms of these coset representatives such
that the resulting groups have desirable properties.

The squaring construction involves the integer matrix
G2 = {80» 81}, Which is a basis for S%, where S is any
group. The two generators in G, ,, generate all of the good
binary codes of length 2.

Let us consider then the integer matrix G &
{G3.2,Gp,1y)> Where G, is the set of two integer 3-
tuples {[110],[011]}, and G, consists of the single 3-
tuple [111]. The two generators in G, generate the
binary (3,2,2) code, and, in fact, as integer 3-tuples they
generate a (3,2,2) code over any group S. The single
generator in G, ,, generates a (3,1,3) repetition code over
any group. As a 3X3 integer matrix, G 3 has determi-
nant 1, so G5 5, is a universal basis for 3-space, i.e., a basis
for S3, where S is any group.

Because G 3 ,, and G5 ;, together span 3-space, there are
two distinct chains of partitions of the (3,3) code (or
indeed of any S3), illustrated in Fig. 16: (3,3)/(3,2)/(3,0)
and (3,3)/(3,1)/(3,0). Thus G5 ,, is also a set of genera-
tors G 3,31, for the coset representatives [(3,3)/(3,1)],
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/
(3,2,2) \
\ (3.1.3)
30
Fig. 16. Alternative partition chains (3,3)/(3,2)/(3,0) and (3,3)/
3,1)/(3,0).

and Gg 1= G335, generates coset representatives for
[(3,3)/(3,2)]. Note also that the generators in G, ,, are
dual to those in G5 ;, modulo 2, so that these two partition
chains are dual to each other modulo 2.

We now define the following cubing construction, based
on a two-level group partition S/T/V with systems of
coset representatives [S/T] and [7/V] and the generator
matrices just defined:

IS/T/ V2 Gy 5V + G o) [T/V]+Gi 1) [S/T]
={(vy+e;+d,v,+c;+e,+d,v5+c,+d):
v,0,0€V, ¢,c,€[T/V], de[S/T]}

where the second expression shows how to interpret the
direct sum of Kronecker products denoted by the first
expression. When we say the cubing construction, we mean
this cubing construction.

The elements of |S/T/V|* corresponding to c,=d =0
are the 2-tuples in the squaring construction |T/V)? fol-
lowed by a 1-tuple in V. The elements U(e,,d) of
|S/T/V|? corresponding to fixed ¢, and d are the coset
U(0,0)+(d,c, +d,c, +d) of the elements U(0,0) corre-
sponding to ¢, =d =0. Thus |S/T/V|® has a trellis dia-
gram of the form of Fig. 14, where each set U(c,, d)
corresponds to all the paths going through a given node
(which may be labeled (c,, d)) at the end of the second
section, and the union of all such sets for a fixed 4
corresponds to a subtrellis. Similarly, the set of all ele-
ments of |S/T/V|® corresponding to fixed ¢, and d
correspond to all the paths going through a given node
(which may be labeled (c,,d)) at the end of the first
section.

It follows that this is indeed a cubing construction, and
the lower bound on distance of Lemma 3 applies. Because
the construction contains a squaring construction,

min [d(V),2d(T)] 2d(|S/T/V)?)

> min[d(V),2d(T),3d(S)].
If there is an element d € [S/T] with wt(d) = d(S), then
the lower bound holds with equality; however, if there is
no such element, then we may be able to improve on the
lower bound, as we shall see in the construction of the
Golay code and the Leech lattice in the next section.

As special cases of this construction, we have the repeti-
tion 3-construction |S/T/T|® and the |T/T/V|> parity-
check 3-construction |S/T/V|. For these special cases, we
have the distances

d(|S/T/T|’) =min[d(T),3d(S)]
d(|IT/T/V)’) = min[d(V),2d(T)].

Equality holds in the first case because the repetition
3-construction contains all 3-tuples (s, s,s), s€ S.
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It is easy to see that [S/T/V|® is a group. Also,
|S/T/V|® is a subset of |S/T/T|’, which is a subset of
S and V? is a subset of |T/T/V|?, which is a subset
of |S/T/V|’. Consequently, S*/|S/T/TV/|S/T/V}/
IT/T/V|3/V3 is a group partition chain. The order of
S3/|S/T/T|? is the square of |S/T|, and the Kronecker
product G5, [S/T] generates a system of coset represen-
tatives for S°/|S/T/T|® (since S*=G, (T +[S/T)) =
GanT + GaplS/T1+ Guy[S/T] and [S/T/T| =
Gi.3T + G ) [S/T)). The order of |S/T/T\Y/|S/T/V |’
is {T/ V|, and the Kronecker product G, ,,{T/ V] generates
a system of coset representatives for |S/T/T|*/|S/T/V?
(since |S/T/TP=Gua(V+[T/V)+ Gz [S/T], and
\S/T/ V) =GV + G lT/V1+ Gy 1S/ T)). Similarly,
IS/T/V*/\T/T/V|* has order |S/T| and generator ma-
trix G 1)[S/T), while |T/T/V|*/V> has order equal to
the square of |T/V|and generator matrix G [T/V].

Now suppose that S,/S,/--- /S, 1s a group partition
chain. The cubing partition may be applied to each two-
level partition in this chain to yield groups 7, =
1S;/S;41/S,:2% 0< j<m~—2. However, in general T},,
is not a subgroup of T,

Fig. 17 shows the subgroup relationships that do exist,
in general. These are based on the chain S3/|S/T/T|%/
IS/T/VV/IT/T/V|)3/V? already noted, as well as the
alternative central chain |S/T/T\*/T3/|T/T/V|® (since
T3=|T/T/T|’). We see that the subgroups can be ar-
ranged in a sort of double helix structure, with a periodic-
ity corresponding to two levels in the original chain.

S.3
IS, /8.4, [F 15,18./8,F
i8,78,/8 i3 S8,°

1S, /5. /S.IF 1S./8./8, ]

S,° 1S, /8,18,
1S, /5218, 1S, /5./8,F
1S, /84/8,FF Sy

Fig. 17. Subgroup relationships for cubing constructions.

Using the generator matrix identity G3 3y = G 9y + Gz 1),
we have an alternative form for the cubing construction,

IS/ T/V|
=Gy, (VH[T/V])+ G, (V+[S/T])
=Gy T+ Gy T*, where T*£V +[S/T]
=+ e+ %), LET, FeT*).

This is in the form of the |a + x|b + x|a + b + x| construc-
tion mentioned in [5, ch. 18, sec. 7.4]. The direct sum of
the coset representatives [T/ V'] with the group T*, defined
as the direct sum V+[S/T], is S; therefore, T* is the
intermediate group in an alternative partition S/7T*/V to
the partition S/7T/V, as shown in Fig. 18. This shows that
the cubing construction does not depend on the choice of
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Fig. 18. Alternative partition chains S/T/V and S/T*/V.

coset representatives [7/V]; it does, however, depend on
the choice of coset representatives [S/T], or equivalently
on T*; thus, we shall indicate this choice explicitly when
necessary.

Given T and T*, an alternative definition of the cubing
construction would therefore be the |a + x|b + x|a + b + x|
construction

[T T*?

2G4 )T+ Ga T

={(t,+, 0+, + 5, + %) 4, 4, €T, *€T*).
We would then define V as the greatest common subgroup
(intersection) of T and T* and S as the direct sum
V+[T/V1+[T*/V], ie., the least common supergroup of
T and T*. This definition has the advantage of completely
specifying the construction, whereas the earlier definition
needs to be augmented by a specification of [S/T], and is
the preferred form when there is a natural parallel-
ism between 7 and T*. On the other hand, the earlier
definition is more natural for such constructions as
I(4,4)/(4,3)/(4,1))%, where the set T* = (4,1)+[(4,4)/(4,3)]
has no particular significance.

From this expression and Lemma 3, we have the dis-
tance bounds

min [d(V),2d(T),3d(T*)]

>d(|ITvT*?) = min[d(V),2d(T),3d(S)],
so that if we want to improve on the lower bound, we will
need to choose T* (or [S/T)) so that d(T*) > d(S).

For the repetition and parity-check 3-constructions, the
above form reduces to

IS/T/T) =G T+ G 1, (T+[S/T])
=GanT+GpS=ITVS)?

\T/T/VP=Gu o (V+IT/V]) + GV
=GuyT+Gs )V =TVV],

showing that in these cases the choice of coset representa-
tives does not matter.

The cubing construction is not self-dual in general, when
applied to binary groups; that is, it is not necessarily
true that the dual of |S/T/V|® is |V*/T*/S*] In
fact, if u € Gy o T+ Gy (V+(S/T)) and w’ &Gy, T+
+ Gy (St +[V*/T+]) are elements of |S/T/V|> and
VL/T*/S*|3 respectively, then their inner product
(u, u’) can be seen to be equal to (d,d*),if d and d* are
the elements of [S/T] and [V*/T*] that enter into the
construction of w and u’, respectively, when all elements
of S/T and T/V are of order 2. Hence these two cubing
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constructions are each others’ duals when and only when it
is possible to choose systems of coset representatives {S/T']
and [+ /T*] such that every element of [S/T] is orthog-
onal to every element of [V'*/T*]. (However, it is true
that |TY T*? is the dual of |T+v(T*)*|% at least when
all elements of S/T and T/V are of order 2; consequently,
the repetition and parity-check 3-constructions are
duals, (|S/T/T>)*=|T+/T+/S*]? or (JTvS)*t=
T vs*P)

Examples: Let (2,2)/(2,1)/(2,0) be the partition chain
of binary length-2 codes considered earlier, and let g, = [10]
be the generator for (2,2)/(2,1), and g, =[11] the gener-
ator for (2,1). The cubing construction applied to this
partition chain yields a (6,3) code with generator matrix
G281+ G3,1780 With minimum distance at least 3, and in
fact since G;;,8,=1[101010], the minimum distance is
three. Although the chain (2,2)/(2,1)/(2,0) is self-dual,
this (6,3,3) code is not self-dual, because (g, g,) =1.
However, if we construct another code (6,3,3)* by using
the cubing construction on the same chain, but with the
generator g4 = [01] for (2,2)/(2,1), then since (g,, g§) =0,
the (6,3) and (6,3)* codes are duals. (The (2,1,1) code
generated by g, is dual to the (2,1,1)* code generated by
g)

Secondly, let (2,2)/(2,1)/(2,0) be the partition chain of
length-2 generalized Reed—Muller codes over the field
GF(4). Choose g, = [ww*] as the generator for (2,2)/(2,1),
where w and its conjugate w* are the elements of GF(4)
other than zero and one, and again let g, =[11] be the
generator for the (2,1) code. The cubing construction
applied to this partition chain yields a (6,3) code with
generator matrix Gg; 58, + G 1y80 With minimum distance
at least three. In fact, it is possible to show that all
codewords must have even weight, so the minimum dis-
tance is four, and this is the (6, 3,4) hexacode over GF(4).
Now, defining the inner product as the sum of products of
the components of one vector with the conjugate of the
components of the other, g, is orthogonal to itself over
GF(4), so the hexacode is self-dual. (Both the (2,1,2) code
generated by g, and the (2,1,2)* code generated by g, are
self-dual.) Since (2,2)/(2,1)/(2,0) is a chain of four-way
partitions in this case, the hexacode has a 16-state three-
section trellis diagram.

VI. BINARY CODES AND LATTICES OF LENGTH 3-2"

The constructions of Section V may be applied to the
codes and lattices of Section IV to generate binary codes
and lattices of length N =3-2". We shall briefly discuss
the codes obtained for N =3, 6, 12, and 24. We omit the
corresponding lattice constructions.

The (24,12) code obtained by the cubing construction
I(8,7)/(8,4)/(8,1)|* has a minimum distance of only six if
the standard coset representatives for the partition
(8,7)/(8,4) are used. We observe that there is an alterna-
tive choice of coset representatives that produces a (24,12)
code of minimum distance 8, namely the Golay code.
Similarly, a nonstandard choice of coset representatives
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for the partition Eg/RE; in the cubing construction
|Eg/RE,/2Eg|* produces the 24-dimensional Leech lat-
tice, which occupies an even more remarkable place among
lattices than the Golay code does among binary codes.
These constructions lead to three-section trellis diagrams
for the Golay code and the Leech lattice that have only 64
and 256 states, respectively, and that in both cases lead to
efficient maximum likelihood decoding algorithms.

A. Codes of Length 3-2"

The (3,1) and (3,2) codes may be obtained from the
Reed—Muller codes of length 1 by the trivial constructions
11,1)/(1,0)/(1,0)]* and |(1,1)/(1,1)/(1,0)|%, respectively,
while even more trivially (3,3) = (1,1)° and (3,0) = (1,0)°.
Their nesting properties, minimum distances, {a + x|b +
x|a + b + x| representations, generator matrices, trellis dia-
grams, and duality properties are all determined as special
cases of the general properties of their constructions. In
particular, the (3,1) and (3,2) codes have minimum dis-
tances 3 and 2; they each have a two-state trellis diagram,;
and they are duals of each other.

Fig. 19 shows all codes of lengths 3, 6, 12, and 24 that
can be derived in this way, with their minimum distances
and their subcode relationships.

227 (1.1)3
/ 7/
(6.5.2) (3.2,2)
(6.3.2) (3.,3)
/7 \
@213 (633 (1.0)
\ /
(6.2,4)
(6.1.6) 6,8)3
2,003 (24,23,2) \
(24,22,2)
{ \
(4,4)% 8.7) (24,19,3)
N \N 7/
(12,11,2) (24,18,4)
(12,102) / (24,15.4) /
/ \ /7 \
(12,8,3) (4.3 (24,126) (8.4
N\ / \N 7/
(12,7,4) (24.,9.8) \
\ (12,5,4) \ (24.6,8)
N\ AN
(4,1){ (12,4,6) (a,1){ (24,5,12)
\ / N\ /

™
P
.

,16)

(241,

s
®/5
K=
/8
k=)

Fig. 19. Codes of lengths 3, 6, 12, and 24 generated by cubing con-
- struction.

We note that Fig. 19 illustrates the general properties of
the constructions shown in Fig. 17. The codes of a given
length that are formed by parity-check constructions form
a partition chain, as do those formed by repetition con-
structions, but the codes formed by full cubing construc-
tions are, in general, subcodes not of the next higher such
code but of the code two levels higher.

Of these codes, the best with distances equal to powers
of two are those constructed by parity-check constructions,
while the best with distances equal to three times a power
of two are those constructed by full cubing construc-
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tions. The repetition construction nowhere produces the I}S(BBVM
best code, except for the elementary cases (3N,1)= ®.7)
[(N,1)/(N,0)/(N,0)|>. However, the repetition codes do G, 78,3/ Gis, 418,
serve as the duals of the parity-check codes. (8.4) @A
The cubing construction codes have the right dimensions qs‘.,),(;h /G<e,7)/(s,«,'
to be duals of each other but are not, as can be verified by Blb,
examining inner products (d,d*). For example, we have 8.0)

already seen that the (6,3) code is not self-dual, but rather
is dual to a closely related code (6,3)* that can also be
expressed as |(2,2)/(2,1)/(2,0)|*, but with a different coset
representative for the partition (2,2)/(2,1). In general,
there do exist cubing construction codes of the dimensions
shown here that are duals of each other, including seif-dual
codes of dimension half their length, but we must choose
nonstandard coset representatives [RM(r, n)/RM(r —
1, n)]* to obtain them. This will be illustrated in the next
section for the (24,12) Golay code.

B. The (8, 4)* Code and the Golay Code

The reason that the (24,12) code obtained by the cubing
construction (8,7)/(8,4)/(8,1)]> has 2 minimum distance
of only six is that the standard system of coset representa-
tives [(8,7)/(8,4)], namely the words generated by the
three rows G 7 /(3 4 of weight 2 in Gg g = =G, 2) lead to
codewords G, ;,d =(d,d,d) of weight 6. Furthermore,
the reason that this code is not self-dual is that there are
coset representatives in [(8,7)/(8,4)] that are not orthogo-
nal to each other modulo 2, e.g., [11000000] and [10100000].

Therefore, we introduce another basis G} 5 for binary
8-space that has many attractive properties. In addition to
the standard matrices Gg;, and G4 /51y it includes
nonstandard generator matrices G 5 /5.4y and G g (3.7
as follows:

G2 {Ge/s.7 03764 Csa/61 Can )
where
G aen=11111 1110)
[0111 1000}
G 764211001 1100
0101 0110
[1111 0000}
G461 = | 1100 1100
010 1010
Ggpy=[1111 1111].

Note that all generators are linearly independent, so that
the complete set generates the (8, 8) code; since all 8-tuples
in G}, /s have even weight, the last seven gener-
ators generate the (8,7,2) code. The four generators
{Gg1y Gl 7ys,4) generate an (8,4) code, and since the
columns of G 7, s, 4 TUR through all 3- tuples G& 754 18
a column permutation of G 4/ 1), SO this is a permuta-
tion of the (8,4,4) code, which we shall denote as (8,4,4)*.

Fig. 20 illustrates alternative partition chains (8,8)/(8,7)/
(8,4)/(8,1)/(8,0) and (8,8)/(8,7)/(8,4)* /(8,1)/(8,0) that

may be obtained with these generators.

Fig. 20. Alternative partition chains (8,8)/(8,7)/(8,4)/(8,1)/(8,0) and
(8.8)/(8,7)/(8,4)*/(8,1)/(8,0).

(Note that G§ 9/, has been chosen so that the seven
generators G5 5, = {Gg a5, O 18,4 O 9)/8.7 ) gener-
ate all the good codes of length 7, including (7,6,2),
(7,4,3), (1,4,3)*, (1,3,4), (7,3,4)*, and (7,1,7) codes, if we
disregard the last component which is always zero.)

The generator matrix
G = {Ge1) Gmas1) Gl s, )

for the (8,7,2) code has the following nice properties,
which characterize all of the inner products of the genera-
tors:

a) the weights of all seven generators are multiples of

four;
b) all generators are orthogonal modulo 2, except for
the pairs
g, =1111 0000 g* =0111 1000
g, =1100 1100 g} =1001 1100

g,=10101010 g =01010110.

Since G} 5, is a generator matrix for the (8,7) code, any
codeword ¢ in that code can be uniquely represented as

c(ag,a,a*) = aGg 1y + aG(8,4)/(8,1) + a*G(’z'fJ)/(s,«s)
(mod2)

so that (a,, a, a*) is a 7-bit label for ¢. In view of the inner
product properties of the generators, the inner product of
two (8,7) codewords satisfies

(e1,¢;) = (a,a3)+(af,a,) (mod2)

where ¢, = c(ag, a;, aff) and ¢, = c(agy, a,,af).

The codewords in the (8,4) code are the words in the
(8,7) code with a* =0, and those in the (8,4)* code are
those with @ = 0. If ¢ is an (8,4) codeword, then its weight
llell? =2 a;a,(g; g,) contains diagonal terms which are
multiples of four, plus twice the cross product terms,
which are all multiples of two, so the weight of any (8,4)
codeword is a multiple of four. Similarly, the weight of any
(8,4)* codeword c* is a multiple of four.

Now let ¢=c(ay,a,0) be an (8,4) codeword, and let
c*=c(ay,0,a*) be an (8,4)* codeword. The weight of
their mod-2 sum ¢® ¢* is governed by the following lemma.

Lemma 4: If c(ay,a,0)€(8,4) and c¢(ay,0,a%) €
(8,4)*, then the weight of their mod-2 sum |jc@c*||? is
congruent to 2(a, a*) modulo 4.

Proof: If ¢ and c¢* are regarded as integer 8-tuples,
then ||c®c*||? is equal to the Euclidean distance

2
lle = e*lI>=llell> —2(e, e*) + lle*|1*.
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However, ||c||? and ||c*||? are both multiples of four, and
(e, c*) = (a, a*) (mod2).

The (8,7) code may be regarded as the union of 64
cosets (8,1)+ ¢(a, a*) of the (8,1) code, where c(a, a*) =
aGg 481+ a*c.;;;;ﬂ) /.4y (Mod2). Eagh coset thus consists
of ¢(a, a*) and its complement. This implies that these 64
cosets fall into the following classes:

a) one class (a=a*=0) in which both weights are
multiples of 8, i.e., 0 and §;

b) 7x4 =28 classes ((a,a*)=1mod2) in which both
weights are congruent to 2 modulo 4, ie., 2 and 6;
¢) 35 classes ((a,a*)=0mod2, but not a =a*=0) in
which both weights are congruent to 0 modulo 4, i.e.,

4 and 4.

The following eight-by-eight map shows exactly where
the numbers of these classes are located, where octal
notation is used for a and a*, and 0 indicates class a), 1
indicates b), and 0 indicates c):

1~

a 0123 4567
0 0 000O0O0O0OO
1 01010101
2 001100T1]1
3 01100110
4 00001111
5 01011010
6 00111100
7 01101001

The Golay code may now be defined by the cubing
construction |(8,7)/(8,4)/(8,1)|%, using as the system of
coset representatives for [(8,7)/(8,4)] the words generated
by G§ 1) /s.4) OF equivalently, by the |a + x|b+ x[a+ b+
x| construction

(24,12) 2{(8,4)v (8,4)*[’
={(e;+c* e, + e+ c*, e+ c*):
¢, ¢, € (8,4), c* € (8,4)*},

with addition modulo 2. (This is a “Turyn construction”
[5, ch. 18, sec. 7.4] (see also Sloane et al. [18]).) The
generator matrix corresponding to the cubing construction

(8,7)/(8,4)/(8,1)]* is
Gaaazn = Gi,306n T G3.006.96.1 T GanGe.ar /6.1

where as always the expression is to be interpreted as a
union of Kronecker products, and we have used the nota-
tion G‘“"‘)T sy for GE s /5.4 the generator matrix can
also be written as

Gaa1 = Ga.20s.4 1T G104

corresponding to the |(8,4)v(8,4)*|* form of the construc-
tion.

This (24,12) code has minimum distance 8, which may
be proved as follows. Let ¢ = (¢, + ¢*, ¢, + ¢, + ¢*, ¢, + ¢¥)
be a codeword. Each of the 8-tuples is the mod-2 sum of
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an (8,4) codeword and an (8,4)* codeword. Using Lemma
4, therefore,

lell*=2(a,,a*)+2(a, +a,,a*)+2(a,,a*) (mod4)
=4(a, +a,,a*)
=0(mod4).

Thus all weights are multiples of four. By the cubing
construction lower bound of Lemma 3, however, the mini-
mum distance is at least six; therefore, it must be eight.
(Since each 8-tuple is an (8,7) codeword, minimum-weight
codewords must have weights 2, 2, and 4 or 0, 0, and 8 in
their three 8-tuple components.)

This (24,12) code is self-dual, because both the (8,4) and
(8,4)* codes are self-dual. It is part of the self-dual parti-
tion chain (24,15)/(24,12)/(24,9); i.e., it is a union of
eight cosets of (24,9) =((8,4)/(8,4)/(8,1)|?, and (24,15) =
I8,7)/(8,4)/(8,4)|® is a union of eight cosets of (24,12).

Fig. 21 is a schematic trellis diagram for the Golay code,
based on the cubing construction. It has 64 states (a, a*)
at each section boundary, where aG 4) /31y € [(8,4)/(8,1)]
and a*Gg 4» 451y €[(8,4)*/(8,1)]. It may be regarded as a
union of eight subtrellises, each subtrellis representing a
coset of the eight-state (24,9) code and having a coset
representative (d*, d*, d*), where d* = a*G 4« 1) Each
branch represents a coset of the (8,1) code and thus
represents two 8-tuples which are binary complements of
each other.

Fig. 21. Three-section 64-state trellis diagram for (24,12,8) Golay code.

C. R*E, and the Leech Lattice

The Leech lattice is a 24-dimensional lattice that seems
to be the most remarkable lattice of all. It is exceptionally
dense for its dimension, it contains all good lattices of
lower dimension, and it plays a pivotal role in the mathe-
matical theory of lattices (and of finite groups).

In a development analogous to that of the previous
section, we shall now show that the Leech lattice A,, is
expressible as a cubing construction |Eg /RE, /2 Eg|’, if we
replace the standard coset representatives for E; /RE; by
another system [ Eq /RE ]*.

In this case we introduce as our deus ex machina the
following set of eight 8-dimensional generators. We may
call them small miracle octad generators (SMOG’s) in
analogy to the well-known set of twenty-four 24-dimen-
sional miracle octad generators that is often used for Leech
lattice manipulations (Conway and Sloane [2]) and to
which they are intimately related. In addition to the stan-
dard generators G = {Gg,),2Gg 7y /3.4y fOr REg/2Eq,
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they include a nonstandard set G* for E; /REj, as follows:
G, o, = {G*.G)

A
1 -1 1 -1 1 -1 1 1], %
G-l 1.1 -1.2 0 0 of=&
1 -1 2 01 1 0 0f2gr
(1 01 01 0 -1 2]ag
3
a 2
111111 1 1],°%
cal2 00020 0 0%
20 200 0 0 02g,
2. 2.0 0 0 0 0 0fag,

That these are a generator matrix for E; /2 E; can be seen
as follows. G is a standard generator matrix for RE; /2 E,.
REg+[g¢] is the lattice RDg =2Z8+(8,1), because g¢*
=[11111111]-[02020200], and the latter 8-tuple with
2G g 7y /5.4 Benerates 2Z 8/2 E,. The remaining three gener-
ators, G* = { g, gF, g}, are congruent modulo 2 to the
standard generators Gg 4,51, for Ey/RDg. Thus the
SMOG’s generate a system of coset representatives for
Eg/2E;. They are linearly independent, thus a basis for
8-space. The generators G* are in fact also generators for
Eg/2Z7?, since they are congruent to the standard genera-
tors modulo 2.

The lattice R*E, is defined as R*Ey £ 2E,+ {aG*},
meaning (as usual) that R*E; is the union of the 16 cosets
of 2 E; whose representatives are the binary linear combi-
nations of the generators in G*. Then E;= R*E;+ {aG},
so we have the alternative partitions illustrated in Fig. 22.
We shall show shortly that d2; (R*E;) =8, the same as
d2. (REy), so R*Eg has the same coding gain as RE, or
Eg, and since E; is the unique eight-dimensional lattice
with this coding gain [2], this implies that R*E; must be a
version of Eg.

Fig. 22. Alternative partition chains E, /REy /2 E; and Ey /R*E, /2 E;.

The eight generators {G,G*) have the following nice
properties, which characterize all of the inner products of
the generators:

a) the weights of all generators are multiples of eight;
b) all generators are orthogonal modulo 4, except for
the pairs (g,,8¥), 0 < k <3, whose inner products
are congruent to 2 modulo 4.
Since {G, G*} is a generator matrix for Eg /2 Eg, the 256
cosets 2 Eq + ¢ of 2E; whose union is Eg can be uniquely
represented as

c(a,a*) =aG + a*G* (mod2E,),

so that (a, a*) is an 8-bit label for the coset 2E; + ¢(a, a*).
In view of the inner product properties of the generators,
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the inner product of two elements of E; satisfies
(e1,¢,) =2(a;,a2)+2(af, a;) (modd)

where ¢; is an element of the coset 2E; + ¢(a,, a*) and ¢,
is an element of the coset 2E; + ¢(a,, a¥), and we use the
fact that any element of Ej is orthogonal to any element of
2E, modulo 4 (since Z®/E,/RE, /2 Ey/4Z ¥ is a self-dual
partition chain modulo 4).

The elements of RE; are the union of the 16 cosets of
2Eg with a* =0, and those in R*E; are those with a =0.
The inner products of any two elements of RE; (resp.
R*Ey) are thus congruent to 0 modulo 4. Since the weights
of all generators are eight, this suffices to show that the
weight of any element of REg (resp. R*Ey) is a multiple of
eight. In turn, this shows that d2, (R*E;) =8, as claimed.

Now let ¢ be an element of RE; in some coset 2 Eg +
c(a,0) of 2E,, and let ¢* be an element of R*E, in some
coset 2Eg+ ¢(0,a*) of 2F; Their squared distance is
governed by the following lemma.

Lemma 5: If ¢ €2FE;+ ¢(a,0) and ¢* € 2E; + ¢(0, a*),
then |l¢ — ¢*||? is congruent to 4(a, a*) modulo 8.

Proof: |le = ¢*||* =|le||* = 2(e, e*) + [|e*|% but ie]|?
and {|c*||? are both equal to multiples of eight, and (¢, ¢*)
= 2(a, a*) (mod4).

This implies that the 256 cosets 2 Eg + ¢(a, a*) fall into
the following classes:

a) one class (a = a* = 0) in which all weights are multi-
ples of 16;

b) 15X 8 =120 classes ((a,a*)=1mod2) in which all
weights are congruent to 4 modulo 8§;

c) 135 classes ((a,a*) =0mod2 but not a =a*=0) in
which all weights are congruent to 0 modulo 8.

The Leech lattice may now be defined by the cubing
construction |E,y /RE, /2 Ey|?, using as the system of coset
representatives for [ E; /RE;g] the 16 8-tuples generated by
G* or, equivalently, by the |a+ x|b+ x|a + b+ x| con-
struction

Ay 2 |REFR*Eg = {(e;+ ¢*, e, + ¢, + ¢*, ¢, + ¢*):
¢,,¢, € RE;, ¢* € R*E }

with ordinary vector addition. (This is a generalized Turyn
construction; see [2, ch. 8, sec. 2] and the references
therein.) The generator matrix corresponding, to the cubing
construction |Eg/RE, /2| is

Gy, =G5 3\Gag, + G5 2G + G5, ,G*

where, as usual, the expression is to be interpreted as a
union of Kronecker products. Thus A,, is a union of 2'?
cosets of 2EJ, and E{ is a union of 2!? cosets of A,,. The
generator matrix can also be written as

Gh,, = Ga.2GOrE, G3,1)0rn

corresponding to the |RE; VR*E,|* form of the construc-
tion.

The Leech lattice is self-dual modulo 4, because both
RE; and R*E; are self-dual modulo 4.
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The Leech lattice has minimum squared distance 16,
which may be proved as follows. Let A = (¢; +¢*,¢;+ ¢,
+ ¢*, ¢, + ¢*) be a point in the lattice, where ¢}, ¢, € REj,
¢* € R*E,. Each of the 8-tuples is the sum of an element of
RE; and an element of R*E;. Using Lemma 5, therefore,

IAlI2=4(a,,a*)+4(a,+a,,a*)+4(a,,a*) (mod8)
=8(a,+a,,a*)
=0 (mod8).

Thus all weights are multiples of eight. By the cubing
construction lower bound of Lemma 3, however, the mini-
mum distance is at least 12; therefore, it must be 16. (Since
each 8-tuple is an element of E;, minimum-weight code-
words must have weights 4, 4, and 8 or 0, 0, and 16 in their
three 8-tuple components.)

Since Z%*/E3/A,,/2E3/4Z% is a chain of 2'%-way
partitions, and d2; (A,,) =16, its coding gain is y(A,,) =
16-272412 = 4 (6 dB). This is the same normalized density
as is achieved in 32 dimensions by the Barnes—Wall lattice
A5, and is very close to a sphere-packing bound called the
Rogers bound [2]. A,, is exceptionally dense for its dimen-
sion.

Fig. 23 is a schematic trellis diagram for the Leech
lattice based on the cubing construction. It has 256 states
(a, a*) at each section boundary, where aG € [RE, /2 E;]
and a*G* € [R*E, /2 Eg)]. Each branch represents a coset
of 2E;, and the 256 distinct branches in each section
represent the cosets in the partition E;/REg/2E,. There
are a total of 212 paths through the trellis, representing
the 2'2 cosets of 2E; of which A,, is the union. The
trellis may be regarded as a union of 16 subtrellises, each
subtrellis representing a coset of the 16-state lattice
|REy/RE, /2 Eg|> whose code formula is 42 %* +2(24,18,4)
+(24,2,16) and having a coset representative (d*, d*, d*),
where d* = a*G*. The trellis is identical in form to that for
Ay, =|Eg/RE;/2Eg|%, except that it has three sections
rather than four.

The Leech lattice is more commonly encountered in the
rotated form RA,,, defined as RA,, =|RE; /2 E; /2 RE,|?
= |2E; VRR*E,)® where we use the rotated SMOG’s:

RGg, /1p, = GreyarE, = { RG*, RG }

0 2 020 2 2 0]=Rg
RGx=|2 0 0 2 2 2 0 0|=Rg
0 2 22 2 0 0 0|=Rg}
1 111 1 1 1 —3|=Rgr
2 0 2 0 2 0 2 0]=Rg
RG=|2 2 0 0 2 2 0 0f=Rg
2 2 2 2 0 0 0 0|=Rg
4 0 00 0 0 0 0]=Rg,

The generators in RG are now the standard generators
{2G5.4)/(8.1):4Gs,8)/8,7) )} for 2Eg /2 REg, while the genera-
tors in RG* are a nonstandard set {2G{ 1 /5.4, G5 1)} for
REg /2 Eg, consisting of twice the generators G§ 5 5.4, fOr
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Fig. 23. Three-section 256-state trellis diagram for Leech lattice A,, =

|Es/REq /2 Ex|® = |REVR* Egf*.

(8,4)* /(8,1) that we used earlier, plus a special generator
Rgj, which is the only one with odd components.

In this representation, the rotated Leech lattice RA,,
has minimum squared distance 32 and is self-dual modulo
8. The generator matrix corresponding to the cubing con-
struction |Eg /REg/2Eg|* is

GRA24 = G(3,3)G2RE8 + G(z,z)RG + G<3,1)RG*7

from which the miracle octad generators can easily be
obtained, and the generator matrix corresponding to the
[2E; VRR*E,|* construction is

GRAZ,, = G(s,z)GzEB + G(a,l)GRR*E,,-

(The lattice RR*E; is simply a rotated version of
R*E4, RR*E; = 2RE, + { aRG*}.)

The lattices A,, and RA,, are indecomposable [1], but
we may nonetheless characterize them by code formulas
under a broadened definition. A,, is the union of 2%
cosets of 4Z2* whose representatives may be taken as the
224 24-tuples whose components are integers modulo 4
that are obtained by binary linear combinations of the 24
generators (2G5 3G 4, G300, G3,1,G*}, where the first
12 generators are simply the generators of 2EJ/4Z%* in
standard form, while the remaining 12 are the generators
for A,,/2E}, by the cubing construction. Of these 24
generators, 18 are multiples of two, namely, 2G; 5G4 4 +
2G(3‘2)G(8,7) /(8,4)> which are the generators for the (24,18,4)
code [(8,7)/(8,7)/(8,4)|°, multiplied by two. The remain-
ing six generators are a set of six 24-tuples of integers
modulo 4 whose binary linear combinations modulo 4
must all have weight at least 16, since all are Leech lattice
vectors. Hence we may write

A,y =4Z%+2(24,18,4) +(24,6,16)

where (24,6,16) is simply a notation for the 64 binary
linear combinations (modulo 4) of the aforementioned set
of six generators. Note that the generators of the (24,6,16)’
code are congruent to those of the binary (24,6,8) code
defined by [(8,4)/(8,1)/(8,1)|?, which is dual to the
(24,18,4) code, and also a subcode of it.

Similarly, RA.,, is the union of 22 cosets of 4RZ**, or
2% cosets of 8Z %4, whose representatives may be taken as
the 23¢ 24-tuples whose components are integers modulo 8
that are obtained by binary linear combinations of the 36
generators {Gg 3)[4Gg 7 +2Gg 1)), G RG, G5 1, RG*},
where the first 24 generators are simply the generators of
2RE}/8Z % in standard form. Of these 36 generators, 23
are multiples of four, namely 4G, 3Gg 7, + 4G, 208 8) /8.7
which are the generators for the (24,23,2) code |(8,8)/
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(8,8)/(8,7)|°, multiplied by four. We then recognize a set
of 12 generators which are those of the (24,12,8)
Golay code, multiplied by two, namely, 2Gg; 3G 1, +
2G 3 2G.4/6.1) T 203,10 (s,4* s,1)- The remaining genera-
tor G ,,Rgs* is a special “Leech generator” which we
denote by (24,1,32Y. (Its weight is actually 16 X 3 = 48, but
there are elements in the coset 2RE; +(24,1,32) of weight
32.) Hence we may write

RA,, = 8Z% +4(24,23,2) +2(24,12,8) +(24,1,32)".

These code formulas show the existence of certain sub-
lattices of A,, and RA,, that can themselves be obtained
by cubing constructions, as follows:

2H,, =87 +4(24,23,2) +2(24,12,8)

= 2Dy /2Ey/2RE,)?
2X,,=4Z>+2(24,18,4) = 2Dy /2Dy /2 Ey?
4D,,=8Z* +4(24,23,2) = UZ3/4Z%/4D;)>.

(Caution: RA.,, is not a sublattice of A,,.) Thus there is a
partition chain A,,/RH,,/2X,,/2RD,,/4Z% of 24-
dimensional lattices, all with minimum squared distances
equal to 16, with partition orders 2, 2°, 27, and 2'%.

A complex version of the Leech lattice can be defined by
expressing the generators { G*,G} in complex form, using
¢=1+iand ¢*=1—1i, as well as a=—1+2i:

[¢* o* ¢* o|=g
Gr_|® ¢ 2 o|=s&
* 2 ¢ 0 :gz:
(1 1 1 «] 8
(6 ¢ ¢ o]=2
2 0 2 0%
G=12 2 0 o|=8
[2¢ 0 0 08

A complex code formula for A,, can be developed as
follows. A,, is the union of 2?* cosets of 4G'?, whose
representatives may be taken as the 22* complex 12-tuples
whose components are Gaussian integers modulo ¢* (or
modulo 4) obtained by binary linear combinations of the
24 generators {2G; 3Gg 4, G300, G5 1yG*}- The first 12
generators are the generators of 2E¢/4G'? in standard
form, which are obtainable from the code formula 2 E; =
4G* +2¢(4,3,2)+2(4,1,4). Thus of the 24 generators, 11
are multiples of 2¢ (or ¢°), namely, 2¢(Gg ;G 3 +
G(3.0G4.4/4.3) Which are the generators for the (12,11,2)
code |(4,4)/(4,4)/(4,3)]> multiplied by 2¢; seven are
multiples of two (or ¢°), namely, 2(G3Gu4 /a3 +
G(3.2Ga.3/a,1)) Which are the generators for the (12,7,4)
code |(4,3)/(4,3)/(4,1)|> multiplied by ¢; five are multi-
ples of ¢, namely, ¢(G; Gy 1)+ Gs,204 3) where G 5
= { g, g, g}, which we denote as ¢(12,5,8)’; and one
final odd generator G, g, which we may denote as
(12,1,16)". (Again, these codes are congruent modulo 2 to
the (12,5,4) code |(4,3)/(4,1)/(4,1)]* and (12,1,12) code
[(4,1),/(4,0)/(4,0)|%, respectively, which are the duals of
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the other codes in the code formula.) Hence we may write
A, =4G2 +2¢(12,11,2) +2(12,7,4)
+¢(12,5,8)'+(12,1,16)".

Now the principal sublattices of the Leech lattice are
simply defined as

H,,=2¢G" +2(12,11,2) + ¢(12,7,4) +(12,5,8)
= IDB/Es/REsI3

X,,=2G" + ¢(12,11,2) + (12,7,4) = |D; /Dy / E|’

D,, =G +(12,11,2) =|G*/G*/Dg?

and the existence and orders of the partition chain
Aoy fOHy /9* Xy /$°Dry /$°G™? follow immediately. The
cubing construction expression shows that three-section
trellis diagrams exist for these lattices with 128, 8, and 2
states, respectively. These are the same values as for their
32-dimensional relatives, except for X,,; this lattice
achieves a coding gain of y(X,,)=4-276/12=2%2 (45
dB) with only eight states.

Notes: Much literature on the Leech lattice is available,
and it is doubtful whether anything here is fundamentally
new. In particular, an |a + x|b + x|a + b + x| construction
of A,, using two versions of E; is described as “well
known” in [2, ch. 8, sec. 2]. We are not familiar with any
previous use of the mod-4 SMOG’s. The structure illus-
trated in the trellis diagram is also believed to be new.

VII. NONLINEAR CONSTRUCTIONS IN SIXTEEN

DIMENSIONS

In general, for fewer than 32 dimensions, the best block
codes are linear and the best packings are lattice packings.
An exception occurs in 16 dimensions, where the best
known binary block code with 256 codewords is the non-
linear Nordstrom-Robinson code, which has minimum
Hamming distance 6 between codewords.

At one time, it was conjectured [19, pp. 336-337] that
there might be an analogous nonlattice packing in 16
dimensions, consisting of 16 translates of the Barnes—Wall
lattice A4 (in analogy to the Nordstrom—Robinson code,
which can be expressed as eight translates of the (16,5)
first-order Reed—Muller code). This would imply numer-
ous properties, including a coding gain that would be a
factor of 3-27%% (0.26 dB) greater than that of A
However, Conway and Sloane later showed in unpublished
work that such a construction was possible with nine but
no more than nine translates (see {2, ch. 7, th. 14]). This
packing falls just short of the density of A,,. (If there were
a construction consisting of ten translates, it would be
denser.)

In this section, we first construct the Nordstrom—Robin-
son code using the nonstandard generators for two ver-
sions of the (8,4) code that were used in the previous
section in constructing the Golay code. We then give an
analogous construction of a nine-translate nonlattice pack-
ing N, using the SMOG’s for two versions of the Ej
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lattice that were used in the previous section in construct-
ing the Leech lattice. These constructions seem to fit
naturally into the family of constructions that are the
subject of this paper. In addition, it seems worthwhile to
publish a construction for Nyq; although N4 fails to im-
prove on A, in any known respect, it is somewhat surpris-
ing that it comes as close to matching A4 as it does, and it
would seem to merit further study. These constructions
also illustrate that twisted squaring constructions some-
times improve on squaring constructions and that we are
really more interested in the distance properties of a coset
code construction than in whether it is linear or not.

A. The Nordstrom— Robinson Code

The Nordstrom—Robinson code may be defined as the
set of all 16-tuples consisting of two (8,7) codewords of the
form

c=(c(ay, a,a%),¢(ay,[a+[(a*)],a*))

where, as in the previous section,
c(a,a,a*)=a Gy, +aGg 4,51y + 4*CE 7/s.9)-

(This may be regarded as an |a + x|a + b(x)+ x| construc-
tion.) The function f(a) is any one-to-one map from
3-tuples to 3-tuples with the properties

1) ifa=0, f(a)=0;

2) if a, # a,, the inner product (a, + a,, f(a,)+ f(a,))
is congruent to 1 modulo 2 (implying that if a # 0,
(a, f(a)) =1mod?2).

We shall shortly investigate what functions f(a) satisfy
these conditions.

The code thus consists of 64 translates of (8,1)> and has
28 codewords, labeled by the binary 8-tuples (a;, a,, a, a*).
In fact, it is a twisted squaring construction, since the
coset of (8,1) in the second section is a function of the
coset of (8,1) in the first section. The set of ¢ with
a*=0 is the squaring construction 8,4)/(8,1)|* =
{(c(ay, a,0),c(a,,a,0)}, which is the linear (16,5,8)
first-order Reed—Muller code. This definition thus ex-
presses the Nordstrom-Robinson code as a union of eight
translates (16,5)+(¢(0,0, a*), ¢(0, f(a*), a*)) of the (16,5)
code. It is therefore natural to express the construction as
I(8,7)/(8,4)/(8,1)|%, which is illustrated by the 64-state
trellis diagram of Fig. 24. The trellis simply consists of the
end sections of the trellis diagrams for the (24,12,8) =
I8, 7)/(8,4)/(8, 1)I> or (32,16.8) =((8,7)/(8,4)/(8,1)|*
codes, connected in a way specified by the function f(a)
that respects the integrity of the clusters.

Fig. 24. 64-state trellis diagram for (16, 8,6) Nordstrom-Robinson code
based on twisted squaring construction |(8,7)/(8,4) /(8,1)|2.
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The minimum distance between codewords can be shown
to be six, as follows. Since the code is nonlinear ( f(a,®a,)
# f(a,)®f(a,) in general), we must consider every possi-
ble pair of codewords (¢, ¢,); their Hamming distance is
the weight of their modulo 2 sum, which by Lemma 4 is

”‘v'1@‘f'z||2E 2(a,+a,,af +a§")+2(a1+az+f(a1*)
+f(a%),a¥ +a}) (mod4)
=4(a,+a,,at +a})
+2(f(af)+ f(at),af +a3)

0 (mod4),
{2 (mod4),

from the properties of f(a). Furthermore,

ifaf=a
ifa*#a?}

1) if a* =a¥, then ¢,®c, is a (16,5,8) codeword and
has weight 0, 8, or 16;

2) if af* #a%, then ¢,®c, is a 2-tuple of nonzero (8,7)
codewords and thus has weight at least 4. However,
since ||¢,®¢,||* = 2mod 4, the weight must be at least
six. (In fact, in this case the weight must be six or
ten, four in one 8-tuple and two or six in the other.)

Thus the construction is a twisted squaring construction
that pairs the 28 cosets of (8,1) in (8,7) that have weights
congruent to 0 modulo 4 and are not in (8,4) with the 28
cosets of (8,1) in (8,7) that have weights congruent to 2
modulo 4, and vice versa.

We now consider the set of all possible f(a) satisfying
conditions 1) and 2). The function f(a) may be specified
by a table of 3X8 =24 bits giving the value of f(a) for
each value of its argument. Condition 1) fixes three bits.
Condition 2) gives a total of 28 inhomogeneous linear
equations in the remaining 21 unknowns. These equations
could have no solution, a unique solution, or a space of
solutions. Happily, in this case there is a three-dimensional
space of eight solutions, given in Table I. The table also
gives two particular solutions f,(a) and f,(a); the total set
of solutions consists of the two solutions that can be
obtained as column permutations of fy(a), and the six
solutions obtained in this way from f,(a).

TABLE 1
SOLUTIONS FOR f(a)

a f(a) fo(a) fia)
000 0,0,0 000 000
001 a, b, 101 001
010 c1,b 011 011
100 1,¢,a 110 111
011 a+cb,b 010 110
101 a,b+ca 001 100
110 c,c,a+b 100 101
111 a+e,b+¢a+b 111 010

The number of near neighbors and indeed the entire
distance distribution is the same for each codeword (the
code is distance-invariant) and is easily enumerated. For
any codeword ¢, the distance distribution within a subtrel-
lis is that of the (16,5, 8) code, namely 1 word at distance 0
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(itself), 30 at distance 8, and 1 at distance 16 (its comple-
ment). The distances to the 32 words in any other subtrel-
lis (coset of (16,5)) are equally divided between 6 and 10.
Thus from any codeword there are 7X16 =112 words at
distance 6, 30 at 8, 112 at 10, and 1 at 16.

B. 16-Dimensional Nonlattice Packings

We now construct 16-dimensional nonlattice packings
analogous to the Nordstrom—Robinson code. We shall
denote any such packing as N,,. Its centers are the set of
all 16-tuples consisting of two elements of Eg of the form

c=(w+c(a,a*),w,+c([a+f(a*)],a*))

where w, and w, are elements of 2 Ey, a, a*, and f(a*) are
binary 4-tuples, the sum a + f(a*) may be taken modulo
2, and, as in the previous section,

c(a,a*) =aG + a*G*.
The function f(a) is a one-to-one map from a subset S of

binary 4-tuples, including 0, to another subset f(S), with
the properties

1) £(0)=0; _

2) for all (a,,a,)<€S? such that a,#a,, the inner
product (a;+a,, f(a;)+ f(a,)) is congruent to 1
modulo 2.

We shall show shortly that these conditions cannot be met
for the set of all 16 4-tuples but can be met for a large
number of sets S of size |S|=9. Thus N, consists of 144
translates of 2 EZ.

This construction is again a twisted squaring construc-
tion, since the coset of 2E; in the second section is a
function of the coset of 2 E; in the first section. The set of
¢ with a* =0 is the squaring construction |REg/2Eg|* =
2EZ +(c(a,0),c(a,0)), which is a version (RA4) of the
Barnes—Wall lattice A, with d2; =16. This construction
thus expresses N, as a union of nine translates RA, +
(c(0, a*), c( f(a*), a*)) of RA,,. We may therefore express
the construction as |Eg /RE /2 Ey)?, which is illustrated by
the 144-state trellis diagram of Fig. 25. The trellis consists
of 9/16 of the end sections of the trellis diagrams for the
A,y =|Eg/REg/2Es)* or Ay, =|Eg/RE/2E|* lattices,
connected in a way specified by the function f(a) that
respects the integrity of the clusters.

Fig. 25. 144-state trellis diagram for Nyg = | Eg /REq /2 Eg|*.

There are nine times as many points of N;, per unit
volume of 16-space as are in RA ;. We shall next show
that the minimum squared distance between its points is
12. This implies that it is 3!°/2'® as dense as Ay in
16-space, with normalization for minimum distance, i.e.,
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that its coding gain is y(Nyg) =3"42"12=2792 (4.46
dB), or 0.06 dB less than y(A,¢) = 23/? =2.828 (4.52 dB).

Again, we must consider the distance between every pair
of centers (¢, ¢,) in Nj,. Using Lemma S and the proper-
ties of f(a), we have

lle,—ell>=4(a, +a,,af +a§")+4(a1+a2+f(al*)
+ f(ay),a¥+a%) (mody)
=8(a,+a,,af +ar)
+4(f(at)+ f(a}).af +az)

0 (mod8),
{4 (mod8),

i =¥
if a¥ =a?

ifar+alf’

If af =a%, then ¢, and ¢, are in the same translate of
RA, so that their minimum squared distance is in fact
16. (If @, = a,, then they are in the same translate of 2EZ,
whose minimum squared distance is 16. If a; # a,, then
their difference consists of two nonzero elements of RE;
and thus has weight at least 8+ 8 =16.)

If a* # a¥, then the difference ¢, — ¢, consists of two
nonzero elements of E; and has weight at least 4+4 =38.
However, since |je; ~ ¢,||>=4mod8, the weight of the
difference must be at least 12. (When it is 12, the two
8-tuples of the difference must have weights 4 and 8.)

We now show that while the conjectured 16-translate
packing fails, many nine-translate packings work. It is easy
to show that condition 2) on f(a) cannot be satisfied when
S is the set of all 16 4-tuples; indeed, it is sufficient to
consider any set including the four weight-1 4-tuples and
the six weight-2 4-tuples, for which condition 2) gives a set
of 55 equations in 44 unknowns which are inconsistent.
However, for many sets S of size |S|=9, there are six-
dimensional spaces of solutions to the set of 36 equations
in 32 unknowns implied by condition 2). General and
particular solutions for the sets S; = {0000,0001,- - -,1000}
and S, = {all 4-tuples of weight 0, 1, or 3} are given in
Table I1.

TABLE 1I
SOLUTIONS FOR f(a)

a f(a) fola) fi(a)
0000 0,0,0,0 0000 0000
0001 d,a,b,1 0101 1101
0010 e,c,1,b 0011 1011
0100 f.1,¢,a 0110 1110
1000 1,f.e,d 1111 1000
0011 d+e,a+cb b 1010 0010
0101 d+f.a,b+ca 1001 0001
0110 e+ f e c,a+h 1100 0100
0111 d+te+f,a+&b+c,a+b 0111 1111
0000 0,0,0,0 0000 0000
0001 d,a, b, 0101 1101
0010 e,c,1,b 0011 1011
0100 f1,¢a 0110 1110
1000 1,f.e,d 1111 1000
0111 d+e+fia+eb+éa+b o111 1111
1011 d+ea+c+f,bteb+d 0010 0101
1101 d+f,a+fb+ctea+d 0001 0110
1110 e+ f,c+fctreatb+d 0100 0011
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Since the roles of a* and f(a*) can be interchanged in
the construction of N, the range f(S) of any set S for
which the construction works is another set of nine 4-
tuples for which the construction works. Any column
permutation applied to both a and f(a) also gives a set S
and a function f(a) for which condition 2) is satisfied.
Thus there are a large number of sets S of size |S|=9 that
work.

If there were a union of ten translates of RA;, with
d2;,,=12, its normalized density would be a factor of
10-(3/4)8 =65 610,/65 536 times that of RA . However,
Conway and Sloane [2] state that no such ten-translate
construction exists.

The number of near neighbors (kissing number) and
indeed the entire distance distribution (theta series) is the
same from each center and may be enumerated using the
following facts about the 256 cosets of 2Eg in the quotient
group Eg/2E,, identified by the label (a, a*):

1) the zero coset (2E; itself) has weight enumerator
1+240x'® +2160x32 + - - -

2) any of the 135 nonzero cosets with (&, a*) = 0mod 2
has weight enumerator 16x®+128x'6 4 448x2* +
1024x32 + -+

3) any of the 120 nonzero cosets with (@, a*) =1mod?2
has weight enumerator 2x* + 56x'? +252x20 +
688x%8 + .- .

(These are derived from the theta series for E; given in
[19].) The weight/distance enumerator (theta series) for
Nj¢ is then computable as 1+ 4096x'? + 4320x' +
147456x%° + 61440x>* + 1548288x%® + 522720x%? +
9011200x3¢ + .- -, the terms corresponding to weights
congruent to 0 modulo 8 being those of RA,; and being
the distance enumerator within an RA ¢ translate, and the
remaining terms being the distance enumerator to the
other eight translates. The kissing number of N, is thus
4096, slightly less than the kissing number of A, which is
4320. (Again, if there were a ten-translate construction, the
kissing number would be greater than that of A, namely,
4608.)

The facts that the nonlattice Nordstrom-Robinson
packings N, are just slightly less dense than the
Barnes-Wall lattice A4 and have a slightly smaller kissing
number are perhaps not too surprising since, whereas there
is no very good (16, 8) linear code, the Barnes—Wall lattice
packing has excellent density for its dimension, better than
the best packings known in nearby dimensions in the
Leech normalization (see [2, fig. 1.5]). What may perhaps
be regarded as remarkable is the existence of another
packing with density even close to that of A5 in 16
dimensions.

The Barnes—Wall lattice A;¢ is not quite as good for
covering; the square of its covering radius is three times
the square of its packing radius, unlike D,, Eg, and A,
for which the ratio is two. Also, its mean-squared error as
a quantizer is further away from a conjectured bound of
Conway and Sloane than that of D,, Eg, and A,, [2, fig.
2.9]. Is it possible that N (or perhaps a dual packing, of
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which A4 would be the union of nine translates) is supe-
rior to A4 for covering?

VIII. DECODING: EXAMPLES

As we have seen, the constructions of this paper give
codes and lattices that can be represented by simple regu-
lar trellis diagrams with relatively few states. The general
decoding methods suggested by these trellis diagrams have
already been discussed. In this section we give a few
concrete decoding algorithms for the (8,4) first-order
Reed—Muller code (as well as the E; lattice), the (24,12)
Golay code, and the Leech lattice A,,. In all cases the
decoding algorithms improve on the best maximum likeli-
hood decoding algorithms previously known, where we
take as a benchmark the recent work of Conway and
Sloane [20].

A. Decoding Binary Codes and Lattices

A maximum likelihood decoding algorithm for a code C
or lattice A is an algorithm that, given an N-tuple r= {r,,
1< j< N}, finds the closest N-tuple ¢ in C or A to r. We
assume once more that the distance measure (metric) has
the additive property d(r,c) =X d(r;, ¢)).

Efficient maximum likelihood decoding algorithms, such
as the general algorithms given earlier or the Viterbi algo-
rithm, operate by successively determining the best partial
sequences within sets of partial sequences, such that the
ultimately decoded sequence must contain one of these
best partial sequences, called survivors.

If C is a binary code, it is typically assumed that 0 and 1
are mapped into +1 and —1 for transmission, that the
received level r; is a real number, and that the symbol
distance measure is (r, — 1)% or (r, +1)2 for 0 or 1, respec-
tively; or, equivalently, that the metric is — r; for 0 and
+ r, for 1, the smaller (more negative) metric being better.

If A is a binary lattice with 2-depth m, then 2"Z¥ is a
sublattice of A, and A is a union of 2X cosets of 2"Z ",
with coset representatives that can be taken as N-tuples of
integers mod2”. As a first step in decoding, therefore, we
can find the closest integers i, to each coordinate r,
among the set of integers congruent to k modulo 2™ for
1<j<N,0<k=<2"-1—i.e, the survivor of each coset
of 2™Z in the partition Z/2"Z —since the finally decided
lattice point must have one of these integers as its jth
coordinate (because any other integer congruent to £ mod-
ulo 2™ could be replaced by i, to give another lattice
point with improved metric). We shall assume that these
integers and their metrics d, = (r,~i,)* are precom-
puted and available.

If A is a mod-2 binary lattice, then it is the set of all
integer N-tuples that are congruent modulo 2 to code-
words in some binary (N, K) code C; i.e, A=2ZV+C.
To decode a mod-2 lattice, we may first find the closest
even and odd integers, i, and i, to the received level r,,
and their metrics d, and d,;. However, it is more conve-
nient to use the metric m; £ d;,—d, =i% — i} = 2r;(i;o —
i) for the closest even integer, and —m ; as the metric for
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the closest odd integer. (In fact, m = 2|r; —i;,|—1, so no
multiplication is required.) After this precomputation, we
can proceed as though decoding the binary code C. For
example, since Ey=2Z%+(8,4), it can be decoded by the
method to be given now for the (8,4) code.

B. Decoding the (8,4) Code or E4 Lattice

The (8,4) code is a case of a first-order Reed—Muller
code, for which the fast Hadamard transform (Green ma-
chine) has been suggested [20] as an efficient decoding
algorithm. Since (8,4) = (8,1)+[(8,4)/(8,1)], the (8,4) code
consists of the eight coset representatives in [(8,4)/(8,1)]
and their complements. The fast Hadamard transform
computes the inner product of r with each of these eight
coset representatives in 3X8 =24 binary operations, as
illustrated in Fig. 26. The sign of each inner product
indicates whether the corresponding word or its comple-
ment is better; the magnitudes (absolute values) of the
eight inner products are then compared to select the clos-
est code word.

best-of-8

Fig. 26. Decoding (8,4) code or E; lattice via fast Hadamard trans-
form. Operator R produces outputs (x + y, x — y) from inputs (x, y);
operator |-| takes absolute magnitude |x| of its input x.

The general decoding algorithm for iterated squaring
constructions given earlier, or the trellis for (8,4) =
4, 3)/(4, DI’=(2,2)/2,1)/2,0/*=1,1)/(1,1)/1,0)/
(1,0))8, specifies an iterative decoding algorithm that can
be put into very similar form as follows.

a) For each of the eight coordinates, and for each of the
two cosets of (1,0) in the partition (1,1)/(1,0)—i.e., for
each of the two bits 0 and 1—find the best element in that
coset and its metric. Since there is only one element in
each coset, this reduces to the trivial operation of letting
— r; be the metric for 0 and +r; be the metric for 1. (In
the case of the E; lattice, however, this step requires
finding the best element in each coset of 2Z in the
partition Z/2Z —i.e., the closest even integer and the
closest odd integer—and their metrics, as just discussed.)

b) For each of the four 2-tuples of coordinates, and for
each of the four cosets of (2,0) in the partition (2,2)/(2,0)
—1i.e., for each of the four possible bit pairs—find the best
element in that coset and its metric. Again, since there is
only one element in each coset, no comparisons are re-
quired, and the metric of the pair is just the sum of the
metrics of the two elements of the pair. Only the two
metrics r; +r, need to be computed, the metrics of the
complementary bit pairs being the negatives of these two
metrics.
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c) For each of the two 4-tuples of coordinates, for each
of the four cosets of (4,1) in the partition (4,3)/(4,1), find
the best element in that coset and its metric. Each coset
consists of a (4,3) codeword and its complement. Only the
four metrics r, + r, + r; + r, with an even number of minus
signs need to be computed; the sign of the result indicates
whether the corresponding codeword or its complement is
better, so the negative of the absolute value of the result is
the survivor metric.

d) Finally, to find the best 8-tuple, form four sums of
survivor metrics from corresponding cosets of (4,1) in the
two halves of the code, and choose the best.

This algorithm is illustrated in Fig. 27. We see that the
first two operations are identical to those in Fig. 26 and
amount to taking the fast Hadamard transform of each
4-tuple. The trellis-based algorithm then achieves a modest
simplification: elimination of four binary operations (ad-
ditions/subtractions), and replacement of a best-of-eight
by a best-of-four select (equivalent to eliminating four
binary operations). Similar modest improvements can be
obtained for all first-order Reed—Muller codes. (The same
simplification could have been achieved directly in Fig. 26
from the observation that max[|x + y|, |x — y[] = |x|+ |y].)

best-of-4
select

Fig. 27. Decoding (8,4) code or Eg lattice via iterative trellis-based
algorithm. Operator 2 produces sum x + y of its inputs (x, y).

C. Decoding the Golay Code

The trellis diagram of the (24,12) Golay code (Fig. 21) is
based on the cubing construction |(8,7)/(8,4)/(8,1)|*> and
displays it as the union of eight cosets of the (24,9) code,
which has a simple eight-state trellis due to its parity-check
construction [(8,4)/(8,4)/(8,1)|>.

The first step in decoding is to compute all of the
8-tuple branch metrics, for each of the three sections,
i.e., to decode the partition (8,7)/(8,4)/(8,1). Since
each branch represents a coset of (8,1) in the parti-
tion (8,7)/(8,1)—1i.e., an (8,7) codeword and its comple-
ment—we need to find only the absolute values of 64
8-tuple inner products. These can be computed by the
general method for decoding partition chains resulting
from iterated squaring constructions, as follows.

1) For each 2-tuple, compute the metrics of the cosets
of (2,0) in the partition (2,2)/(2,0) by computing (as
above, using the fact that only one metric of a complement
pair need be computed) ry + r,, r; + 1y, 15+ 1, v, + 1y (€ight
binary operations).

2) For each 4-tuple, compute the metrics of the cosets
of (4,0) in the partition (4,4)/(4,0) by computing r, + r, +
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ry+r,, rs+ 1+ r; £ rg by combinations of 2-tuple mr trics
(16 binary operations).

3) For each 8-tuple, compute the metrics of the cosets
of (8,1) in the partition (8,7)/(8,1) by computing r, + r, +
rytr,+rotrg+r, £ rg for all combinations in which the
number of minus signs is even by combinations of 4-tuple
metrics (64 binary operations).

4) Take absolute values of each of these 64 sums. (Again,
this accomplishes the comparison of the metric of a code-
word and its complement.)

Thus decoding the 64-way partition requires 88 binary
operations, and this must be done for each of the three
sections. Now, with all needed metrics in hand, we can
find the best codeword in each of the eight cosets of the
(24,9) code—i.e., in each of the eight subtrellises—by use
of the general method for cubing constructions, which is
effectively the Viterbi algorithm. No merges occur, and
thus no decisions are required until the end of the second
section. At this point, for each of the eight states, metrics
must be computed for each of eight competing paths, each
metric requiring an addition of the metrics corresponding
to the first and second 8-tuples. The best of these eight
sums must then be selected. At the final node, eight
competing metrics must again be computed, each requiring
one addition, and the best selected. Thus the decoding of
one (24,9) coset requires 9X 8 =72 additions and nine
best-of-eight selects or, equivalently, 9X7=63 binary
comparisons. This coset computation has to be done eight
times, with one final best-of-eight select to choose the
champion. In total, therefore, trellis decoding requires
1351 binary operations, namely,

1) 3x88 =264 binary adds/subtracts to compute 8-
tuple branch metrics;

2) 8X 72 =576 binary additions and 7+ 8 X 63 = 511 bi-
nary comparisons to find the best path in the three-
section trellis.

While comparisons always depend to some extent on
implementation technology, this method seems superior to
either of the decoding techniques proposed in [20], one of
which is based on regarding the Golay code as the union
of 128 (24,5) cosets and takes 1584 steps, and the other of
which is based on regarding it as the union of 512 (24,3)
cosets and takes 1728 steps. Our algorithm uses the fact
that the (24,12,8) code consists of eight cosets of
the (24,9,8) code, which in turn consists of 64 cosets
of the (8,1)® code via a parity-check 3-construction
i(8,4)/(8,4)/(8,1))° that yields an eight-state trellis dia-
gram.

D. Decoding the Leech Lattice

The Leech lattice A,, is a mod-4 lattice and has the
256-state three-section trellis based on the cubing con-
struction |Eg/RE, /2 E|? that is shown in Fig. 23. Decod-
ing involves the following three stages.

a) Determine the metrics d, d;;,d 5, d ;5 of each inte-
ger modulo 4 for each of the 24 coordinate positions. This
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step is highly implementation-dependent but has complex-
ity of the order of only a small multiple of 96, so we shall
not include the complexity of this stage when we add up
the complexity of the whole algorithm below. We can
normalize these metrics as follows: let i; be the greatest
integer not greater than r;, and let e, =r;—i; then the
normalized metrics m &d k(=i j)2 have values 4—
4ej, 1—2ej, 0, and 1+2ej; or, more symmetrically, if we
define e/ =1—¢; and subtract e/ from each value, the
normalized metric values become 3e/, —e,, —e/, and 3e -

b) For each of the three sections, decode the 256-way
partition E,/2Eg to determine the metrics of the 2® dis-
tinct branches in that section. Since Eg/REg/2E; is a
partition chain that results from an iterated squaring con-
struction, i.e., Egz/RE,/2E;=|D,/RD;/2D,/2RD,|*=
|Z2/RZ*/2Z*/2RZ*/4Z%*, the general method can be
applied, as follows.

1) For each 2-tuple, compute the metrics of the cosets
of 4Z? in the 16-way partition Z2/4Z?* by computing all
16 possible 2-tuple metrics (16 binary additions per 2-
tuple, or 416 = 64 total).

2) For each 4-tuple, compute the metrics of the cosets
of 2RD, in the 64-way partition D,/2RD, by computing
the 128 4-tuple metrics corresponding to the 128 possible
branches D,/4Z* and then select the better of each
complement pair to give the 64 4-tuple branch metrics (128
binary additions and 64 binary comparisons per 4-tuple, or
2192 = 384 total binary operations)

3) For each 8-tuple, compute the metrics of the cosets
of 2E; in the 256-way partition E, /2 E; by computing the
1024 8-tuple metrics corresponding to the 1024 cosets of
2RD} in E,, and then, for each of the 256 cosets of 2 Eg,
select the best of the four cosets of 2RD? whose union is
that coset (256 X4 =1024 binary additions and 256 X3 =
768 binary comparison, or 1792 total binary operations).

¢) With all 8-tuple branch metrics in hand, find the best
path through the trellis. For each of the 256 states at the
end of the second section, 16 pairs of branch metrics must
be summed and compared to find the best. At the final
node, 256 paths must be compared, each path requiring a
further binary addition to determine the metric. This stage
thus requires 256 X164 256 = 4352 binary additions and
256 X 15+ 255 = 4095 binary comparisons.

The computation of 256 8-tuple metrics requires 64+
384 +1792 = 2240 binary operations per section, or 6720
in all. Finding the best of the 4096 paths through the trellis
then requires 8447 binary operations. Given the initial
normalized metrics, therefore, decoding requires a total of
15 167 binary operations. This would seem to be a sub-
stantial improvement over the method of Conway and
Sloane [20] which requires 55 968 steps. While that algo-
rithm is also based on a Turyn construction of the Leech
lattice, and indeed on the recognition that with this con-
struction RA,, consists of 4096 cosets of 2RE], it
does not exploit (as ours does) the two-level decomposi-
tion of A,,, which consists of 16 cosets of the lattice
|REg/RE, /2 Eg)*, which in turn consists of 16xX16 =256

cosets of 2 E¢ via a parity-check 3-construction that leads
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to a 16-state trellis diagram. Our main improvement, how-
ever, comes from the iterative method of computing 8-
tuple metrics.

E. Notes

The notion of a trellis diagram was introduced by
Forney [21] to show that Viterbi’s “asymptotically opti-
mum” decoding algorithm for convolutional codes [22] was
actually optimum (equivalent to maximum likelithood de-
coding). Trellis decoding of block codes has been sug-
gested before, e.g., in [6] where it is shown that an (¥, K)
code can be represented by a trellis of not more than
min[2X,2¥ K] states. However, the trellises given here
have fewer states and more regular structure than would
have been expected; for instance, the Golay trellis has only
64 states, not 212 =4096. (The appendix shows, however,
that a complete trellis has 256 states at the center, and
actually 512 states at the adjacent positions.) Solomon
et al. [23}, [24] have given a characterization of the Golay
code as a 256-state convolutional code, but with 256
starting states connected to 256 final states; i.e., the trellis
has a “tail-biting” form.

For lattices, the trellis representation and the associated
decoding algorithms are essentially new, although simple
trellis diagrams for D, and E; were given in [14] (where we
also guessed, wrongly, that A, would require a 64-state
trellis, and A,, an 8192-state trellis). For partitions, the
concept of a trellis diagram, as shown for example in Figs.
1, 4, 5, or 7, and the associated decoding methods are also
new.

I1X. CONCLUSION

The lattices developed in this paper are useful both in
themselves, as lattice codes, and also as building blocks for
more general coset codes, such as the trellis codes of [1].
They are all generated by rather simple constructions. We
regard the constructions as more geometric than algebraic
and have structured the development to reflect this empha-
sis. The binary codes to which they are closely related may
be regarded as being contained in the corresponding lat-
tices—e.g., the Barnes—Wall lattices contain all the binary
Reed-Muller codes, and the Leech lattice contains the
Golay code—so that these codes may be regarded as
fundamentally geometric also.

The constructions have common character. We first
partition a low-dimensional group of N-tuples—e.g., bi-
nary N-space, or an integer lattice Z V¥ —into a sequence of
subgroups of progressively increasing distance. For an
N’-construction, we seek a universal basis for N’-space
which can be partitioned in the same way. To construct a
set of NN’-tuples, we then convolve one partition with the
other (as in [7]). It seems to be desirable if one or both of
these partition chains are self-dual in some sense; also, if
there are alternative partition chains using the same gener-
ators, it is desirable that both have a favorable distance
progression. In [25] we shall use similar construction prin-
ciples to construct families of ternary codes and lattices,
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which include most of the remaining densest lattices in 24
or fewer dimensions.

The constructions are associated with simple, regular
trellis diagrams that suggest efficient maximum likelihood
decoding methods. In fact, the examples given all seem
simpler than previously published decoding algorithms.
The Appendix shows that the number of states shown
in these diagrams is minimum (for the given coordinate
ordering), so that there is some doubt whether these
algorithms can be simplified further in any substantial
way. There is always room for tricks such as Wagner
decoding [6], doing comparisons by taking absolute mag-
nitudes (as above), regrouping the coordinates or the
order of the computations, and so forth. However, subopti-
mal bounded-distance decoding methods that effectively
achieve the full minimum distance often can be found for
constructions that are decomposable, and these are more
likely candidates for substantial simplifications.
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APPENDIX
ALGEBRAIC DERIVATION OF TRELLIS DIAGRAMS

The trellis diagrams of the main text are obtained directly from
our various constructions and depend only on the constructions
and the set partitions to which they are applied, which need not
even be groups. In fact, if the sets are groups of N-tuples, then
trellis diagrams can be derived algebraically, as we shall show in
this Appendix for codes, lattices, and partitions. Because the
trellis diagrams obtained are minimal, they in some sense give
lower bounds to the complexity of any maximum likelihood
decoder.

A. The Trellis Diagram of a Code

Let C be a linear binary (N, K') block code, with coordinates
arranged in a definite order. For any position N, let the first N,
coordinates be called the past and the remaining N, =N - N,
the future. Let C, be the subcode consisting of all codewords
whose span (the range between the first and last nonzero coordi-
nates) lies within the past (i.e., which are all-zero in the future),
and let C; be the subcode of all codewords whose span lies in the
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future; let the dimensions of these subcodes (which are easily
seen to be linear vector spaces over the binary field) be K, and
K, respectively. We may regard these either as (N, K,) and
(N, K;) codes or (N, K,) and (N, K) codes, respectively.

We may obtain K generators for C by starting with X,
generators for C, and K, for C, and adding K, = K- K, - K
generators which must necessarily span both past and future. We
say that K| is the dimension of the state space (for this particular
partition into past and future), and we may identify the |=| =2¥
combinations of the state space generators as states.

(While a block code is a static construct, we prefer to continue
using the dynamical terms past, future, and state because of their
conceptual richness. Abstractly, the state is the past modulo the
future; the states are the equivalence classes of past histories
modulo future possibilities. In statistical terms, the states are
sufficient statistics for the past with respect to prediction of
future possibilities; the probability of a particular future given
the entire past is the same as the probability of that future given
the state.)

The code C may be described in terms of a trellis diagram
(similar to a squaring construction trellis) that has an initial
node, |Z| intermediate nodes (corresponding to the states), and a
final node. The branch connecting the initial node to the zero
state represents the code C, (whose codewords may be consid-
ered to be parallel branches), and the other branches connecting
the initial node to the other states represent cosets of C,. Simi-
larly, the branches connecting the states to the final node repre-
sent C, and its cosets. The set of all paths through the trellis
corresponds to all of the 2K codewords. Clearly, any trellis
diagram for C must have at least a state space of dimension K|
at this point, else there would be some past or future branch
corresponding to more words than there are in C,or G, which,
by linearity, would be a contradiction to the definition of these
subcodes.

From the trellis diagram, we see that the set C? of all trunca-
tions of codewords to the past is an (N,, K, + K,) code, and the
states correspond to the cosets of the partition C?/C,. Each
truncated word has a set of extensions to the future which form a
coset of C; of dimension K, so that C? is also isomorphic to
C/C,. C? has dimension K” = K — K, = K, + K,. Similarly, the
set C/ of all truncations of codewords to the future is an
(N;, K; + K,) code, and the states correspond to the cosets of the
partition C//C;.

The past or future may be further subdivided, resulting in state
spaces of computable dimension at each position selected as a
partition boundary, which may be connected appropriately with
branches to form a multisection trellis diagram. Since we can
select boundary positions in any order, the dimension of the state
space at a particular position cannot depend on the order of
selection, and thus can be computed once and for all.

A trellis-oriented generator matrix is a useful tool for calculat-
ing and exhibiting state space dimensions. Let us first fix a set of
positions for which we wish to exhibit states; this could be the
positions between every adjacent pair of coordinates, or a subset
of such positions, such as the positions corresponding to the
boundaries of the sections in our few-section trellis diagrams in
the main text. A generator matrix is called trellis-oriented if, at
each position for which we wish to exhibit states, there are
precisely K, generators whose span covers that position, where
K, is the dimension of the state space at that position. Any
generator matrix can always be brought into trellis-oriented form
by elementary row operations.

Example: Let us compute state space dimensions for the (16,5)
Reed-Muller code, with the coordinate order determined by the
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construction from G 16, = Gd . Considering all 17 possible
positions (including the trivial ones where the entire code is in
the past or future), a standard generator matrix based on the
construction Gue.sy = GGy + GGz ey and a trellis-
oriented generator matrix are as follows:

1111 1111 0000 0000 1111 1111 0000 0000
1111 0000 1111 0000 0000 1111 1111 0000
1100 1100 1100 1100 0000 0000 1111 1111
1010 1010 1010 1010 0011 0011 1100 1100
1111 1111 1111 1111 0101 0101 1010 1010.

The spans of each generator in the trellis-oriented generator
matrix have been highlighted. The dimensions K, K,, and K|
for all 17 possible positions are then

K, 0000000011112 234 5
K, 543 2211110000000 ¢0
K, 01 2 3 3 4 4 43 4 4 4 3 3 210

K

This is consistent with the trellis diagram of Fig. 9, which has
23 =8 states at positions 4, 8, and 12, although we now see that
we have concealed 16-state state spaces at positions 5-7 and
9-11 (this seems fair enough, because there are no mergers or
divergences at these positions).

Note that the sizes of the state spaces do depend on the
ordering of the coordinates. For example, the (8,4)* code has a
16-state trellis (as large as it could have, given the bound of Wolf
[6]), as opposed to four states for the (8,4) code.

We now show that a code C and its dual C* have state spaces
of the same dimension, as expected.

Lemma 6: Let C and C* be dual codes; then C” and (C*),
are dual codes.

Proof: (C+), is the set of all codewords in C* that are zero
in the future. Since words in C* are orthogonal to every word in
C, every word in (C*), is orthogonal to the past portion of
every word in C, i.e., to C”. Hence (C*), € (C?)*. Conversely,
every word in the code (C?)* dual to C?, extended with zeros in
the future, is orthogonal to all words in C; hence (C*)* ¢ (C*),.

Corollary: For any partition into past and future, the dimen-
sions of the state spaces of C and C* are identical.

Proof: From the lemma, (C*), is dual to C*, and (C*)” is
dual to C,. Thus (C*), has dimension N, — K?, and (C*)” has
dimension N, — K. The partitions C?/C, and (C*)?/(C*),
thus both give state spaces of dimension K, =K’-K,6 =
(N, — K,)~(N, - K”).

Example: The (16,11) Reed-Muller code is dual to the (16,5)
code. A standard generator matrix based on the construction
Q(lb,].l) =Gu.6041y + G303, /a1y + Ga1yGa.ay 4.3 and a trel-
lis-oriented generator matrix are as follows:

1111 0000 0000 0000 1111 0000 0000 0000
1100 1100 0000 0000 0011 1100 0000 0000
1010 1010 0000 0000 0000 1111 0000 0000
1111 1111 0000 0000 0000 0011 1100 0000
1100 0000 1100 0000 0000 0000 1111 0000
1010 0000 1010 0000 0000 0000 0011 1100
1111 0000 1111 0000 0000 0000 0000 1111
1000 1000 1000 1000 0101 1010 0000 0000
1100 1100 1100 1100 0000 0101 1010 0000
1010 1010 1010 1010 0000 0000 0101 1010
1111 1111 1111 1111 0001 0001 1000 1000.
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The dimensions K

,» K, and K| for all 17 possible positions are

then:

K,, 0O 0 0 0 11 2 3 4 4 5 6 7 8 9 10 11
Kf 11 10 9 8 7 6 5 4 4 3 21 1 0 0 O O
K. 0 1 2 3 3 4 4 4 3 4 4 4 3 3 2 1 0.

N

This is consistent with both the result just obtained and the trellis
of Fig. 9. Note that the maximum branch complexity of a
16-section trellis diagram is 32, the same as for the four-section
trellis diagram, so that decoding on a sequential bit-by-bit basis
with the Viterbi algorithm could in fact be as efficient as our
iterative decoding procedure.

The generator matrix for the Golay code, from the cubing
construction

G(24.12) = G(3,3)G(8.1) + G(},Z)G(R.A)/(S,l) + G¢341)G(8,4)"‘/(R41) )

1111 1111 0000 0000 0000 0000
0000 0000 1111 1111 0000 0000
0000 0000 0000 0000 1111 1111
1111 0000 1111 0000 0000 0000
0000 0000 1111 0000 1111 0000
1100 1100 1100 1100 0000 0000
0000 0000 1100 1100 1100 1100
1010 1010 1010 1010 0000 0000
0000 0000 1010 1010 1010 1010
0111 1000 0111 1000 Oll11 1000
1001 1100 1001 1100 1001 1100
0101 0110 0101 0110 0101 0110.

If we put this into trellis-oriented form, we arrive at a matrix
such as

1111 1111 0000 0000 0000 0000
0000 1111 1111 0000 0000 0000
0000 0000 1111 1111 0000 0000
0000 0000 0000 1111 1111 0000
0000 0000 0000 0000 1111 1111
0011 0011 1100 1100 0000 0000
0000 0000 0011 0011 1100 1100
0110 0110 0110 0110 0000 0000
0000 0000 0110 0110 0110 0110
0001 0001 0001 1110 1000 1000
0000 0101 0011 1001 1010 0000
0000 0011 0110 1010 1100 0000,

showing that the state space dimensions are

K. 0 123 4 567 6 789 8 987 6 765 4 321 O.

K

This is consistent with the three-section trellis diagram of Fig.
21 but shows that that diagram conceals a state space of 256
states at the center of the code, and even 512 states one position
away from the center (where, however, there are no mergers or
divergences). This indicates the advantages of the decoding algo-
rithm given in the main text over straightforward Viterbi decod-
ing.

B. The Trellis Diagram of a Lattice

The analysis used for block codes may be extended to lattices
(or any additive group of N-tuples). Let A be a lattice, and, given
a partition of coordinates into past and future, let A » and A v be
the sublattices consisting of elements of A that are zero in future
and past, respectively. Then the state space = consists of the
equivalence classes of A modulo the union of A, and A
E=A/(A,UA,) I A7 and A are the restrictions of A to past
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and future, respectively, then = is also isomorphic to A?/A , or
to AJ/A s A trellis diagram for A (resembling a squaring con-
struction) consists of |2} past branches, each representing a coset
of A, in the partition A”/A,, concatenated with |Z| future
branches, each representing a coset of A, in the partition N /A

For calculation, if A is a binary mod-2" lattice, then it is
convenient to use generators that are N-tuples of integers modulo
2™,

For example, if A is A, and the past is the first 8-tuple, then
A, and A, are each equal to RE; (in the respective 8-tuples
where they are nonzero), and A? and A’ are each equal to Ey, so
the state space X is the set of equivalence classes in the partition
E; /RE;, which has order 16. On the other hand, if we take the
first 4-tuple as the past, then A » 18 2D,, while A? is D,, and the
states are the cosets of the partition D, /2D,, which also has
order 16. By using a trellis-oriented generator matrix for RAq,
we can compute the (binary) dimension K, for each possible
position:

Position 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

K, 02344555455 5 4 4 3 20

This could also be deduced by regarding the state space as the
Cartesian product of the (16,11) and (16,1) [or (16,15) and
(16, 5)] state spaces.

A trellis-oriented generator matrix for the Leech lattice is

2222 0000 0000 0000 0000 0000
0022 2200 0000 0000 0000 0000
0000 2222 0000 0000 0000 0000
0000 0022 2200 0000 0000 0000
0000 0000 2222 0000 0000 0000
0000 0000 0022 2200 0000 0000
0000 0000 0000 2222 0000 0000
0000 0000 0000 0022 2200 0000
0000 0000 0000 0000 2222 0000
0000 0000 0000 0000 0022 2200
0000 0000 0000 0000 0000 2222
0202 2020 0000 0000 0000 0000
0000 0202 2020 0000 0000 0000
00600 0000 0202 2020 0000 0000
0000 0000 0000 0202 2020 0000
0000 0000 0000 0000 0202 2020
0002 0002 2000 2000 0000 0000
00060 0000 0002 0002 2000 2000
1111 1111 1111 1111 0000 0000
0000 0000 1111 1111 1111 111t
0000 0002 1111 1111 2000 0000
0000 1111 0002 1111 1111 0000
0011 0011 0211 0011 1100 1100
0101 0101 2101 0101 1010 1010,

where 1 denotes — 1, showing that the state space dimensions are
K, 0 246 6 888 8 —10—- 10 —10— 8 888 6 642 0.

This is consistent with the three-section trellis diagram of Fig,.
23, but shows that that diagram conceals a state space of 1024
states at the center position. The center sections of the last four
generators are an alternative set of SMOG generators.

C. The Trellis Diagram of a Partition

Let S/T be a partition of a group S of N-tuples into M cosets
of a subgroup T. A trellis diagram for such a partition has one
initial node and M final nodes; the set of all paths from the
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initial node to each final node represents the elements of each
subset T, and the union of all these paths represents S. (Alterna-
tively, of course, we could have M initial nodes and one final
node.) Again, we are interested in the minimal state space at each
intermediate position.

Again, let the first N, coordinates be the past and the remain-
der the future. Let 7, be the subgroup of T which is nonzero
only in the past, and let S7 be the group of all restrictions of §
to the past. Then the state space at position N, is the set of
equivalence classes of S” modulo 7, and each past branch
represents a coset of T, in the partition S”/7,. Similarly, each
future branch represents a coset of 7; in the partition s’/ T.

Example: Let us compute state space sizes for the eight-way
partition (8,7)/(8,4). For each N,, let K? be the dimension of
(8,7)7, and let K, be the dimension of (8,4) ,; then K, = K? — K,
is the dimension of the state space:

Position N,, 0 1 2 3 4 5 6 7 8
K> o 1 2 3 4 5 6 1 1
K 0 0 o o0 1 1 2 3 4
K 0 1 2 3 3 4 4 4 3

s

It is no coincidence that this is the same as the first eight
positions of the (16,11) trellis, since (16,11) = (8,7)/(8,4)|>.

For a lattice example, take the 256-way partition E; /2E; that
occurs in A,, and A,,, with computation using mod-4 genera-
tors (as in the Leech lattice matrix):

PosionN, 0 1 2 3 4 5 6 1 8
Kr 0 2 4 6 7 9 10 11 12
K 0 0 0 o 1 1 2 3 4
K 0 2 4 6 6 8 8 8 8

s

This shows that there are four-way mergers not only at the
position N, =4 but also at 6, 7, and 8, as we have already seen in
the initial and final sections of the Leech lattice.
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