Improved Performance of Reed-Solomon Decoding with the use of Pilot Signals for
Erasure Generation

Lisa Welburn and James K. Cavers
School of Engineering Science, Simon Fraser University
Burnaby, B.C., V5A 156, Canada
Tel: (604) 291-4371 - Fax: (604) 291-4951

Email: Iwelburn@cs.sfu.ca, cavers@sfu.ca

Abstract— The performance of a Reed-Solomon (RS) de-
coder can be improved by allowing Errors and Erasures
(E&E) decoding if each error location is correctly identi-
fied, or “flagged”, and considered as an erasure. However,
in order to be effective, it is imperative that the erasure flag-
ging is accurate. In this paper, we propose the use of pilot
signals in a new method for flagging erasures. A Bayesian
method for optimum character erasure flagging is derived
which uses both the received data signals and the channel
estimates provided by pilot signals, and a simpler method
is presented which flags erasures on a modulation symbol
basis. Our simulation results demonstrate that combining
pilot signals with E&E decoding results in significant trans-
mit power savings.

[. INTRODUCTION

Reed-Solomon codes are popular in mobile communica-
tions as a result of their ability to handle relatively long
error bursts. These codes are also attractive since they al-
low E&E decoding, a technique which is able to double the
correction capability of the code. In effect, this doubles the
effective order of diversity of the code when characters are
interleaved, leading to major performance improvements.
However, in order to realize these potential performance
gains, the erasure flagging must be extremely reliable.

A number of erasure flagging methods have been pro-
posed for communication systems with varying degrees of
success. Some of the schemes include the use of envelope
detector outputs in a noncoherent communication system
[1]-[3]. Another erasure flagging method involves dividing
and labelling signal constellations into “good” and “bad”
regions [4]. It has also been shown in [5] that the feedback
power control in a direct sequence code division multiple
access (DS-CDMA) system can be used in an error detect-
ing algorithm.

In this paper, we present a new way to flag erasures,
based on the side information provided by pilot signals. Al-
though pilot signals have often been used for detection, [6]
- [8], to date they have not been applied to E&E decoding.
We derive an optimum character erasure flagging method
based on Bayesian decision theory, using the channel es-
timates provided by pilot signals along with the received
data signals. In addition to the optimum Bayesian tech-
nique, we describe a simpler method which flags erasures
on a modulation symbol basis. Both the Bayesian and
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Fig. 1. Block Diagram

the modulation symbol erasure flagging algorithms can be
employed with many modulation formats such as BPSK,
QPSK, and 8PSK, and they can also be used in conjunc-
tion with diversity reception.

The performance of the symbol erasure flagging algo-
rithm approaches the optimal Bayesian method, and both
of these are shown to be far superior to errors only de-
coding and to the simplest erasure flagging, which uses
instantaneous received power alone.

I[I. SYSTEM MODEL

A block diagram of the system is shown in Fig. 1. The
input data, b(k), can be BPSK, QPSK, or 8PSK. The data
is divided into frames of () modulation symbols to create
the Reed-Solomon characters. b; = (b;(1),5;(2), ..., 0,(Q))
where b; is the it* Reed-Solomon character. A Reed-
Solomon (N, K) coder converts K information characters
into a block of N characters where N > K.

Following the RS coder is pilot signal insertion and
pulse shaping. The inserted pilot signals provide the re-
ceiver with channel estimates, and they can take the form
of either pilot tones [6] or pilot symbols [7]. The transmit-
ted waveform which includes pilot signals is given as:

s)=A Y elhp(t - kT) (1)

k=—o0

where A is an amplitude factor, p(¢) is a unit energy pulse,
and T is the symbol duration.

The data is transmitted over a number of independent
Rayleigh flat fading channels with additive noise. g, (¢) de-
notes the channel’s complex gain which includes both fad-
ing and frequency offset. If isotropic scattering is assumed,



the autocorrelation function of each channel is [9):
R,(7) = 03 exp(j2m for)Jo(2m fpT) (2)

where f, refers to the frequency offset. The channels are
complex Gaussian with variance 03 and a Doppler spread
of fp. m(¢) is the additive white Gaussian noise (AWGN);
it is a complex Gaussian process with zero mean and a
power spectral density of Vg. The impulse response of the
matched filter is p*(—t)/v/N,. The noise normalization
results in AWGN with unit variance, 02 = 1.

The samples at the matched filter output are given by:

r(k) = %c(k) + (k) = w(k)e(k) +n (k) (3)
The channel estimate, v;(k), is an estimated v; (k) obtained
from pilot signals, so that w; (k) = vi(k)+e;(k), where ¢; (k)
is the estimation error. If v;(k) is optimal, the variance of
the estimation error is minimized, and the error sequence is
uncorrelated with the estimate [10]. The magnitude of o2
depends on the type of pilot signals used, and the accuracy
of the implementation.

The received samples in (3) are combined with the chan-
nel estimates to form the maximum likelihood (ML) deci-
sion variables.

y(k) = rik)o; (k) (4)

The decision variables, y(k), at the detector can be thresh-
olded to detect the input data and to flag erasures on suspi-
cious characters. Specific thresholding techniques for era-
sure flagging will be discussed in further detail in Sections
IIT and TV.

[1II. CHARACTER ERASURE FLAGGING

The optimum Bayesian erasure flagging method places
a threshold on the posterior probability, P(c|r,v).
P(c|r,v) is the probability of a RS character given samples
of received signals and channel estimates which span the
entire character. ¢ includes the ( symbols which compose
the RS character; r is a total of L() matched filter outputs
received on L separate channels; and v includes L() chan-
nel estimates on the I diversity channels. The decoded
character maximizes P(c|r,v). If the maximum P(c|r,v)
is not large, an erasure should be flagged, since the prob-
ability of decoding the wrong RS character is relatively
high.

The posterior probability, P(c|r,v), can be written
in terms of the forward probabilities, P(r|c,v), if we
use Bayes’ theorem and assume that the characters are
equiprobable. P(r|c,v) can then be written in terms of
P(ri(k)|e(k),vi(k)) by using the fact that r(k) is inde-
pendent for different k& and [ values when conditioned on
c(k) and v;(k), and assuming independent fading, (k)
and v;(k) are independent across the channels when con-
ditioned on ¢(k).

Given c(k) and v;(k), r(k) is Gaussian with mean
¢(k)vy(k) and variance (k)2 = |c(k)|* 02 +02. For BPSK,
QPSK, and 8PSK, o (k)? remains constant for all data sym-
bols. Therefore, o(k)? will be replaced by ¢2. Once all
common terms are cancelled, P(c,|r,v) becomes:

T2, exp (& (Rely(k)cs (k)
¥, T exp (& (Rely(k)e; ())))

where ¢, is the decoded character, c; is the jth of 2Ne®
characters, and the ML decision statistic, y(k), is given in
(4). The real and imaginary components of y(k) are given
by yr(k) = Re[y(k)] and y;(k) = Im [y(k)] respectively.

For BPSK, QPSK, and 8PSK, it can be shown that (5)
simplifies; the denominator can be factored and rewritten
as a product of sums. Setting a threshold on the log like-
lihood results in the final form of the optimal Bayesian
erasure flagging function. The optimal erasure flagging
function for BPSK is as follows:

In(P(c,|r,v)), = i (% —n <C°Sh <y0—(§)>>>

k=1
(6)
The QPSK and 8PSK erasure flagging functions are not
shown here, but their log likelihoods also reduce to a single
summation over the () symbols in the RS character.

The regions in y space defined by the optimal erasure
flagging function in (6) are shown in Fig. 2. For simplic-
ity, this figure depicts a BPSK signal with () = 2 bits per
RS character. Without loss of generality we assume that
¢, = [+1,+1]. The signal is decoded correctly only if it
occupies the y space in quadrant 1; otherwise the charac-
ter is erroneous. The curved boundaries are induced by
the threshold on (6), and the shape of the erasure region
changes with the threshold as can be seen in the figure.

Ple,Ir,v) =

(5)

The areas which lead to false alarms and missed errors can
be seen in the diagram for the threshold which results in
the approximately diamond shaped erasure region.

Threshold placement plays an extremely important role
in the performance of any E&E decoder; therefore, the best
operating point for the Bayesian based erasure flagging
will be discussed later in Section VI. In the next section a
simpler erasure flagging method is discussed.

IV. SYMBOL ERASURE FLAGGING

A simpler erasure flagging method consists of flagging
erasures on a symbol by symbol basis. The RS character
is considered to be an erasure if any of its symbols have
been flagged, on the grounds that the character is in error
if any of its symbols are in error. Essentially we place
individual thresholds on the y(k) values of the () symbols,
rather than a single threshold on the sum as in (6). The
BPSK, QPSK, and 8PSK symbol based erasure flagging
functions are given below for £ =1,2,...,Q.

Tepsk = mkin |y (k)] (7)

Topskx = min [y (k)] lyi(F) ] (8)



|
2 I y,(2)

1y,

Increasing
v Threshold

Fig. 2. y Space for Character Based Flagging

Tspsk = min |y (K)], |ys (k)| [ly- (R)] = lws (Rl (9)

The erasure region shape produced by T'gpg is similar
to that for character erasure flagging with a large thresh-
old. Therefore, its shape resembles the region described by
the dashed line in Fig. 2 with squared corners instead of
rounded corners. The performance of a RS decoder with
both symbol and optimal Bayesian erasure flagging will be
investigated in the following two sections.

V. ANALYSIS

A Reed-Solomon (N, K) code consists of K information
characters and (N — K) parity check characters. RS codes
are formed by setting N = 2Ve? —1land K =1,2,3,..., N—
1 where (Q is the number of symbols in the RS character,
and Ny is the number of bits/symbol. RS codes are capable
of correcting [(N — K)/2] errors. However, if the location
of an error can be predicted, the RS code can correct t
errors and ¢ erasures where the errors and erasures are
related as follows: 2t + ¢ = N — K = T. Therefore, twice
as many errors can be corrected if each error location is
correctly identified. However, the erasure flagging is error
prone, and the two types of errors which can occur are
false alarms and misses. In order for the erasure flagging
to be advantageous it must be accurate; the probability of
miss and, especially, the probability of false alarm should
be kept low.

The probability of false alarm is defined as the prob-
ability of an erasure given that the character is correct,
Py, = P(e|h), where e denotes an erasure and A is a char-
acter error. The probability of a miss is defined as the
probability of no erasure given that the character is in
error, P, = P(€lh). For perfect interleaving by either
modulation symbol or by RS character, the probability of

decoder failure can be written as:

T N—q

N
Pr=>Y" ' PRR+ > P (10)
9=0 L t=[(T-q)/2]+1 q=T+1
where the probability of g erasures is P, = (]Z )Pg (1—
PE)N %, and the probability of ¢ errors in the remain-
ing N — ¢ unflagged positions is P, = (N;q)P(h|é)t(1 —
P(hle))N 97!, Here P. refers to the probability of a char-
acter erasure which can also be calculated with the bino-
mial distribution if perfect interleaving by symbol is as-
sumed. However, RS codes perform best when interleaved
by character since one symbol error causes a RS character
error, and errors in fading channels tend to occur in bursts.
The theoretical calculations for P for both charac-
ter and symbol based erasure flagging become increasingly
complex with large () values and data which is interleaved
by character. Therefore, simulations will be used to deter-
mine these probabilities.

VI. SIMULATIONS

The simulated system transmits each character over
L independently fading channels, and the characters are
transmitted separately in order to achieve perfect inter-
leaving by character. Flat Rayleigh fading channels are as-
sumed with a frequency offset of zero and a Doppler spread
of fpT = 0.01 where T is the symbol duration. AWGN
with unit variance is added to the signal, and the matched
filter performs noise normalization by dividing through by
v/ No. In the simulations, Pilot Symbol Assisted Modula-
tion (PSAM) [7] is used to generate the channel estimates
for both detection and erasure flagging. The pilot symbol
frame length is set to F' = 16, and the interpolator length
is equal to 11.

The probabilities of false alarm, miss, and character
error are determined by computer simulation for three dif-
ferent types of erasure flagging: character, symbol, and
conventional erasure flagging which is based on the in-
stantaneous received power alone. Once the appropriate
erasure flagging function is calculated, it is thresholded to
flag erasures on the RS characters. A range of thresholds
is implemented, and the false alarm rate and miss rate
are calculated at each threshold. The optimal threshold is
chosen as the one which results in the minimum decoder
failure probability.

Fig. 3 contains simulated probability of decoder fail-
ure plots for a BPSK signal transmitted over one channel
in a RS(31,19) code and interleaved by character. The
Power, Symbol, and Character curves depict results ob-
tained at the optimal threshold for each flagging func-
tion, and errors-only decoding is equivalent to setting the
threshold to zero. The 5 dB SNR Error curves will be dis-
cussed later in this section. As can be seen from Fig. 3, the
symbol and character erasure flagging methods give almost
identical performance, and they both outperform errors-
only decoding and the instantaneous power approach. The
reason that the character and symbol based approaches
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Fig. 3. Probability of decoder failure for a RS(31,19) code.

produce similar results is best understood by comparing
their erasure regions (see Fig. 2). The character erasure
flagging performs best with a relatively large threshold.
Therefore, its erasure region has a similar shape to that
produced by the symbol based erasure flagging (see Sec-
tion IV). In fact, it is only in later figures at low SNR that
significant differences can be observed.

Since any E&E decoder’s performance depends on
threshold placement, the sensitivity of the decoder to a
misplaced threshold is an important factor. The optimal
threshold varies with SNR; therefore, the SNR must be es-
timated in order to place the threshold. Sensitivity tests
were performed for both symbol and character erasure flag-
ging; however, since both of these methods outperform the
instantaneous power approach, no sensitivity tests were ex-
ecuted for the power method. The SNR was misjudged by
45 dB in order to determine the sensitivity of a misplaced
threshold. Fig. 3 contains the &5 dB results for symbol
erasure flagging. As can be seen from this figure, the sym-
bol erasure flagging method is relatively insensitive to the
misplaced thresholds. The £5 dB test for character erasure
flagging produced similar results. Since performance of
both of the proposed methods remains stable with thresh-
olds placed by misjudged SNRs, all following comparisons
are made based on results obtained at optimal thresholds.

Figs. 4 and 5 show the gains achieved by the vari-
ous E&E decoding methods. The gain is defined as the
amount of SNR saved by using E&E as opposed to errors-
only decoding. In these plots, the gain is plotted against
the operating SNR. The range of SNRs changes for the
two plots since we only plot the gains for decoder failure
probabilities greater than or equal to 107®. A fifth order
polynomial has been fitted to the data in order to smooth
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Fig. 4. Gain for BPSK RS(31,19) and RS(31,23) Codes

the curves depicting the E&E gains. Fig. 4 concentrates on
BPSK modulation, and it describes the effect of code rate
on the gain achieved by the E&E decoding for 5-symbol
characters, or RS(31,K) codes. The difference between the
pilot symbol methods and the power method remains rel-
atively constant with a change in code rate. The simu-
lations for 6-symbol and 8-symbol characters, RS(63,K)
and RS(255,K) codes, show that the difference between
the pilot symbol methods and the power method remains
approximately constant with a code rate change at lower
SNRs. However, as the SNR increases, this difference ac-
tually becomes larger for the higher code rate. It can also
be seen from Fig. 4 that the gain resulting from power
erasure flagging decreases as the SNR increases. This is
because the percentage of errors due to Doppler spread
is larger at high SNRs as we enter the error floor region.
Since power based erasure flagging does not take Doppler
spread into account, its ability to flag erasures and outper-
form errors-only decoding degrades as the SNR increases.
Experiments were also performed which investigated
the effect of code length on the various E&E decoding
methods. In general, as the code length increases, the
E&E decoding gain decreases. It can be seen from Fig. 4
that for 5 symbol characters the gain resulting from pilot
symbol E&E reaches 8-9 dB at the higher SNRs when the
probability of decoder failure is about 10~'°. When the
number of symbols per character is increased, the gain at
a decoder failure probability of 10~ 1% is 6-7 dB for 6 symbol
characters and about 4 dB for 8 symbol characters. An-
other way to look at this trend is that as the code length
decreases, the system’s overall performance begins to de-
grade, but the gain resulting from E&E decoding increases,
helping to keep performance at an acceptable level.
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Fig. 5 shows the effect of modulation symbol format;
it contains plots of the gain with respect to errors-only de-
coding for BPSK, QPSK, and 8PSK signals in RS(63,47)
codes. Low SNR results have been omitted for the SPSK
results since they are estimated along the flat portion of the
probability of failure curves and are therefore unreliable.
As can be seen from Fig. 5, as more bits are mapped into
each modulation symbol, the power method approaches
the pilot symbol methods. As the number of bits per sym-
bol increases, the power is estimated over fewer symbols,
and a deficient symbol is less likely to be masked by ad-
jacent stronger ones. However, as can be seen from this
graph, both of the pilot symbol methods consistently out-
perform the power erasure flagging.

Simulations were also run for a system with more than
one channel. A gain of approximately 3 dB was achieved
for a decoder failure probability of 10~ 5. Even though the
overall gains are lower for a system which uses diversity,
pilot symbol E&E still outperforms the erasure flagging
which uses only received power.

VII. CONCLUSIONS

To conclude, erasure flagging based on pilot signals has
the capability to improve the performance of a traditional
Reed-Solomon decoder. The simulation results show that
the symbol based erasure flagging performs very near the
optimal Bayesian method.

Both of the pilot signal erasure flagging methods con-
sistently outperform both errors-only decoding and E&E
decoding which uses instantaneous received power alone.
The use of pilot signals in E&E decoding results in a gain
of approximately 8-9 dB for relatively short BPSK codes
when the probability of decoder failure is about 107 %, As

the code length increases, and the overall system’s perfor-
mance improves, the gain from pilot signal erasure flag-
ging decreases. However, these gains are still able to reach
between 4-7 dB. As more bits are mapped into each mod-
ulation symbol, the performance of power based erasure
flagging begins to approach the pilot signal methods. E&E
decoding also continues to improve system performance in
diversity reception. The overall gains are smaller; however,
the pilot signal based erasure flagging once again proves to
be the most accurate method.
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