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Section 3: Signaling over AWGN Channels
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e The objectives of this section are:

1. Introduce the concept of digital modulation and learn how to represent
modulation waveforms and received waveform as vectors in a signal space.

2. From the signal-space concept developed above, demonstrate that the
optimal demodulator in an additive white Gaussian noise (AWGN) channel
1s one that finds the signal vector closet to the received vector.

3. Present a number of commonly used digital modulation schemes (PSK,
FSK, QAM) and derive their bit-error probabilities (BEPs) in AWGN
channels with coherent detection.

4. Introduce the concept of non-coherent detection; present the BEPs of non-
coherent FSK and differential-coherent PSK.

e The so-called one-shot transmission model is adopted throughout this
section. The next section will address successive pulse transmissions.
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3.1 Basic Concept of Digital Modulation

e A data bit can assume two possible logic levels, a “0” or a “1”.

e Digital modulation is the process of mapping a data bit, or a group of data bits,
into a waveform for transmission.

e A M-ary modulation scheme maps each group of m =log, M bits into a

waveform from the set {S1 (#),8,(2),...r8,, (t)} for transmission.

o Binary modulation implies m =1 and M =2, with two modulation
waveforms s,(¢) and s, (¢) representing logic levels “0” and “1”

respectively.

o The duration of the waveforms 1s denoted as 7, for binary modulations
(T for M >2 modulations).
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T,
o The energies of the waveforms are E, = jo si(Hdt ,i=1,2

T,
o The correlation of the two waveforms is C,, = IO s,(t)s,()dt .

Intuitively, we want the two waveforms to be very dissimilar, i.e. a low,
or even negative correlation.

o The two waveforms are sent with probabilities of 7, and 7, . Most of

the times, we assume equi-probable waveforms.

e Transmission model: Throughout this section, we adopt a one-shot (or
1solated pulse) transmission model with an AWGN channel:

r(t)=s(t)+n(t)

where s(¢) € {s,(?),5,(?),...,s,,(t)} and n(r) is AWGN with a PSD of N, /2 .
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e After observing r(¢), the receiver makes a decision on which of the M

waveforms (equivalently the data bits) was transmitted. Naturally, we want to
design a receiver that maximizes the chance of making a correct decision.

But how to convert a continuous-time waveform into a decision variable?

3.2 Geometric Representation of Signals

Reference: Section 7.2 of textbook

e [t can be shown that each of M modulation waveforms s, (¢), s, (¢),...,s,,(¢) can
be expressed as a linear combination of N orthonormal basis functions

4(2),9,(0),.... Py (¢) as

N
s, (1) = Zsij¢j () (signal synthesis)
j=1
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where all the basis functions have a pulse duration of 7 and all have unit energy,
1.e.

j:yﬁf (t)dt =1.

Furthermore, the correlation of any two different basis functions is zero, i.e.
T
[6)¢,(0at=0; i=;
0

e From the orthonormal properties shown above, we can deduce that

Sij:

s;(1)¢;(t)dt (signal analysis)

O ey N

foralli=1,2,..M and all j=1,2,...,N.



e The set of correlation coefficients, s,,s,,,...,5,, 18 viewed as the vector
representation of s,(¢) and is given the notation

il

i2

iIN

e The M signal vectors s,,s,,...,8,, are points in a N-dimensional signal space.
Together they form a signal constellation.

e The signal synthesis and analysis are summarized nicely in the following
block diagram:

3-8
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e The signal constellation of a hypothetical N =2, M =3 modulation scheme is
shown below

¢

¢

Figure 7.3 Tllustrating the geometric representation of signals for
the case when N=2 and M = 3.



3-11

e Example MPSK: The modulation waveforms of a M-ary Phase-Shift-Keying
(MPSK) scheme are given by

( 2F 27
2 cos| 2z f1+ 22 (m-1)|, 0<t<T:
5,0 =\'T COS( AL )j’ < m=L2...M

0, otherwise
Using
V2/T cos(2zft), 0<t<T;
¢1 (t) — .
0, otherwise
and

b(1) = {—\/Z/Tsin(Zﬂfct), 0<t<T;

0, otherwise

as basis functions, determine the corresponding signal vectors. Sketch the
signal constellation for the case M =8. Note that f 1s the carrier frequency

and 1s much much greater than 1, making ¢ ,(¢) and ¢, (¢) orthonormal.
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o Example 16QAM: This scheme encodes 4 bits of information at a time. The
16 modulation waveforms are given by

s(t) = a-\/%cos(Zﬂfct)—b : \/%sin(Zﬂfct) :

where a € {—3,—1,+1,+3} and b € {—3,—1,+1,+3} are independent random data

symbols in the cosine channel and sine channel respectively. Since there are
16 different combinations of the a and b symbols, so there are 16 different
modulation waveforms, conveying 4 bits of information at a time. It 1s
understood that the modulation waveforms are all time-limited to the interval

10,7].

Using the same two orthonormal basis functions as in the last example, sketch
the signal constellation of the 16QAM scheme.



3.2.1 Properties of the Signal Vectors

T
e Energy: E, = _[S,z (t)dt = ”51'”2
0

Proof:

T
e Correlation and inner product: .[Si (s, (H)dt =ss,
0

Proof:

3-13
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e The last property is significant in the sense that we can measure similarity of
waveforms (implicit in the demodulation process) using vector processing of
representative samples (as opposed to processing waveforms).

3.2.2 Gram-Schmidt (GS) Orthogonalization Procedure

e We now show how to derive a set of orthonormal basis functions from the
modulation waveforms. It will be shown that:

1. The number of orthonormal basis functions, NV, can not be greater than the
number of modulation waveforms, M.

2. The set of orthonormal basis functions are not unique. Different sets of basis
functions can be viewed as different rotations of the signal constellations.
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e The GS procedure:

1. Index the modulation waveforms from 1 to M in any order you want.

2. The first orthonormal function is
s, (1)

t)=—
¢ (1) \/E

where E, is the energy of s,(¢). Since s,(?) = \/E @ (1), s0 s, = \/E and the

first signal vector 1s
s, =[ JE.0....0] .

At this point, we don’t know what the dimension of the signal vectors is.

3. Next, lets project the second modulation waveform s, (#) onto ¢,(¢) to obtain
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T
Sy = J‘Sz (D) (¢)dt .
0
This makes s,,¢,(¢) one component of s, (¢). The remaining components 1s
g,(1) =5,(t) —5,4,(2).

[t can be shown that g, (7) 1s orthogonal to ¢,(¢) (see below as well). So we
can define our second orthonormal basis function to be

¢2(t)= gz(t) — gz(t) :
\/ [ g3t JE, -5

where J.OT 2> (t)dt is the energy of g,(¢). Note that
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[6:0 00t = [ =20 g (i
; I g

:'TSZ(t)_S21¢1(t) & (£)dt

T

1 2 j{sz(t)—521¢1(f)}¢1(t)dt

— . 1 (ISQ (f)¢1 (t)dt_'[521¢1 (t)¢1 (t)dt]

o2
2S210 0

=0

Since g,(t) =+/E, —55,¢,(¢t) and g,(t) = s,(t) —s,,4,(t), so we can rewrite the
second modulation waveform as

8, (1) = 5,4 (£) + g, (1) = 5,0, (1) + : ;o
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With a corresponding signal vector of

T
S, =[521,N/E2 —S;,O,...,O:| :

4. Repeat the above procedure. At the beginning of the i —th iteration, we have
already computed the orthonormal basis functions ¢ (¢) to ¢._, (7). We then

project s,(¢) onto these basis functions to obtain
T
j (O, (O)dt, j=1,2,..i—1
0

The signals s,¢,(¢7), s,0,(¢), ...,s,,,¢_,(¢) are the first i —1 components of

s,(¢). The remaining component 1S

g,(t)=s,(t) - isg¢j 0.



and the i-th basis function is

ey SO-2 58,0

Teon (o5

(1) =

The i-th signal vector is

T
i—-1 2
S, :[Sm SinoeeesSii 17\/E S; >0 90} :

e Question: does each iteration of the GS procedure necessarily add one new
basis function?
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e Example: Carry out the GS procedure in the order of s,(?), s, (¢),s,(%),s,(?).
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e Example: A ternary (M =3) modulation scheme employs the following

waveforms for transmission:

1. What are the energies of the three waveforms?

2.Use the Gram-Schmidt procedure to determine the orthonormal basis
functions of this modulation scheme.

3. Sketch the signal constellation.

Sl(t) A \ 4T R
0 2T | f
5, (2) A 4-T :
0 T 2T 3T :
-A
85(1) A 3T :
0 T 4T !
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3.3 Relevant and Irrelevant Noise

Reference: Section 7.3 Textbook

e Fig. 7.2b shows how to compute the signal vector associated with a
modulation waveform. The structure there represents a correlator bank;
something we briefly discussed at end of Section 2.

e Now suppose the input to the correlator bank is used as part of a receiver. Its
input 1s the received signal

x(t)=s,(t) +w(t)

where s,(7) 1s the transmitted modulation waveform (corresponding to the
message/symbol m;) and w(z) is AWGN with a PSD of N, /2.
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e The AWGN has infinite bandwidth, equivalently, infinite number of
dimensions. The modulation waveforms, however, have only N dimensions.
For this reason, we rewrite the AWGN as:

W(t): wa¢i(t) + W(t)_ywi¢i(t) >

.
Vo Vo

We (t), 1vivvalit (u-vauu 1uvisv) Wt ), 111vivvalt \vuttvuitvaunu 1uidv)

where

w, = j w(t)g, (t)dt

1s the projection of the AWGN onto the j-th basis function.

The first component, w,(¢), lies within the signal space of the modulation
waveforms, while the second component, w'(¢), lies in an orthogonal space.
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* Question: what are the statistical properties of the w s (see example in Section
2)?

Answer: the w;s are independent and identically distributed (11d) Gaussian

. . 2
RVs with zero mean and variance o, =N, /2.

Proof:
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e The Theorem of Irrelevance (in simple terms): Noise outside the signal
space can be ignored in formulating the optimal receiver. Intuitively, it does
not make sense to design a receiver that admits more noise than necessarily.

e From the Theorem of Irrelevance, x(¢) is equivalent to

x,(t)=s,(t)+w, (1)
= ZS,,¢ (f)+ZW ¢,;(1)

(S +w, )(b (1)

? X ,9,)

Il [l
Mz T Mz i

~.
I
—_

where

Xj. =5, +W,
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is a Gaussian random variable with mean s, and variance o.=N,/2.The
pdf of X is thus

Sy (x;|m) = : ex —(xj_S’j)z
XN i_\/27Z'(N0/2) P 2(N, /2)

where the notation f, (x; |ml.) is used to emphasized this pdf is conditioned

on that the i-th message/symbol m; was sent.

e Now, whether we are passing »(¢) or its equivalence 7,(¢) to the correlator

bank in Fig. 7.2b, we obtain the X, X,,..., X, because ..........

e Following the notation in the textbook, we collect the correlator outputs into
the vector
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X=[X, X,

We call X a Gaussian random vector. The pdf of X i1s the joint pdf of
X, X,,....X,.Since the X ;s are independent, so their joint pdf is

We will next derive the optimal demodulator based on this statistical
description of the correlators’ outputs.
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3.4 Optimum (Coherent) Receiver in AWGN

Reference. Section 7.4 of Text

e We now learn that given the message sent was m,, the outputs of the

correlators X =(x,,x,,...,x, )’ has a pdf of

fx (x|ml.) = (N07z)_N/2 exp {—NLZ(XJ. -5, )2}

0 Jj=I

e However, when we observe X =(x,,x,,...,x, ) at the outputs of the

correlators, it can come from the transmission of any of the A messages. So
how should we decide which was the one actually sent?
Use a one-dimension modulation to explain first.
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3.4.1 Illustration using a One-Dimension Example

e Suppose we have a one-dimensional (N =1) binary modulation scheme with
signal levels

s, =+5 and s, =-5.

When we observe X, =6, and

1.1f we assume it is due to the transmission of s,, then implicitly we are

assuming that noise 1s W, =1,

2.1f we assume it 1s due to the transmission of s,, then implicitly we are

assuming that noise 1s W, =11.

Which of these two implicit assumptions are more likely? Answer can be
found by looking at the pdf of noise!
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Based on the above observation, we decide that s, was sent when the
correlator output is 6.

e The general decision rule seems to be that, always pick the signal level whose
implied noise level 1s the lowest.

e The above decision rule will work well most of the time, except that we i1gnore
one possibility — the two signal levels, in general, are not sent with equal
probabilities. So how should the decision strategy be modified when s, and s,

are sent with (priori) probabilities 7, and 7z, ?
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Answer: pick the signal level that has a larger posterior probability after
observing the correlator output, i.e.

max Pr[sl. |X1 = x] :

i=1,2

This will maximize your chance of making a correct decision.

e Treating pdf as ‘probability’ and applying Bayes’ Rule, we have
Pr[sl. |X1 = x]le (x)= Pr[sl.]le (x|sl.)

where
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is the pdf of noise conditioned on s;. Consequently, the posteriori probabilities
are:

Pr[Si]fX1 (x|Si) _ 7y, (x|Si)

= ;o 1=1,2.
Sy (x) S ()

Pr[sl. |Xl = x] =

e Since f, (x) at the denominator is common to both Pr[s1 X, = x] and

Pr I:SZ X, = x] , 1t can be ignored when we compare the two. As a result, the

larger of the two posteriori probabilities is the larger of

72'le1( |S1) T, 7z1N exp{_(x]—v?) }

and



3-35

1 _ 2
o () =7 p{%}
0 0

e Double Check: for equally-probable symbols, i.e. when 7, =x, =1/2, the

terms in front of the two exponential functions above are identical and so they
can be ignored. As a result, the decision rule i1s equivalent to selecting the
symbol/message with the larger exponential function.

Furthermore, since the arguments inside the two exponential functions are both
negative, selecting the larger exponential function is equivalent to selecting the
smaller of

(x—s,) and (x—s,)°

1.e the message whose signal level is closer to the correlator output is chosen
as the transmitted symbol when the symbols are equiprobable.
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3.4.2 Generalization to M-ary Modulations

e In general, the decision rule that maximizes the probability of making a
correct decision 1s to select the message that maximizes

7T fx (X|mz) =7 '(NO”)_N/2 exp{—NLZN:(xj _Sij)z}’

In the event of equiprobable messages, this 1s equivalent to select the message
whose signal vector s, = (sil,siz,...,sw )T 1s closest to the received vector

T . e e
X =(X,X,,...,Xy) , 1.e. minimizing
Y 2
2 2 _ .
d; =) (x;=s,)" =[x
j=1

This is a nice geometric description of the optimal demodulator.
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e Even when the messages are not equiprobable, we can still use the above
geometric demodulator. It just won’t be optimal.

This is also known as Maximum-likelihood (ML) Demodulation.

e For equiprobable messages, the decision boundaries are perpendicular
bisectors between pairs of signal points; see example on the left below.

e For non-equiprobable messages, the decisions boundary between a pair of
signal points 1s the perpendicular bisectors shifted towards the signal point
with a higher probability of being transmitted; see diagram on the right.



(a) FEo

—
— — —

Figure 4.5 Oplimum decision regio
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2 o .
2}— 'ﬁ N
I | 3‘\\
\\ '1\
N
| D

=2 N ¢

- Q
o \

ns for additive Gaussian noise: (a) the boundaries

of the {/;} are the perpendicular bisectors of the sides of the signal triangle whenever
P[me] = Plm,] = P[m,]; (b) the boundaries of the {/;} are displaced when P[m,] >

P[fﬂ.] > lel]'
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e Example: A 4-ary modulation scheme has signal vectors s, =[1,0], s, =[0,1],
s, =[—1,0], and s, =[0,—1]. Sketch the signal constellations. Provide the
decision boundaries for equiprobable messages.

3.4.3 From Geometric Receiver to Correlation Receiver and Matched Filter
Receiver

e We focus on the ML (i.e. geometric) detector and the Euclidean distance
decision metric from hereon:
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P i=12,..M

N
d} = Z(xj _Sij)z :”X_Si|
=1

The square distance can be rewritten as

j=1
N
_ 2 .
—Z(xj+sy 2xjsy)
j=1
N N N
- ij +2Sij 2ZXJSZJ
j=l1 j=1 j=1

e But ||X||2 is common to all the square distances, so it can be ignored.

Furthermore,
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_ ("2
E = si(di

:j( 1%¢m)m
:J(
2

Z]
Z] 1SU¢ (t))(zjcvzlsik¢k(t))dt
Jz JT S,y ®; ()@, (1)dt

Il
M-

1 k=1

J

Mz

2
SlJ_”S ”

J

I
—_

So minimizing d’ is equivalent to maximizing

This leads to the receiver in Fig. 7.8
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x's, = J-OTx(t)Sl. (£)dt
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IOT x(t)s,(t)dt = x()* h (1), h(t)=s (T —1)
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3.5 Decision Error Probability

Reference: Section 7.5 of Text.

3.5.1 Symbol Error Probability (SEP)

e From the geometric view of the demodulation process, we learn how to calve
up the signal space into decision regions:

Notation: let Z, be the decision region of the message m,, i =1,2,...,M, and

from hereon, we assume that all m,s are sent with equal probability of
w.=1/M.

e When m, was sent, but the correlators’ outputs x = (xl,xz,...,xN )T lies outside

Z., the demodulator will make a wrong decision. So in general, the error
probability 1s



3-46
M
P = Pr[n% + m] = Zﬂ'l. Pr[x & Zl.|m = ml.]
i=1

1 AN
:M;pr[xgzi |m :ml] :I—M;Pr[eri|m=ml.]

Conceptually, the error probability expression is easy to explain. But its exact
value could be difficult to evaluate because of the shapes of the decision
regions. This is especially true for M > 2.

So use an approximation instead.

e When x = (xl,xz,...,xN )T does not lie in the decision region Z, when m, was
sent, 1t must be closer to at least one other signal point than to s,. Define the
event 4, as the event that x is closer to s, than to s, when the message is m,,

1.€.
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2 2 . . .
A x—s| > HX - st when x =s, + W; s #s,, w being Gaussian noise
Then the probability of making a wrong decision given m, was sent 1s

P(m)=Pr| 4, 0.4, U4, V.4,

i,i—1 i,i+1

where U is the “or” operator. Since Pr[ AU B|<Pr[A|+Pr|B], repeated use
of this property on P,(m,) yields

zpr[ = zpr[”x s[> s [ x=s,+ W]

Finally, the decision or symbol error probability (SEP) can be approximated
by summing over all the conditional error probabilities above
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Ma

1M
O RACIES DD

Pr{[x =, > x=s, | x=s5,+W|

~. —

i £1

~. .

This is called the Union Bound on the symbol error probability.

e So how to determine Pr[”x — sl.||2 > Hx -, H2 | X=S§, + W}?
Solution: Since

x=5+W,

2

[x—s," = W]
and
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‘(si —sj)+WH2

2
[x—s,| =
2
- Hdij + WH

=, [+ W[ +2wq,

. . 2 2
where d, =s, —s, is the displacement vector. As a result, [x—s[" > Hx = H

1s equivalent to

[WI =], | +[ W[ +2W"d,, or
02|d,| +2W"d,, or

wid <—1la |
i =2y 5 OF
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S TS5
— N
W=Wd, =(W W) 2.2 S (s, —s, ) <—1]d
- ij 127729 "" N : a n\ in jn) — 2|y
1
SiN_SjN)

Now, since the W s are iid Gaussian random variables with zero mean and
variance N, /2, so

1s zero-mean Gaussian with a variance of
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As a result,



% 270, 20,
AP { - }
= —~CXPq —
N T
|,
Q[ 2],\[0

where QO(x) 1s the Q-function defined in Section 2. Finally, the union bound
on symbol error probability is

L&y | )
PSS R{l-sl > s [ x- S+WWZJZQ[ W}
J#i

i=1 J= =]
J#L
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This 1s a very nice result in that the error probability of the geometric
demodulator depends on the separation between signal points — sort of make
sense.

e Because of the properties of the Q-function, the larger the distances, the
smaller the symbol error probability.

e Example: Consider the 4-ary constellation in Fig. 7.12, where all the signal
points lie on a circle with radius JE , where

T
E=|s| =[sinyds;  i=123,4

0

1s the energy of the modulation waveforms. Determine the Union Bound on
the SEP.
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Solution:

e From the symmetry of the constellation, we can deduce that the SEP is
independent of the message/signal point being transmitted, 1.e.

Pe(ml):Pe(mz):Pe(m3):Pe(m4):Pe°

So without loss of generality, lets assume m, was sent and just focus on

P.(m,) and express the union bound as

e From the signal constellation, we found ||d,,|* =|d,,|" = 2E and |d ;| =4E

. Therefore, the union bound on the symbol-error probability is

o Ed



e Define the symbol signal-to-noise ratio (SNR) as

y=E/N,

3-56

We show below a plot of ZQ(\/;), Q(@), and P :ZQ(\/;)+Q(\/§)

(all in log scale) versus 7 in dB scale.

Error Probability

“1l — — — -2 Q(sqrt(gamma)) | ]
N Q(Sqrt(z*gamma))

SNR in dB
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e What the figure indicates 1s that the error probability 1s dominated by the
minimum distant term, 1.e. by the term 2Q(\/; )

This property had been found to be true for more complex modulation
scheme. As such we have the following simplified, but important
approximation of the error probability of a modulation scheme:

2
r-coof 5
0

where

2 - 2
d.. = mm”dij”
Vi)
Is the minimum square distance between pairs of signal points, and C 1s a

constant that depends on the size M of the constellation and the average
number of nearest neighbours a signal point has.
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e Example: The signal points of a one-dimensional modulation scheme are:
s, =-34,s,=-A4, s,=+A4, s, =+34.

(a) Sketch the signal constellation.
(b) Determine the energies of the corresponding modulation waveforms.
(¢) Determine the average energy of the modulation scheme.

(d) What is the minimum square distance, d’. , of the signal constellation?

Express it in terms of the average energy.
(e) Use the minimum square distance to arrive at an estimate of the symbol

error probability.

e Rotation and Translation: recall the union bound on SEP and the
approximation based on minimum distance:

dZ
or P=C-Q| |22 |
2N,
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Both are based on separations between signal points. This means if the entire
constellation is rotated by the same angle or translated by the same amount, the
separations between pairs of points would not change, so the error performance
would not change.

o>
= \[é-a’\
AT
4 N
a iL ¥ 3
O y 4
| v N
l ——49/ \ak ;
J ¢ 0 1
ot 0 ;a l —V2a "\ i V2q
N /
r N
Lol sy L
[ ] = #
= @
(b)
(a) . .
g the principle

Figure 7.10 A pair of signal constellations for illustratin

of rotational invariance.
“
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@ —o— 0, l ~ ° ® s

//;;/;—-Oi ol2 3al2 OX . e 3a

’:}2

(@) ®)
Figure 7.11 A pair of signal constellations for illustrating the principle of translational invariance.

e Comment about translation: while the error probability after translation in
Fig. 7.11 remains the same when expressed in terms of «, it will be different
when expressed in terms of the average energy.

e Example: Express the symbol error probability estimate for the constellations
in Fig. 7.11 in terms of the average symbol energy.
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3.5.2 Bit Error Probability (BEP)

e The symbol error probability (SEP) tells you on average how often the receiver
makes a wrong decision about the transmitted symbol.

e When the size of the constellation, M, 1s greater than 2, then each symbol carries
more than 1 bit of information.

Often we are more interested in the bit error probability (BEP), or the chance
that the demodulated bit is not the same as the transmitted bit.

e The BEP depends on how we map information bits into signal points in the
constellation.

e In our SEP analysis, we learnt that the error probability 1s denominated by the
minimum distance error event. So intuitively, neighbouring points in the signal
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constellation should only differ in 1 bit (of course, sometimes it is not possible
to do so).

e Example: For the signal constellations in Fig. 7.10a, each symbol carries 2 bits
of information. Devise a rule for mapping different combinations of binary bit
pair onto the 4 points in the signal constellation. Repeat the exercise for the
constellation in Fig. 7.11a.

Note: these mapping rules are termed Gray Mapping or Gray Coding.

e Now, if we assume that each nearest-neighbour error event introduces only one
bit of error, then the BEP is approximately

2
P~ 1 C-0 i = 1 P
log, M 2N, | log,M
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where the 1 1in 1/log, M1s the number of bit errors per wrong decision, and
log, M 1s the number of information bits per symbol.

3.6 M-ary Phase-Shift Keying (PSK) Modulation with Coherent Detection

Reference: Section 7.6 of Textbook.

e M-PSK is a commonly used digital modulation technique (satellite, cellular).
The signal waveforms are

2F 27
s(t)=,]—cos|2nft+—(G-1)|, i=12,...M
0= 2 cos| 2511422

where £ 1s the signal energy per symbol/waveform and £, 1s the carrier
frequency. Each waveform 1s assumed to have a duration of 7, and the carrier
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frequency 1s n, / T', where n_ 1s a very large integer (reflecting that typically
the carrier is much larger than the transmission rate in a real system)

e Using the trigonometric identity cos(A4+ B) =cos Acos B —sin Asin B, the M-
PSK waveforms can be rewritten as

E 27
s, (1) = ?cos{Zﬂfz%ﬁ(z 1)}

Ecos(z—ﬂ(z 1))- Fcos(27zfﬂ \/_sm(—(z lﬁn/zsin(bzft\

J/ .
g Vo

YL\ 50 BR2ANY)

=5,0,(1) +5,0,(¢)

where s,,, ¢(¢), s,,, and ¢, (¢) are as shown 1n the second line of the equation.
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e Now, focus on the correlation of ¢ (¢) and ¢ (7)

j¢1 ()¢, (1)dt = —j\/%cos(brfct) . \/%sin(Zﬂfct)dt

T
= —% .2008(27zfct)sin(27rfct)dt
¥
=——|sin(47z ft )dt
Iy
1
=T [—cos(47zfct]§
1
=2 T [cos(4x f.T)—1]
=7 : [cos(4zn,)—1]| since we assumed f, =n /T
7n,

=0

In other word, they are uncorrelated.
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e Using same approach, we can show that

j(ﬁf (¢)dt =JT‘ é: (t)dt =l1.

e Summarizing the results in the last three bullet items, we can conclude that

1. ¢(¢) and ¢ (¢) are orthonormal, and

2. The signal vectors of M-PSK are:

[m 12] —{ Ecos(—(z l)j \/_sm(—ﬂ(i—l)ﬂ , 1=1,2,...M
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e The structure below generates the received vector x=[x,x,] for making

decision.

Received
signal ——+
x(1)
| X
e f T —ZJ
0

¢2(f)

The signal constellation and decision boundaries for 8-PSK are shown in Fig
7.21b, where the minimum distance error events are highlighted.



ma

-~

—VE

(b)

Figure 7.21 (a) Signal-space diagram for octaphase-shift keying (i.e., M = 8). The
decision boundaries are shown as dashed lines. (b) Signal-space diagram illustrating
the application of the union bound for octaphase-shift keying.
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e Example: For the 8PSK constellation on the previous page,

1. Derive the Gray coding rule for mapping different binary 3-tuples to points
in the signal constellation.

. . . . 2 o)
2. Determine the minimum square distance, d_. , and express it in terms of £,

min ?

the average energy per information bit.

3. Determine the SEP and BEP.

o Example: Sketch the constellations of 2PSK and 4PSK and determine their
SEPs and BEPs.



e SEP comparison of different MPSK schemes. The bit SNR 1s defined as

vy =E,/ Ny=

1
log, M

(E/N,)

|
\

|

il

SNR per bit, ¥, (dB)

8 o 167 200 724
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Using a SEP of 10~ as benchmark, 2 and 4 PSK require a SNR of

approximately 9.6 and 10 dB respectively, whereas 8, 16, and 32 PSK require
14, 18, and 23 dB.

Huge penalty in SNR when M increases. However, (raw) transmission
efficiency increases at a rate of log, M . This power-rate trade-off 1s typical of

digital communication.

3.7 Quadrature Amplitude Modulation (QAM)

Reference: Section 7.7 of Text

e MPSK has a circular constellation, with M points uniformly distributed on a
circle of radius ~E in a 2-dimensional signal space.
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e QAM, on the other hand, has a rectangular signal constellation. In this section,
we use 16QAM as an illustrative example of the signal structure.

e The 16 waveforms of 16QAM are:

s, (t) = 250 a, cos[2x fit]+,] 250 b, sin|27 f.t]

= ak\/EioA/zcosDﬂ ftl-b, JEA/Zsin[Zﬂ ftl

g Vo

“i ) IR ZANY)

—a d()+b s (), k=12,..16

where each waveform 1s time-limited to the interval [0,77], and

¢ (1) = % cos|27 1]
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o, (1) = —\/% sin[27zfct]

are the same orthonormal functions as in MPSK (except for opposite polarities
in @,(¢) between the two schemes).

e The corresponding signal vectors are
T
s, =| aNEy . bE, |, k=12,..16

where the set of (a,,b,) 1s

((=3,+3) (-1, +3) (+L+3) (+3,+3)
(-3,+1) (-L+1) (+1L+1) (+3,+1)
(-3,-1) (-1,-1) (+1,-1) (+3,-1)
| (-3,-3) (-1,-3) (+1,-3) (+3,-3)|

{(ak’bk)} =
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e It can be concluded that the signal points form a rectangular constellation with
horizontal and vertical spacing between immediate neighbours being

12

Obviously, d 1s also the minimum distance between signal points.

* e 3d/2 ° ®
1101 1100 1110 LEIRL
@ e d? ° °
1001 1000 1010 1011
l [ | |
-3d/2 —d/2 dl2 3dl2
) ® /2 ] ®
0001 0000 0010 0011
= .—3d/2 3 k
0101 0100 0110 0111

¢y
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e Example: Group the signal points of 16QAM according to the number of
nearest neighbours each point has.

e Example: Based on result from the last example, determine

1. The constant C in the SEP estimate P, ~ CQ(\/a’2 /(2N0)) for 16QAM.

min

2.Express d_, /(2N,) in terms of (a) the symbol SNR, E/ N,, where E is the

average symbol energy; and (b) the bit SNR, E, / N,, where E, is the
average energy per bit.
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o SEP comparison of different QAM schemes. The bit SNR 1is defined as

Vp = E/N_logM(E/N)

10 I[(W \ \
5 — \
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10 \ \
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—
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=

b W
& e e mae

S
| =
1 1S
N
|
=L



3-78

3.8 Frequency Shift Keying (FSK) with Coherent Detection

Reference: Section 7.8 of Text

e Both MPSK and MQAM are examples of linear modulation. In this section,
we look at MFSK, which is a class of non-linear modulations.

e MFSK are also examples of orthogonal modulation, i.e. the signal vectors in
a MFSK constellation are mutually orthogonal.

Implication of orthogonal signal vectors: can detect which waveform was
transmitted by detecting which signal dimension was excited — energy
detection 1s a form of non-coherent detection, 1.e. the receiver does not need to
know the phase of the incoming FSK waveform.
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e Start with M=2, or binary FSK. The two modulation waveforms are

2F 1 2F

s,(t)= [—%cos 2 M| = ——tcos(27- £ 1),
1 1 1
2F 2 2F

s,(t) = |[—L% cos 27 M T2 | b cos(27- f,-1)
1 1 1,

where both waveforms are time-limited to the interval [0,7, ], E, 1s energy of

each waveform (also the energy per bit), f,=(n.+1)/7, and f, =(n, +2)/T,
are the frequencies of the two waveformes.

In other word, in FSK, information is encoded into the frequency of the
transmitted signal.

e Consider the correlation of the two modulation waveforms:



T

¢ 1 2F, 2

jsl(t)sz(t)dt—j —cos 27 e " | |22 cos| 27 e " -1
1, 1, 1,

Z—IZCOS 27 e *l -t |cos| 27 n 2 t |dt,
T T

b 0 b b

E
:—bjcos Zﬂ'i't + COoS 277-2nc+3'l‘ dt,
T T T,

b 0 b b

=0

that is, the two waveforms are orthogonal.
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e Since the two waveforms are orthogonal, and since both have the same energy

of E,, we can deduce that

1. The basis functions are:
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s 2 .+l _50_ |2 n,+2
¢1(f)—\/E—b—\/;bcos(27r T t], o, (1) \/ET, \/;bcos(Zﬂ T t]

2.the corresponding signal vectors are:

Eb 0 : DeCiS(jiOn
—_ V —_ S boundary
Sl - L) S 2 71 ,

A

Message
oint m, ~
p i

Message
point m;

Figure 7.25 Signal-space diagram
waveforms of the two modulated
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X
e The received vector x=| ' | is obtained as shown in Fig. 7.26b. The decision

rule 1s

Choose 1ify>0

X,
$,(2)

Choose 0ify< O

Decision
device

Threshold = 0

¢,(2)
(b)

Figure 7.26 Block diagram for (a) binary FSK transmitter and (b) coherent binary FSK receiver.
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H2 2

[x—s, [x—s,|", or

(xl—@)2+x§ S x12+(x2—\/E7b)2, or

<
2 2 2 2
x, +E, —2x4E, +x, N x, +x; +E, =2x,,/E,, or

Sy

Z(x2 —xl)\/ET) < 0, or

S
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e BEP analysis 1s straight forward. From the signal constellation in Fig. 7.25, the
square distance between the two signal points is

d2, =ls, —s,| =2E,

As a result, the BEP of 2FSK 1s

d E
P (2FSK S
arsi-of the|-of 2]
In comparison, the BEP of 2PSK s

P,(2PSK) = Q( /2]5 ]

This means 2FSK requires twice as much transmit power to attain the same BEP
as 2PSK.
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In general, the MFSK waveforms are:

s, (1) = 27E cos(27 fit) = JES (), i=12,..M

where
2 : : : :
.(1) = - cos(27 fit) is the i-th basis function,

f = n"’;l 1s the frequency of the i-th tone,

E 1s the energy of all the waveforms, 7' 1s the waveform duration, and »_ 1s an

integer. The corresponding signal vectors are

s. =[0,...,0, VE ,0,...,0]"

i—th
position
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e Example: How many nearest neighbours a MFSK signal point has? What 1s
the average number of bit errors when the receiver makes a wrong decision?

Use this information to determine the SEP and BEP of MFSK.
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e BEP comparison of different MFSK schemes. The bit SNR 1s defined as
vy =E, /N, = 1ogiM(E/NO)'

107

Probability of a bit error
[\S]

L‘)\‘\J (7%

—4 0 - 8 12
SNR per bit, y, (dB)
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o It is observed that as M increases, the BEP actually decreases. This is the

complete opposite of MPSK and MQAM.

The reason is that the number of signal dimensions in MFSK actually expands
as M increases, and so does the bandwidth required for transmission.

In the cases of MPSK and MQAM, the number of signal dimension remains at
2, even when M increases. So the signal space 1s more crowded, and hence
casier to make wrong decisions.

In conclusion, in MFSK, we trade off bandwidth for a higher data reliability.
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3.9 Noncoherent Detection of FSK and PSK

Reference: Sections 7.12 and 7.13 of Text

e The binary FSK receiver in the last section correlates the received signal with

¢ (1) = i}(i) 2005(2% nT+1-t], ¢2(t)=i7%=\/Tzcos(2ﬂ-nc;2-t],

whereas the MPSK receiver in Section 7.6 correlates the received signal with

¢ (1) = —008(27Tft) and ¢,(t)= —\/%sin(brfct)

The sinusoidal basis functions generated at the receiver are termed “local
carriers”.
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e An implicit assumption in the formulation of the binary FSK and MPSK
receivers in previous sections is that the local carriers at the receivers are
synchronized in both frequencies and phases to those used in the transmitter.
A receiver that performs phase and frequency synchronization is called a
coherent receiver/detector.

e Coherent detection can be expensive, e.g. in a mobile environment when the
mobility of the user terminal introduces a Doppler effect which makes the
phase of the received signal changes from one symbol to the next.

¢ In this section, we look at non-coherent detection of binary FSK and MPSK.
These non-coherent detectors do not attempt to synchronize to the phase of the
received signal (we still make the assumption that frequency 1s perfectly
synchronized, a realistic assumption given the stability of oscillators).



3.9.1 Binary FSK with non-coherent detection
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e With a phase difference of € between the transmitter’s and local carriers, we

modeled the two FSK tones generated at the transmitter as

s, (1) = 2Ly os| 272 g | Zicos(27z fi-t—6),
1 1, 1

s,(t) = Zicos 272 +2-t—(9 = 2icos(27z fr-t—6)
1 1 1,

e The non-coherent binary FSK receiver correlates the received signal with

¢H(t)=\/Tzcos(27z-f1-t), 4, (1) = Tzsin(27r-fl-t),

b

¢21(t) \/%cos(bz fz ) ¢22(t):\/szSin(27Z—'f2'f)
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It 1s clear that ¢, (¢) and ¢,,(¢) are those used in the coherent detector, and we
introduce two additional signals, ¢, (¢) and ¢,,(7).

o Exercise: Show that when we correlate s,(¢) with ¢,,(¢), ¢,,(¢), ¢,(¢), and
¢,, (1), the results are

T, T,

Sun = | (08, (O)dt = JE, cosb, s, = [5,()¢,(0)dt = JE, sin6
0 0
T, T,

Si1 = [ 5Oy, (0)dt =0, Sim = | 8, (O (D)t =0
0 0

Similarly, show that the results of correlating s,(¢) with ¢,,(¢), ¢,,(?), ¢,,(?)

arc
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Sy11 = j s,()d, (£)dt =0, 5y1p = j s, ()dt =0

T, T,
S0 = | 5,0y (Ot = [E, cos0, s, = [5,(0), (0)dlt = [E, sin 0
0 0

e The results from the above exercise means that when s,(¢#) was transmitted,
and the channel introduces AWGN w(¢) with a power spectral density of
N, /2, the results of correlating the received signal »(¢) = s,(¢) + w(¢) with

¢11(Z), ¢21(t)> ¢12(t)> ¢22(t) are

b

[r) (Ot = [E, sin 0 +w,

T,
n = [ 10, (Odt = [E, cos0+w,,
0

b

ha =
T,
= jr(t)¢21(t)dt = Waps Iy = | (), (D)dt = wy,
0



where w,,w,,,w,,,W,, are 11d Gaussian noise with zero mean and variance

N,/2.
We notice that

X, =1+
and

Important points:

2 z(\/EibcoséHwn)2 +(\/E7bsin€+wlz)2

~ | 7™ N
=FE +~ 7'

N\ 2

~ J ﬁ/_d

v ualC HIUIDL oL

signal

1111Cdal 11UIdT o1l

2 2 2 2
Xy =1 T =W, +W,,.
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1. The signal component, £,, 1s independent of the unknown phase difference
6 simply disappears!
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2. The mean and variance of the linear noise term, w;, cos@ +w,, sin@, is also
independent of the unknown phase difference. (Show this!)

e Similarly, when s, (¢#) was transmitted, the results of the correlation become

T, T,

= Jr(t)¢11(t)dt =W ha = jr(t)¢12(t)dt =W
0 0
T, T,

= [ F(O8,(O)dt = E, cosO+wy,, 1, = [r(0)d, (0)dt = [E, sin 6+ w,,
0 0

and
2 2 9 2
Xp =11, =W, Wy,

2 2
) 2 -
xz—r21+r22—(«/Eb cos&+w21) +(«/Eb sm0+w22)

=FE, +2, /Eb (w21 cosf + W,, sin 0) + W221 + W222



3-96

e Base on the difference in signal structures of x, and x, when s,(¢) and s, (¢) are

transmitted, we arrive at the decision rule:

s(2)

(Non-coherent binary FSK)

e [t turns out that the above non-coherent detection strategy is optimal, i.e. it
minimizes the bit-error probability in the absence of knowledge about 8. The

BEP is

1
2

1 E,
2 N,

peteo| 15

|

(Non-coherent binary FSK)
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3.9.2 MPSK with Differential Detection

e With coherent detection, the MPSK modulation waveforms, basis functions,
and signal vectors are respectively

2FE 27
t —cos|2nft+—(@G-1)|, i=12,...M,
s, (1) = 7 { /. M( )}

é(t)=,|= cos[27rft] ¢, (1) = —\/%sin[Zﬂfct],
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The receiver correlates the received signal with ¢ (¢) and ¢,(¢) to generate the

received vector required for minimum distance detection. The received vector
1s the transmitted vector, plus a noise vector.

As 1n FSK, when non-coherent detection is employed, the modulation
waveforms are modelled as

2FE 27
s, (t)=,—cos|2xft+—(G-1D)-60|, i=12,..M,
PROENE= [ R }

where 6 is the phase difference between the transmitter’s and receiver’s
carriers.

The receiver still correlates the received signal with ¢ (¢) and ¢,(¢).
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o Correlating the new s, . () = 27E COS [271 S+ 2ﬁﬁ(i —-1)- 9} with ¢ (¢) and

¢, (1) yields

aﬂ:f‘/ﬁcosbﬂft+2ﬁ(l D le/zcos(%rfﬂdt

v
S new\t)

E cos(zn(i —) — 9)
M

~
Y )

and

aizz—?‘/ﬁcos(brfwrzﬂ(l D QNAEsin(Zﬂfﬂdr

J

- J ~

v —_—
i mew\E) Y2\)

= ﬁsin(zz(i_l) —6’)
M
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e Now, lets stack a, and a,, to obtain the new signal vector

M
sin(—zﬂ(i - _ 6’)
L M |

_cos( 27 -1) Hj_
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e Lets, (¢)and s,

L,new

(¢) be the modulation waveforms sent in the (k-1)-th and

J.new

the k-th symbol interval respectively.

The phase difference in these two waveforms is

27 27w ) _ 27 ..
A"_(M 9) (M Qj TR

Remember this as it 1s fundamental to understand how the detector works.

¢ In the absence of noise, the correlator outputs in these two intervals are:

_cos(zﬂ(l D (9)_
M

sin(zﬁ(l D (9)
L M |

and
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_cos 272(j~1) — (9)

sin

e Now examine what happens when we take the inner product of the two vectors

— —ala —
QG =X X, A4, =X X T XX,

= E-{COS(M—QjCOS(M—Qj-FSiD(M—stin(zﬂ-(i_l) —0)}
M M M M

- E.COS(MJ
M

e Similarly, perform a cross product of x, and x, , (interested in amplitude of

cross product only)
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b, = Xk 2% — XeaXe-12

=F- sin(—zﬂ(j — i)j
M

e [t s observed that nether a, nor b, 1s a function of the unknown phase
difference 6. Furthermore,

b 27
tan”'| £ [=Z=(j-i)=A
[akj ,’U(] [) k

In other words, the receiver is able to recover the phase difference of successive
transmitted waveforms by computing the inner and cross products of successive
received signal vectors. This procedure is known as differential detection!
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e Differential detection on its own does not enable the detection of the data bits.
It has to be used in conjunction with differential encoding on the transmitter
side.

e Instead of mapping information bit(s) onto the ‘absolute’ phase of the
transmitted waveform, we use it to adjust the phase of the next transmitted
waveform.

o Illustrative Example: Differential 8PSK

The 8 modulation waveforms generated at the transmitter are

s, (1) = 27E003(27rfct+wl. -0), i=12,..8

where
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i 1 2 3 4 5 6 7 8
v, 0 wl/4 | 2x/4 | 3x/4 | 4x/4 | Sx/4 | 6x/4 | Tn/4

Each waveform is divided into segments of duration 7 seconds. Each segment
is called a symbol interval. The k-th interval is [kT',kT + T']. The modulator may

switch from one waveform in one interval to another waveform in the following
interval, depending on the 3 input bits during the interval.

Let (b,,b,,b,) be the information bits input to the differential encoder during a

symbol interval and let 6 denotes the corresponding phase change in the
transmitted DPSK signal from the previous symbol interval (each symbol
interval 1s of duration 7 seconds). The differential encoding rule is:

(b19b29b3)

(0,0,0)

(0,0,1)

(0,1,1)

(0,1,0)

(1,1,0)

(1,1,1)

(1,0,1)

(1,0,0)

o

0

/4

27w/ 4

3x/4

4r /4

S5r7/4

67/4

T/ 4

Note: Gray coding 1s applied to the differentially encoded phase.
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Without loss of generality, let us assume that s,(¢) 1s transmitted in the 0-th

interval. This signal has a modulation phase v =y, = 0. Subsequent

transmitted signals in the example are:

Interval index & 0 1 2 3 4 5 6
Input bits (bl,bz,b3) (0,1,1) | (1,0,0) | (0,0,0) | (0,1,0) | (1,1,1) | (0,1,1)
Phase change o 27/4 | Tx/4 0 37/4 | S7/4 | 27x/4
New phase v, 2n/4 | ©l4 | x/4 | 4Ax/4 | /4 | 3x/4
Transmitted signal ;@) | os;(@) | s, () | s, () | oss(®) | s, (@) | os,(0)
e Exercise: Repeat the above for differential 2PSK and 4PSK.
e The BEP of differential 2PSK is found to be

1 E

F, =—exp| ——*
2 N, (differential 2PSK)
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This 1s 3 dB more power efficient than non-coherent binary FSK.

e The table below summarizes the BEPs of 2PSK and 2FSK with coherent and

non-coherent detection:

Modulation Type Coherent Detection Non-coherent Detection
2PSK Q( [2E, / N, ) Lexp(—E, / N,)
2FSK lexp(—1E, / N,)

o(\E,/N,)

e Finally, the BEP comparison:
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