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Mrlqw ghwhfwlrq edvhg rq h{sorlwlqj gl�huhqfhv dprqj wkh fkdqqhov hpsor|hg e| vhyhudo xvhuv

doorzv d uhfhlyhu wr glvwlqjxlvk frfkdqqho vljqdov zlwkrxw uholdqfh rq vshfwuxp vsuhdglqj1

Wklv wkhvlv frqvlghuv wkh xvh ri mrlqw ghwhfwlrq zlwk glyhuvlw| dqwhqqd duud|v lq hqkdqflqj

wkh fdsdflw| ri wlph glylvlrq pxowlsoh dffhvv +WGPD, fhooxodu v|vwhpv e| doorzlqj vhyhudo

xvhuv lq wkh vdph fhoo wr vkduh wkh vdph wlph2iuhtxhqf| vorw1

Iru wkh xsolqn/ d ixoo|0dqdo|wlfdo h{suhvvlrq iru wkh xqlrq erxqg rq dyhudjh v|pero0

huuru udwh lv surylghg iru mrlqw ghwhfwlrq zlwk dq duelwudu| qxpehu ri xvhuv P dqg glyhuvlw|

dqwhqqdv O lq d �dw0idglqj hqylurqphqw zlwk v|pero0v|qfkurqrxv xvhuv/ dqg erwk shuihfw

dqg lpshuihfw fkdqqho vwdwh lqirupdwlrq +FVL,1 Zlwk mrlqw ghwhfwlrq/ pdq| pruh xvhuv

wkdq wkh qxpehu ri dqwhqqdv pd| eh vxssruwhg � doo hqmr|lqj O0irog glyhuvlw| � zlwk d

vpdoo ghjudgdwlrq lq shuirupdqfh zlwk hdfk dgglwlrqdo xvhu1 Wklv ixqgdphqwdo uhvxow/ qrw

revhuyhg suhylrxvo|/ lv lq vwdun frqwudvw wr fodvvlfdo plqlpxp phdq vtxduhg huuru +PPVH,

frpelqlqj ri dqwhqqdv zkhuh wkh qxpehu ri xvhuv lv olplwhg wr wkh qxpehu ri dqwhqqdv/ dqg

wkh glyhuvlw| rughu lv rqo| O�P . 4 iru hdfk xvhu1

Iru wkh grzqolqn/ d vlpsoh vwuxfwxuh lv ghylvhg iru vxssruwlqj pxowlsoh xvhuv lq wkh vdph

edqgzlgwk dv d vlqjoh xvhu wkurxjk wkh xvh ri vwdqgdug frglqj dqg lqwhuohdylqj frpelqhg

zlwk d wudqvplw dqwhqqd duud| dw wkh edvh vwdwlrq1 Dq dqdo|wlfdo h{suhvvlrq iru wkh dyhudjh

elw0huuru udwh lv ghyhorshg edvhg rq vriw ghflvlrq mrlqw ghfrglqj dw wkh preloh uhfhlyhuv1

Xqxvxdo ehkdylrxu lv ghprqvwudwhg lq whupv ri glyhuvlw| rughu= dv wkh qxpehu ri dqwhqqdv

lqfuhdvhv gxh wr dq lqfuhdvlqj qxpehu ri xvhuv/ wkh glyhuvlw| rughu dfwxdoo| ghfuhdvhv1 Hyhq

zlwk wkh orvv lq glyhuvlw| rughu/ lw lv srvvleoh wr rewdlq jrrg shuirupdqfh iru doo xvhuv zlwk

prghudwh frpsxwdwlrqdo ordg1

Hvwlpdwlrq ri wkh fkdqqho jdlqv ri wkh pxowlsoh frfkdqqho xvhuv lv d nh| uhtxluhphqw

ri mrlqw ghwhfwlrq1 Lq wklv wkhvlv/ d slorw0edvhg PPVH whfkqltxh lv ghyhorshg iru mrlqwo|
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hvwlpdwlqj wkh jdlqv1 Wzr nh| frqwulexwlrqv duh pdgh= �uvwo|/ wkh hvwlpdwru doorzv iru wlph

yduldwlrq ri wkh fkdqqhov zlwklq dqg ehwzhhq wudlqlqj vhtxhqfhv/ dq hvvhqwldo ihdwxuh lq d

pxowlxvhu hqylurqphqw hyhq dw prghudwh idglqj udwhv1 Vhfrqgo|/ lw dgguhvvhv wkh ghvljq ri

wudlqlqj vhtxhqfhv iru wkh pxowlsoh xvhuv1

D ixoo|0dqdo|wlfdo dqg frpsxwdwlrqdoo| vwudljkwiruzdug whfkqltxh lv ghyhorshg iru wkh

fdofxodwlrq ri rxwdjh suredelolw| lq wkh suhvhqfh ri idglqj/ vkdgrzlqj/ dqg sdwk orvv1 Xvlqj

wkh whfkqltxh/ v|vwhp xsolqn fdsdflw| lv txdqwl�hg/ zkloh dffrxqwlqj iru wkh lqfuhdvh lq

lqwhuihuhqfh gxh wr wkh uhxvh ri fkdqqhov zlwklq hdfk frfkdqqho fhoo1 Zlwk mrlqw ghwhfwlrq/

fdsdflw| pd| eh vljql�fdqwo| h{whqghg= zlwk irxu dqwhqqdv dqgP frfkdqqho xvhuv shu fhoo/

dq P0irog lqfuhdvh pd| eh rewdlqhg zkhq frpsduhg wr d frqyhqwlrqdo vlqjoh0xvhu WGPD

v|vwhp zlwk wzr dqwhqqdv1 Lq frqwudvw/ zlwk PPVH frpelqlqj/ rqo| d prghvw lqfuhdvh lq

fdsdflw| lv ghprqvwudwhg/ dv zhoo dv d kdug olplw rq wkh qxpehu ri xvhu shu fhoo eh|rqg

zklfk v|vwhp fdsdflw| dfwxdoo| ghfuhdvhv gxh wr orvvhv lq glyhuvlw| rughu1 Wklv uhvxow lv

vxusulvlqj dqg vljql�fdqw/ vlqfh PPVH frpelqlqj lv iuhtxhqwo| dgydqfhg dv d phwkrg wr

lqfuhdvh fdsdflw|1

ly



���	
�����	��

L zrxog olnh wr h{suhvv p| judwlwxgh wr Mlp Fdyhuv iru ehlqj wkh �qhvw phqwru L frxog

kdyh krshg wr kdyh> L dp judwhixo iru doo wkdw |rx kdyh wdxjkw ph1 L zrxog dovr olnh wr

wkdqn p| lpphgldwh dqg h{whqghg idplolhv iru wkhlu frqvwdqw lqwhuhvw lq p| vwxglhv/ dqg iru

sxwwlqj xs zlwk ph ehlqj d vwxghqw iru vr orqj1 Wkdqn0|rx wr wr wkh Qdwxudo Vflhqfhv dqg

Hqjlqhhulqj Uhvhdufk Frxqflo ri Fdqdgd/ dv zhoo dv Hulfvvrq Lqf1/ Uhvhdufk Wuldqjoh Sdun/

Qruwk Fdurolqd iru wkhlu vxssruw ri wklv zrun1
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Wr Lupd iru khu frqvwdqw hqfrxudjhphqw dqg xqzdyhulqj vxssruw wkurxjk rxu orqj/ dqg

vrphwlphv gl�fxow mrxuqh|1 L wkdqn |rx vlqfhuho|1
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Devwudfw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 lll

Dfnqrzohgjhphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 y

Ghglfdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 yl

Olvw ri Wdeohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 {

Olvw ri Iljxuhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 {l

Olvw ri Deeuhyldwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 {y

4 Prwlydwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4

5 Edfnjurxqg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6

514 Lqwhuihuhqfh Vxssuhvvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9

51414 Fodvvlfdo Ehdpiruplqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9

51415 Glyhuvlw| Frpelqlqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44

51416 Glyhuvlw| Frpelqlqj lq Ghod| Vsuhdg 1 1 1 1 1 1 1 1 1 1 1 1 1 4;

515 Mrlqw Ghwhfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54

6 Mrlqw Ghwhfwlrq lq wkh Xsolqn 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57

614 V|vwhp Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57

615 Uhfhlyhu Phwulf 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 59

616 Shuirupdqfh Dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5<

61614 Mrlqw Ghwhfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5<

61615 PPVH Frpelqlqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 73

617 Shuirupdqfh Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 75

61714 Htxlsrzhu Vljqdov dqg Shuihfw FVL 1 1 1 1 1 1 1 1 1 1 1 1 1 1 76

61715 Htxlsrzhu Vljqdov dqg Lpshuihfw FVL 1 1 1 1 1 1 1 1 1 1 1 1 1 79

61716 Frpsdulvrq ri Mrlqw Ghwhfwlrq dqg PPVH Frpelqlqj 1 1 1 1 83

61717 Qrqhtxlsrzhu Vljqdov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 84
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618 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 87

7 Mrlqw Ghwhfwlrq lq wkh Grzqolqn 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 89

714 V|vwhp dqg Vljqdo Prghov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8;

715 Wuhoolv Phujhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 94

716 Ghfrghu Lpsohphqwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 99

717 Shuirupdqfh Dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9:

718 Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :4

719 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :6

8 Pxowlxvhu Fkdqqho Hvwlpdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :9

814 Vljqdo dqg Fkdqqho Prghov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ::

81414 Fkdqqho Vwdwlvwlfv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :;

81415 VQU Gh�qlwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :<

81416 Fkdqqho Yhfwruv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :<

815 Mrlqw Fkdqqho Hvwlpdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;4

81514 Jhqhudo Vwuxfwxuh ri Hvwlpdwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;4

81515 Txdolw| ri Fkdqqho Hvwlpdwhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;7

81516 Ghwdlov ri Rswlpdo Hvwlpdwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;8

81517 Vshfldo Fdvhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;:

816 Wudlqlqj Vhtxhqfh Ghvljq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;<

817 Ghvljq Lvvxhv dqg Shuirupdqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <7

81714 Lqwhusrodwru Rughu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <8

81715 Iudph Ohqjwk 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <8

81716 H�flhqf| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <8

81717 Shuirupdqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <:

818 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 435

9 V|vwhp Fdsdflw| zlwk Mrlqw Ghwhfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 436

914 V|vwhp Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 437

915 Vljqdo Prghov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43:

916 Rxwdjh Suredelolw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 443

917 Prphqwv ri LVU 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 446

91714 Vsdwldo Dyhudjh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 446

91715 Gdwd2Ghod| Dyhudjh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44;

91716 Vxppdu| ri Whfkqltxh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 453
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918 Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 454

919 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45:

: Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45<

Dsshqglfhv

D Vroxwlrq ri Idu0vlgh Lqwhjudo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 466

D14 Vroxwlrq ri I
E��
R +U> �, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 467

D15 Vroxwlrq ri I
E2�
R +U> �, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 468

E Vroxwlrq ri Qhdu0vlgh Lqwhjudo 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46:

E14 Vroxwlrq ri Q
E��
R +U> �, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46;

E15 Vroxwlrq ri Q
E2�
R +U> �, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46;

Eleolrjudsk| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46<
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714 Qxpehu ri elwv shu xvdjh QK dqg xvdjhv shu wudqvlwlrq Q� iru vhyhudo doorzhg

frpelqdwlrqv ri wkh SVN frqvwhoodwlrq vl}h T/ wkh qxpehu ri dqwhqqdv O/ dqg

wkh frgh udwh US1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 98

814 Plqlpxp ohqjwk elqdu| wudlqlqj vhtxhqfhv +lqfoxglqj suh dqg srvwfxuvruv,

irxqg e| vhtxhqwldo vhdufk1 Wkh vhtxhqfhv duh lq kh{dghflpdo irup dqg pxvw

eh }hur0sdgghg wr wkh ohiw wr pdnh0xs wkh ixoo ohqjwk Q|1 1 1 1 1 1 1 1 1 1 1 1 <7

914 Fhoo glvwdqfh dqg vhfwru rulhqwdwlrq sdudphwhuv iru wkh vwdqgdug kh{djrqdo

fhoo od|rxw zlwk 453 ghjuhh vhfwrul}dwlrq1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43:

915 Wkuhvkrog VLQUv +lq gE, iru MG dqg PPVH frpelqlqj zlwk P xvhuv dqg O

dqwhqqdv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 444

916 Gdwd2Ghod| dyhudjh 
� +q, iru SVN prgxodwlrq zlwk qK elwv shu v|pero1 1 1 1 453

917 Plqlpxp foxvwhu vl}hv F6�? +P>O, iru MG dqg PPVH frpelqlqj1 1 1 1 1 1 1 458

{
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514 Kh{djrqdo fhoo od|rxwv iru d WGPD v|vwhp zlwk foxvwhu vl}hv +d, F @ 7> dqg

+e, F @ := Wkh fhoo udglxv lv U dqg wkh uhxvh glvwdqfh lv G @ U
s
6F1 Wkh

duurzv lqglfdwh lqwhufhoo frfkdqqho lqwhuihuhqfh uhfhlyhg lq wkh xsolqn1 1 1 1 1 7

515 Frpprq v|vwhp prgho xvhg lq wkh vxuyh| ri lqwhuihuhqfh vxssuhvvlrq dqg

mrlqw ghwhfwlrq whfkqtlxhv xvlqj dqwhqqd duud|v1 Wkh P frfkdqqho vljqdov

duh v|qfkurql}hg e| v|pero dqg duh wudqvplwwhg dfurvv �dw0idglqj fkdqqhov1 1 9

516 +d, Sodqh0zdyh duulydo iurp d srlqw vrxufh lq wkh idu �hog> +e, Vfdwwhuhuv

durxqg d srlqw vrxufh fdxvlqj dqjoh vsuhdg1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :

517 Olqhdu dqwhqqd frpelqhu iru wkh vxssuhvvlrq ri frfkdqqho lqwhuihuhqfh1 1 1 1 1 <

518 Ehdp sdwwhuqv iru d 7 hohphqw xqlirup olqhdu duud| zlwk lqwhu0hohphqw vsdflqj

+d, g @ 3=8� dqg +e, g @ 3=:8�= Wkh ghvluhg xvhu lv orfdwhg dw � @ 63 � dqg

wkh frfkdqqho lqwhuihuhu dw � @ �78 � = 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43

519 Dyhudjh EHU iru wkh PUF uhfhlyhu zlwk O dqwhqqdv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47

51: Frpelqhu2htxdol}hu vwuxfwxuh zlwk ru zlwkrxw ghflvlrq ihhgedfn1 1 1 1 1 1 1 1 53

614 W|slfdo vljqdo frqvwhoodwlrqv iru d vlqjoh uhfhlyh dqwhqqd dqg +d, 5 xvhuv2ESVN/

+e, 5 xvhuv2TSVN/ dqg +f, 6 xvhuv2TSVN1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63

615 Shuirupdqfh ri mrlqw ghwhfwlrq ri P htxlsrzhu ESVN vljqdov xvlqj O dqwhq0

qdv zlwk shuihfw FVL1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 77

616 Frpsdulvrq ri wkh wuxh xqlrq erxqg rq EHU dqg lwv dv|pswrwlf irup iru

htxlsrzhu ESVN vljqdov dqg shuihfw FVL1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 78

617 Wljkwqhvv ri wkh xqlrq erxqg rq EHU iru wkh mrlqw ghwhfwlrq ri htxlsrzhu

ESVN vljqdov zlwk d vlqjoh dqwhqqd dqg shuihfw FVL1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 79

618 VQU shqdow| lq wkh dv|pswrwlf uhjlrq iru htxlsrzhu ESVN vljqdov dqg shuihfw

FVL1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:
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619 VQU shqdow| lq wkh dv|pswrwlf uhjlrq iru vhyhudo gl�huhqw prgxodwlrq irupdwv

zlwk htxlsrzhu vljqdov dqg shuihfw FVL1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7;

61: Shuirupdqfh ri mrlqw ghwhfwlrq ri htxlsrzhu ESVN vljqdov zlwk lpshuihfw FVL

dqg �{hg fkdqqho hvwlpdwlrq fruuhodwlrq frh�flhqw �6 @ 3=<<8 iru doo xvhuv1 1 7<

61; Fkdqqho hvwlpdwlrq dffxudf| uhtxluhg wr dflhyh dq huuru �rru ri 433� iru

htxlsrzhu ESVN vljqdov1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 83

61< Shuirupdqfh ri mrlqw ghwhfwlrq ri htxlsrzhu ESVN vljqdov xvlqj slorw0edvhg

pxowlxvhu fkdqqho hvwlpdwlrq zlwk d 4( Grssohu idgh udwh/ lqwhusrodwru rughu

:/ iudph ohqjwk 63/ dqg wudlqlqj vhtxhqfh ohqjwk P 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 84

6143 Frpsdulvrq ri mrlqw ghwhfwlrq dqg PPVH frpelqlqj zlwk wzr dqqwhqdv/

htxlsrzhu ESVN vljqdov/ dqg shuihfw FVL1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 85

6144 Frpsdulvrq ri mrlqw ghwhfwlrq dqg PPVH frpelqlqj dw d �{hg VQU ri 45

gE zlwk htxlsrzhu ESVN vljqdov dqg shuihfw FVL1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 86

6145 Shuirupdqfh ri mrlqw ghwhfwlrq ri irxu qrqhtxlsrzhu ESVN vljqdov zlwk wzr

dqwhqqdv dqg shuihfw FVL1 Wkh vwurqj dqg zhdn vljqdov kdyh d gl�huhqfh lq

VQU ri 43 gE1 Fdvh 4= wkuhh vwurqj2rqh zhdn1 Fdvh 5= rqh vwurqj2wkuhh zhdn1 87

714 Vwuxfwxuh ri +d, edvh vwdwlrq wudqvplwwhu/ dqg +e, preloh uhfhlyhu iru xvhu p1 8<

715 +d, Wuhoolv gldjudp iru d +5> 4> 6, frqyroxwlrqdo frgh/ dqg +e, phujhg wuhoolv iru

wkh h{dpsoh ri d v|vwhp zlwk wzr xvhuv/ wzr dqwhqqdv/ dqg TSVN prgxodwlrq1 95

716 Vrph huuru hyhqwv lq wkh phujhg wuhoolvhv ri wkh +5> 4> 6, frgh iru +d, Q� @ 4/

+e, Q� @
�
2 / dqg +f, Q� @

�
� = 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 97

717 Hvwlpdwhg dqg vlpxodwhg EHU zlwk d +5/4/8, frgh dqg ESVN prgxodwlrq1 1 1 :5

718 EHU sorwwhg djdlqvw wkh VQU2+elw2xvhu, P�K iru d +5/4/8, frgh dqg ESVN

prgxodwlrq1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :6

719 EHU zlwk d +5/4/:, frgh dqg ydulrxv prgxodwlrq w|shv1 1 1 1 1 1 1 1 1 1 1 1 1 :7

71: Shu0xvhu wudqvplw VQU �A uhtxluhg wr dfklhyh d EHU ri 433� xvlqj d +5/4/:,

frgh1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :8

814 Frfkdqqho vljqdo prgho1 Wkh P wlph0yduldqw/ glvshuvlyh fkdqqhov duh dv0

vxphg wr idgh lqghshqghqwo|1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ::

815 Vxp ri fkdqqho wds yduldqfhv yv1 wkh fkdqqho phpru| ohqjwk OS iru �dw dqg

iuhtxhqf|0vhohfwlyh idglqj frqglwlrqv1 Wkh yduldeoh � lv wkh uroor� sdudphwhu

ri wkh urrw0Q|txlvw wudqvplw sxovh x +w,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;4

{ll



816 Iudph vwuxfwxuh dqg lqgh{lqj frqyhqwlrqv1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;6

817 Fkdqqho hvwlpdwlrq huuru yv1 lqwhusrodwru rughu iru wzr htxlsrzhu xvhuv dw dq

VQU ri 63 gE1 Wkh iudph ohqjwk lv Q @ 5Q| @ 5; v|perov1 1 1 1 1 1 1 1 1 1 1 <9

818 Fkdqqho hvwlpdwlrq huuru yv1 iudph ohqjwk iru wzr htxlsrzhu xvhuv dw dq VQU

ri 63 gE zlwk lqwhusrodwru rughu qlqh1 Wkh idglqj lv iuhtxhqf| vhohfwlyh zlwk

�o6r6@W @ 3=5 iru hdfk xvhu1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <:

819 Xvhu dqg v|vwhp h�flhqf| iru wkh fulwlfdo iudph ohqjwkv irxqg lq wkh suhylrxv

�jxuh1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <;

81: Fkdqqho hvwlpdwlrq huuru yv1 qxpehu ri htxlsrzhu xvhuv iru iudph ohqjwk

Q @ 83 dqg lqwhusrodwru rughu qlqh1 Wkh idglqj lv iuhtxhqf| vhohfwlyh zlwk

�o6r6@W @ 3=5 dqg i(6W @ 3=338 iru hdfk xvhu1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <<

81; Fkdqqho hvwlpdwlrq huuru dqg dyhudjh fruuhodwlrq frh�flhqw iru rswlpdo dqg

vxerswlpdo lqwhusrodwruv zlwk wzr htxlsrzhu xvhuv/ iudph ohqjwkQ @ 83/ dqg

lqwhusrodwru rughu qlqh1 Wkh idglqj lv iuhtxhqf| vhohfwlyh zlwk �o6r6@W @ 3=5

dqg i(6W @ 3=338 iru hdfk xvhu1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 433

81< Fkdqqho hvwlpdwlrq huuru dqg dyhudjh fruuhodwlrq frh�flhqw zlwk wzr qrqhtxlsrzhu

xvhuv/ iudph ohqjwk Q @ 83/ dqg lqwhusrodwru rughu qlqh1 Wkh idglqj lv iuh0

txhqf| vhohfwlyh zlwk �o6r6@W @ 3=5 dqg i(6W @ 3=338 iru hdfk xvhu1 1 1 1 1 434

914 Wkuhh0wlhu kh{djrqdo od|rxw ri htxl0vl}h flufxodu fhoov zlwk uhxvh glvwdqfh G @
s
6F dqg lghdo 453� vhfwrul}dwlrq1 Doo frfkdqqho vhfwruv duh srsxodwhg zlwk

P dfwlyh xvhuv/ uhvxowlqj lq d wrwdo ri 46P lqwhuihuhuv1 1 1 1 1 1 1 1 1 1 1 1 1 1 438

915 Jhrphwu| ri jhqhudol}hg fhoo od|rxw1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 439

916 +d, H{dpsoh ri wkh ghfrpsrvlwlrq ri d vhfwru lqwr vxe0vhfwruv1 +e, Gh�qlwlrq

ri wkh wzr edvlf vxe0vhfwruv V8 +U> �, dqg V� +U> �, xvhg iru wkh frpsxwdwlrq

ri wkh srvlwlrq prphqw iru d vhfwru ri duelwdu| zlgwk dqg rulhqwdwlrq1 1 1 1 1 448

917 Frpsdulvrq ri h{dfw dqg dssur{lpdwh srvlwlrq prphqwv iru d vhfwru ri zlgwk

�� @ 453� dqg rulhqwdwlrq �� @ �43�1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44:

918 Ghshqghqfh ri srvlwlrq prphqw rq vhfwru zlgwk dqg rulhqwdwlrq1 1 1 1 1 1 1 1 44;

919 Rxwdjh suredelolw| yv1 wkuhvkrog LVU iru wkh vwdqgdug kh{djrqdo od|rxw zlwk

foxvwhu vl}h F dqg d vlqjoh xvhu shu vorw +P @ 4,1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 455

91: Rxwdjh suredelolw| yv1 wkuhvkrog LVU iru wkh vwdqgdug kh{djrqdo od|rxw zlwk

foxvwhu vl}h F dqg pxowlsoh xvhuv shu vorw1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 456

{lll



91; Pd{lpxp fdsdflw| �6@% ri mrlqw ghwhfwlrq dqg PPVH frpelqlqj v|vwhpv1 1 1 459

91< Uhtxluhg VQU ��co wr dfklhyh 4( rxwdjh suredelolw| iru mrlqw ghwhfwlrq dqg

PPVH frpelqlqj1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45:
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DRD Dqjoh ri duulydo

EHU Elw0huuru udwh

ESVN Elqdu| skdvh vkliw nh|lqj

FFGI Frpsohphqwdu| fxpxodwlyh glvwulexwlrq ixqfwlrq

FFL Frfkdqqho lqwhuihuhqfh

FGPD Frgh glylvlrq pxowlsoh dffhvv

FLU Fkdqqho lpsxovh uhvsrqvh

FVL Fkdqqho vwdwh lqirupdwlrq

gE Ghfleho

l1l1g1 Lqghshqghqw lghqwlfdoo| glvwulexwhg

LVL Lqwhuv|pero lqwhuihuhqfh

LVU Lqwhuihuhqfh0wr0vljqdo udwlr

MG Mrlqw ghwhfwlrq

OPV Ohdvw phdq vtxduhv

OV Ohdvw vtxduhv

PDS Pd{lpxp d srvwhulrul

PPVH Plqlpxp phdq vtxduhg huuru

PUF Pd{lpdo udwlr frpelqlqj

PVH Phdq vtxduhg huuru

SGI Suredelolw| ghqvlw| ixqfwlrq

SGS Srzhu0ghod| sur�oh

SVN Skdvh vkliw nh|lqj

UPV Urrw phdq vtxduh

UY Udqgrp yduldeoh

UZF Uhxvh zlwklq fhoo

{y



VHU V|pero0huuru udwh

VLQU Vljqdo0wr0lqwhuihuhqfh0soxv0qrlvh udwlr

VQU Vljqdo0wr0qrlvh udwlr

WGPD Wlph glylvlrq pxowlsoh dffhvv

YD Ylwhuel dojrulwkp

ZVVXV Zlgh vhqvh vwdwlrqdu| xqfruuhodwhg vfdwwhulqj

]I ]hur iruflqj

{yl
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Fxuuhqwo|/ wkh zluhohvv frppxqlfdwlrqv lqgxvwu| lv h{shulhqflqj h{sorvlyh jurzwk uhvxowlqj

lq dq hyhu lqfuhdvlqj ghpdqg iru zluhohvv frppxqlfdwlrq vhuylfhv1 D kljkhu ghpdqg iru

vhuylfhv/ lq wxuq/ fdoov iru kljkhu v|vwhp fdsdflwlhv1 Fdsdflw| pd| dozd|v eh lqfuhdvhg

gluhfwo| e| doorfdwlqj pruh edqgzlgwk lq wkh hohfwurpdjqhwlf vshfwuxp> krzhyhu/ vlqfh

edqgzlgwk lv d vfdufh uhvrxufh/ wklv pd| qrw eh ihdvleoh1 Wkxv/ wr lqfuhdvh fdsdflw|/ wkh

h{lvwlqj vshfwuxp doorfdwlrq pxvw eh xvhg pruh h�flhqwo|1

Uhfhqwo|/ lw kdv ehhq sursrvhg wr lpsuryh wkh vshfwuxp h�flhqf| ri h{lvwlqj wlph glyl0

vlrq pxowlsoh dffhvv +WGPD, v|vwhpv e| doorzlqj pruh wkdq rqh xvhu zlwklq d fhoo wr vkduh

wkh vdph wlph2iuhtxhqf| vorw � d frqfhsw nqrzq dv iuhtxhqf| uhxvh zlwklq fhoo +UZF,1

Wklv glfwdwhv wkh xvh ri hlwkhu pxowlxvhu ghwhfwlrq ru lqwhuihuhqfh vxssuhvvlrq whfkqltxhv

wkdw duh fdsdeoh ri glvwlqjxlvklqj wkh lqwudfhoo frfkdqqho vljqdov1 Ixuwkhupruh/ lw vxjjhvwv

wkh xvh ri dqwhqqd duud|v zklfk kdyh ehhq xvhg iru pdq| |hduv lq wkh vrqdu dqg udgdu

frppxqlwlhv iru vxssuhvvlqj frfkdqqho lqwhuihuhqfh1

Pxowlxvhu ghwhfwlrq lv frqvlghuhg wr eh dq h�hfwlyh phdqv iru uhgxflqj lqwhuihuhqfh +dqg

wkxv lqfuhdvlqj v|vwhp fdsdflw|, lq frgh glylvlrq pxowlsoh dffhvv +FGPD, v|vwhpv zkhuh

doo lqwudfhoo xvhuv vkduh wkh vdph iuhtxhqf| dqg wudqvplw frqwlqxrxvo|1 Krzhyhu/ wkh frp0

sxwdwlrqdo frpsoh{lw| ri wkh rswlpdo ghwhfwru lqfuhdvhv h{srqhqwldoo| zlwk wkh qxpehu ri

lqwudfhoo xvhuv uhqghulqj lw lpsudfwlfdo lq w|slfdo FGPD v|vwhpv1 Lq frqwudvw/ zkhq pxo0

wlxvhu � ru mrlqw � ghwhfwlrq lv dssolhg wr d WGPD v|vwhp/ wkh frpsxwdwlrqdo frpsoh{lw|

ri wkh rswlpdo ghwhfwru lv uhdvrqdeoh/ vlqfh lw lv olnho| wkdw d pxfk vpdoohu qxpehu ri xvhuv

zloo vkduh wkh vdph wlph2iuhtxhqf| vorw1

Wklv wkhvlv irfxvhv rq h{whqglqj wkh fdsdflw| ri WGPD v|vwhpv e| doorzlqj vhyhudo

4
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lqwudfhoo xvhuv wr vkduh wkh vdph wlph2iuhtxhqf| vorw dqg hpsor|lqj d glyhuvlw| dqwhqqd

duud| dw wkh edvh vwdwlrq1 D mrlqw ghwhfwlrq whfkqltxh lv frqvlghuhg wkdw glvwlqjxlvkhv wkh

frfkdqqho vljqdov e| h{sorlwlqj gl�huhqfhv dprqj wkh xvhuv* fkdqqho jdlqv/ zlwkrxw uho|lqj

rq vshfwuxp vsuhdglqj dv lv wkh fdvh zlwk pxowlxvhu ghwhfwlrq iru FGPD1

Lq frqvlghulqj mrlqw ghwhfwlrq zlwk glyhuvlw| duud|v dssolhg wr WGPD v|vwhpv/ vhyhudo

lpsruwdqw txhvwlrqv dulvh1

� Lq wkh xsolqn/ zkdw lv wkh irup ri wkh rswlpdo ghwhfwru/ dqg krz grhv lw shuirup lq d

idglqj hqylurqphqw zlwk dqwhqqd glyhuvlw| dqg lpshuihfw fkdqqho hvwlpdwhvB

� Lq frqwudvw wr wkh xsolqn/ lq wkh grzqolqn wkh glyhuvlw| duud| lv orfdwhg dw wkh wudqv0

plwwhu zklfk grhv qrw kdyh nqrzohgjh ri wkh grzqolqn fkdqqho jdlqv zlwk zklfk wr

shuirup duud| surfhvvlqj1 Ixuwkhupruh/ wkh preloh uhfhlyhuv qrupdoo| kdyh rqo| rqh

dqwhqqd dw zklfk wkh pxowlsoh frfkdqqho wudqvplw vljqdov frpelqh1 Jlyhq wklv pruh

frpsolfdwhg vfhqdulr/ krz vkrxog wkh pxowlsoh wudqvplw dqwhqqdv eh xvhg wr dfklhyh

d fdsdflw| lqfuhdvh/ dv zhoo dv surylgh glyhuvlw| iru wkh pxowlsoh xvhuvB

� Jlyhq wkdw fkdqqho nqrzohgjh lv wkh nh| wr glvwlqjxlvklqj wkh frfkdqqho vljqdov zlwk

mrlqw ghwhfwlrq/ krz grhv rqh rewdlq dffxudwh fkdqqho hvwlpdwhv lq d pxowlxvhu hqyl0

urqphqwB

� Lq d pxowlfhoo v|vwhp/ wkh frfkdqqho fhoov dovr kdyh vhyhudo xvhuv shu vorw> wkxv/ wkh

ryhudoo ohyho ri lqwhuihuhqfh lqfuhdvhv zlwk UZF/ sduwldoo| gloxwlqj wkh ghvluhg fdsdflw|

lqfuhdvh1 Zkdw lv wkh dfwxdo lqfuhdvh lq v|vwhp fdsdflw|/ dqg krz pd| lw eh ixuwkhu

hqkdqfhg e| wkh xvh ri d glyhuvlw| dqwhqqd duud|B

Wkhvh irxu txhvwlrqv surylgh prwlydwlrq iru wklv wkhvlv1 Wkh txhvwlrqv duh dgguhvvhg lq

Fkdswhuv 6~9 uhvshfwlyho|/ zkloh Fkdswhu 5 surylghv edfnjurxqg wr vhw wkh wrslf ri mrlqw

ghwhfwlrq zlwk glyhuvlw| duud|v lq frqwh{w1
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Frqyhqwlrqdo WGPD v|vwhpv duh edvhg rq nhhslqj vlpxowdqhrxv lqwudfhoo xvhuv ruwkrjrqdo

lq erwk wlph dqg iuhtxhqf|/ zkloh wuhdwlqj xvhu vljqdov uhfhlyhg iurp rwkhu frfkdqqho fhoov

dv qrlvh1 Wkh uhvxow lv d kdug fdsdflw| olplw/ lq frqwudvw wr FGPD v|vwhpv/ zklfk h{klelw d

judfhixo ghjudgdwlrq zlwk dgglwlrqdo xvhuv1 Wkh kdug fdsdflw| olplw lv gh�qhg zlwk uhihuhqfh

wr Ilj1 5141 Lq wklv gldjudp/ hdfk fhoo zlwklq d foxvwhu ri F fhoov kdv d gl�huhqw vhw ri

fkdqqhov uhsuhvhqwhg e| wkh qxpehuv 4> 5> � � � > F1 Hdfk fkdqqho lv rqh wlph2iuhtxhqf| vorw/

dqg hdfk xvhu uhtxluhv wzr fkdqqhov � rqh iru wkh xsolqn dqg rqh iru wkh grzqolqn1 Wr

xvh wkh dydlodeoh vshfwuxp h�flhqwo|/ wkh fkdqqhov duh uhxvhg lq dgmdfhqw foxvwhuv1 Iru wkh

frqfhswxdo kh{djrqdo od|rxw vkrzq lq Ilj1 514/ wkh uhxvh glvwdqfh G lv uhodwhg wr wkh foxvwhu

vl}h F e| G @ U
s
6F zkhuh U lv wkh fhoo udglxv ^5`1 Wkh fdsdflw| olplw lv wkxv � @ QS@5F

zkhuh QS lv wkh wrwdo qxpehu ri fkdqqhov dydlodeoh wr wkh zkroh v|vwhp1 Wkh xqlwv ri wklv

fdsdflw| phdvxuh duh xvhuv2fhoo1

Fohduo|/ QS lv gluhfwo| uhodwhg wr wkh wrwdo dydlodeoh edqgzlgwk1 Iru h{dpsoh/ lq d v|vwhp

wkdw lv doorfdwhg d edqgzlgwk ri 73 PK} dqg xvhv 63 nK} iuhtxhqf| fkdqqhov zlwk 6 wlph

vorwv shu iuhtxhqf| fkdqqho/ QS @ 73331 Zlwk F @ : wkh fdsdflw| olplw lv wkxv � @ 5;8/

phdqlqj wkdw d pd{lpxp ri 5;8 vlpxowdqhrxv fdoov pd| rffxu lq wkh jhrjudsklf duhd fryhuhg

e| hdfk fhoo1 Zlwk F @ 7> wkh fdsdflw| jurzv wr 8331 Wkh kljkhu wkh ghqvlw| ri xvhuv lq d

jhrjudsklf duhd/ wkh vpdoohu wkh fhoov kdyh wr eh lq rughu wr rewdlq dq dffhswdeoh eorfnlqj

suredelolw|/ gh�qhg dv wkh suredelolw| wkdw doo fkdqqhov duh lq xvh/ suhyhqwlqj qhz xvhuv

iurp sodflqj fdoov1

Wr pd{lpl}h v|vwhp fdsdflw|/ rqh pxvw fkrrvh wkh foxvwhu vl}h F dv vpdoo dv srvvleoh1

Krzhyhu/ d vpdoohu F phdqv d kljkhu ohyho ri frfkdqqho lqwhuihuhqfh +FFL, gxh wr d vpdoohu

6
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(a)

Iljxuh 514= Kh{djrqdo fhoo od|rxwv iru d WGPD v|vwhp zlwk foxvwhu vl}hv +d, F @ 7> dqg
+e, F @ := Wkh fhoo udglxv lv U dqg wkh uhxvh glvwdqfh lv G @ U

s
6F1 Wkh duurzv lqglfdwh

lqwhufhoo frfkdqqho lqwhuihuhqfh uhfhlyhg lq wkh xsolqn1

uhxvh glvwdqfh G dv looxvwudwhg lq Ilj1 5141 Wkh delolw| ri wkh prgxodwlrq/ ghwhfwlrq/ frglqj/

dqg glyhuvlw| wr zlwkvwdqg frfkdqqho lqwhuihuhqfh vhwv d orzhu olplw rq wkh foxvwhu vl}h1

Uhfhqwo|/ lw kdv ehhq sursrvhg wr h{whqg wkh fdsdflw| ri frqyhqwlrqdo WGPD v|vwhpv e|

doorzlqj pruh wkdq rqh xvhu zlwklq d fhoo wr vkduh wkh vdph wlph2iuhtxhqf| vorw/ l1h1/ doorz

UZF1 Li P xvhuv lq d fhoo vkduh wkh vdph vorw/ wkh fdsdflw| lv h{whqghg wr � @ PQS@5F

xvhuv2fhoo1 Krzhyhu/ wkh idfwru e| zklfk v|vwhp fdsdflw| lv hqkdqfhg pd| qrw dozd|v eh dv

odujh dv P / vlqfh frfkdqqho fhoov lq rwkhu foxvwhuv dovr vxssruw UZF1 Dv d uhvxow/ wkh ohyho

ri lqwhufhoo lqwhuihuhqfh lqfuhdvhv/ srvvleo| uhtxlulqj d odujhu foxvwhu vl}h F wr frpshqvdwh1

Wklv sduwldoo| gloxwhv wkh ghvluhg fdsdflw| lqfuhdvh1 Krzhyhu/ lw lv ghprqvwudwhg odwhu lq wklv

wkhvlv +vhh Fkdswhu 9,/ wkdw wkh gloxwlrq lv vpdoo xvlqj mrlqw ghwhfwlrq zlwk glyhuvlw| duud|v1

Lq dgglwlrq wr wkh lqfuhdvhg lqwhufhoo lqwhuihuhqfh lq v|vwhpv zlwk UZF/ lqwudfhoo lqwhu0

ihuhqfh lv suhvhqw gxh wr wkh pxowlsoh lqwudfhoo xvhuv vkdulqj wkh vdph vorw1 Dv d uhvxow/

wkh uhfhlyhu kdv wkh mre ri glvwlqjxlvklqj wkh frfkdqqho vljqdov iurp wkh lqwudfhoo xvhuv1 Wr

dffrpsolvk wklv wdvn/ hlwkhu dq lqwhuihuhqfh vxssuhvvlrq ru mrlqw ghwhfwlrq whfkqltxh pd| eh
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lpsohphqwhg lq frpelqdwlrq zlwk dq dqwhqqd duud| dw wkh edvh vwdwlrq1 Lq wklv fkdswhu/

d vxuyh| ri h{lvwlqj lqwhuihuhqfh vxssuhvvlrq dqg mrlqw ghwhfwlrq whfkqltxhv lv surylghg lq

rughu wr sodfh mrlqw ghwhfwlrq lq frqwh{w1 Wkh vxuyh| lv irfxvhg rq wkh xsolqn rqo|/ dqg wkh

vljqdo prghov gr qrw lqfoxgh lqwhufhoo FFL1 D glvfxvvlrq ri wkh grzqolqn dqg d wuhdwphqw ri

lqwhufhoo FFL duh ghihuuhg wr odwhu lq wklv wkhvlv +vhh Fkdswhuv 7 dqg 9 uhvshfwlyho|,1

Iru looxvwudwlyh sxusrvhv/ wkh v|vwhp prgho vkrzq lq Ilj1 515 lv xvhg1 Lq wklv prgho/ wkh

P frfkdqqho vljqdov duh v|qfkurql}hg e| v|pero dqg duh wudqvplwwhg dfurvv iuhtxhqf|0�dw

idglqj fkdqqhov1 Prvw ri wkh vxuyh|hg whfkqltxhv kdyh dq dv|qfkurqrxv2iuhtxhqf|0vhohfwlyh

idglqj frxqwhusduw/ dqg dw ydulrxv srlqwv lq wkh ghyhorsphqw wkhvh duh eulh�| glvfxvvhg1

Wkh wudqvplwwhg vljqdo iurp wkh pwk xvhu lv dvvxphg wr eh olqhduo| prgxodwhg dqg lv

jlyhq e|

v6 +w, @ D6
[
?

f6 +q, s +w� qW , +514,

zkhuh s +w, lv d urrw0Q|txlvw sxovh vkdsh/ W lv wkh v|pero shulrg/ D6 lv wkh wudqvplw

dpsolwxgh/ dqg f6 +q, lv d gdwd v|pero gudzq iurp d vljqdo frqvwhoodwlrq vxfk dv SVN ru

TDP1 Wkh edvh vwdwlrq uhfhlyhu frqvlvwv ri dq duud| ri O dqwhqqdv iroorzhg e| d edqn ri

pdwfkhg �owhuv +PI,/ hdfk zlwk uhvsrqvh sW +�w,1 Wkh pdwfkhg �owhu rxwsxwv duh vdpsohg

dw wkh v|pero udwh |lhoglqj d yhfwru u +n, ri uhfhlyhg vdpsohv1 Wkh yhfwru u +n, lv wkhq

surfhvvhg |lhoglqj wkh v|pero hvwlpdwh ef6 +n, iru hdfk xvhu1

Lq wklv wkhvlv/ wkh iroorzlqj frqyhqwlrqv duh xvhg=

� Doo vljqdov duh uhsuhvhqwhg e| wkhlu frpsoh{ edvhedqg htxlydohqwv1 Wkxv/ wkh srzhu

+ru yduldqfh, ri d sduwlfxodu edqgsdvv vljqdo hv +w, zlwk edvhedqg htxlydohqw v +w, lv

jlyhq e| Sr @
�

2
H

k
mv +w,m2

l
/ zkhuh H ^�` lv wkh h{shfwdwlrq rshudwru1

� D erog orzhu fdvh yduldeoh vxfk dv { uhsuhvhqwv d yhfwru/ dqg d erog xsshufdvh yduldeoh

vxfk dv [ uhsuhvhqwv d pdwul{1

� Wkh v|pero W ghqrwhv wkh frpsoh{ frqmxjdwh ri d vfdodu ru yhfwru/ wkh v|pero A ghqrwhv

wkh yhfwru ru pdwul{ wudqvsrvh/ dqg wkh v|pero _ ghqrwhv wkh frpsoh{ frqmxjdwh

wudqvsrvh/ ru Khuplwldq wudqvsrvh1
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MF

Array
Processing

L Antennas

kTt =

( )kr

MF

MF

M  Cochannel
Users

( )kcMˆ

( )ts1

( )tsM

( )kc1̂

Iljxuh 515= Frpprq v|vwhp prgho xvhg lq wkh vxuyh| ri lqwhuihuhqfh vxssuhvvlrq dqg mrlqw
ghwhfwlrq whfkqtlxhv xvlqj dqwhqqd duud|v1 Wkh P frfkdqqho vljqdov duh v|qfkurql}hg e|
v|pero dqg duh wudqvplwwhg dfurvv �dw0idglqj fkdqqhov1

2�� W?|ihuihi?Ui 5�TThitt�L?

Lq preloh frppxqlfdwlrqv/ wkh xvh ri dqwhqqd duud|v iru wkh sxusrvhv ri lqwhuihuhqfh vxs0

suhvvlrq fdq eh vhhq dv dq hyroxwlrq ri fodvvlfdo duud| vljqdo surfhvvlqj zklfk irfxvhv rq

ehdpiruplqj dqg gluhfwlrq �qglqj ^6`1 Lq wkh iroorzlqj vhfwlrqv/ wklv hyroxwlrq lv glvfxvvhg/

�uvw vhwwlqj wkh vwdjh zlwk fodvvlfdo ehdpiruplqj dqg wkhq prylqj rq wr glyhuvlw| frpelqlqj

whfkqltxhv vxfk dv pd{lpdo udwlr frpelqlqj/ }hur iruflqj/ dqg plqlpxp phdq vtxduhg huuru

+PPVH,1

2���� �*@tt�U@* �i@4uLh4�?}

Wkh xvxdo dvvxpswlrq pdgh lq fodvvlfdo ehdpiruplqj lv wkdw hdfk frfkdqqho vljqdo ruljl0

qdwhv iurp d srlqw vrxufh lq wkh idu �hog ri wkh dqwhqqd duud| ^7`1 Dv d uhvxow/ wkh zdyhiurqwv

lpslqjlqj rq wkh dqwhqqd duud| duh �dw1 Lw lv lpsruwdqw wr qrwh wkdw wklv sodqh0zdyh duulydo

dvvxpswlrq lpphgldwho| euhdnv grzq lq d preloh hqylurqphqw zkhuh hdfk xvhu lv vxuurxqghg
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e| d odujh qxpehu ri vfdwwhuhuv1 Zkloh hdfk lqglylgxdo pxowlsdwk frpsrqhqw pd| eh frq0

vlghuhg dv d sodqh0zdyh/ wkh frpsrvlwh vljqdo frpsulvhg ri doo pxowlsdwk frpsrqhqwv pd|

qrw1 Wkh uhvxow lv fdoohg dqjoh vsuhdg1 Ilj1 516 looxvwudwhv wkh gl�huhqfh ehwzhhq sodqh0zdyh

dqg qrq sodqh0zdyh duulydov dw d xqlirup olqhdu dqwhqqd duud| zlwk lqwhu0hohphqw vsdflqj g1

l  =  1

l  =  2

l  =  L

Point
Source

θ

λ

d

L Antenna
Elements

Angle
Spread

(a) (b)

Scatterers

Iljxuh 516= +d, Sodqh0zdyh duulydo iurp d srlqw vrxufh lq wkh idu �hog> +e, Vfdwwhuhuv durxqg
d srlqw vrxufh fdxvlqj dqjoh vsuhdg1

Uhihuulqj wr wkh sodqh0zdyh duulydo vfhqdulr lq Ilj1 516+d,/ � lv wkh dqjoh ri lqflghqfh/

dqg � lv wkh zdyhohqjwk jlyhq e| � @ f@iS zkhuh f lv wkh vshhg ri oljkw dqg iS lv wkh fduulhu

iuhtxhqf|1 Xvlqj d vlpsoh jhrphwulf dujxphqw/ wkh skdvh ri wkh fduulhu dw wkh owk dqwhqqd

hohphqw phdvxuhg zlwk uhvshfw wr wkh �uvw hohphqw lv �g +o � 4, vlq � zkhuh � @ 5�@� lv wkh

zdyhqxpehu1 Xqghu wkh dvvxpswlrq wkdw wkh iudfwlrqdo edqgzlgwk ri wkh vljqdo v6 +w, lv

vpdoo +wkh qduurzedqg dvvxpswlrq ^7`,/ wkh frpsrvlwh uhfhlyhg vljqdo yhfwru u +n, lq Ilj1 515

lv jlyhq e|

u +n, @
�[
6'�

D6f6 +n, j6d +�6, . q +n, +515,

zkhuh �6 lv wkh dqjoh ri duulydo +DRD, ri sodqh0zdyh iurp wkh pwk xvhu dqg d +�6, lv wkh

vwhhulqj yhfwru/ jlyhq e|

d +�6, @
�

4 h�q_ t�? w6 h
�2q_ t�? w6

� � � h
�Eu3��q_ t�? w6

�A
= +516,

Wkh frpsoh{ udqgrp yduldeoh j6 prghov wkh jdlq +dwwhqxdwlrq, dqg skdvh vkliw lq wkh

pwk xvhu*v fkdqqho/ dqg wkh yhfwru q +n, prghov wkhupdo qrlvh lq wkh uhfhlyhu1 Vlqfh hdfk
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preloh lv prghohg dv d srlqw vrxufh lq wkh idu �hog/ wkh fkdqqho jdlq j6 lv wkh vdph iru

doo dqwhqqdv1 Dowkrxjk qrw h{solflwo| vkrzq/ j6 dqg �6 +dqg wkxv wkh vwhhulqj yhfwru, duh

jhqhudoo| ixqfwlrqv ri wlph n dv wkh preloh uhfhlyhu pryhv1

Surylglqj wkdw wkh DRDv ri doo xvhuv duh gl�huhqw/ lw lv srvvleoh wr vxssuhvv frfkdqqho

lqwhuihuhqfh e| dssursuldwho| zhljkwlqj dqg frpelqlqj wkh uhfhlyhg dqwhqqd vljqdov dv vkrzq

lq Ilj1 5171 Iru wkh pwk xvhu/ wkh zhljkw yhfwru z6 @ +z�6> z26> � � � > zu6,
A lv fkrvhq vxfk

wkdw lw lv ruwkrjrqdo wr wkh vwhhulqj yhfwruv ri doo rwkhu xvhuv> wkdw lv/

z
_
6
d +�?, @

+
4

3

> q @ p

> q 9@ p
= +517,

Li wklv frqglwlrq lv phw/ wkh rxwsxw ri wkh frpelqhu iru wkh pwk xvhu lv

|6 +n, @ z
_
6
u +n, @ D6f6 +n, j6 .z

_
6
q +n, +518,

zklfk h{solflwo| vkrzv wkdw wkh lqwhuihuhqfh iurp rwkhu xvhuv kdv ehhq vxssuhvvhg1 Wkh

ghwhfwlrq ri wkh xvhuv* gdwd vhtxhqfhv pd| wkhq surfhhg lqghshqghqwo|1 Fohduo|/ wkh fdo0

fxodwlrq ri wkh zhljkw yhfwruv uhtxluhv nqrzohgjh ri wkh DRDv ri doo xvhuv1 Iru wkh fdvh

ri sodqh zdyh duulydov/ vhyhudo eolqg hljhqphwkrgv kdyh ehhq ghyhorshg iru hvwlpdwlqj wkh

DRDv1 Dprqj wkhvh/ wkh prvw qrwdeoh duh PXVLF ^8` dqg HVSULW ^9`1

Ixuwkhu lqvljkw lv jdlqhg e| h{suhvvlqj wkh fulwhulrq lq +517, dv wkh pdwul{ htxdwlrq

Dz6 @ e6 zkhuh wkh P � O pdwul{ D lv

D @

5
999997
d
_ +��,

d
_ +�2,
111

d
_ +�� ,

6
:::::8
= +519,

Wkh ohqjwk0P froxpq yhfwru e6 kdv d rqh lq wkh pwk srvlwlrq/ dqg }hurv hyhu|zkhuh hovh1

Wklv htxdwlrq kdv d zhoo gh�qhg vroxwlrq dv orqj dv wkh qxpehu ri xvhuv P lv ohvv wkdq ru

htxdo wr wkh qxpehu ri dqwhqqdv O/ dqg dv orqj dv D lv ixoo udqn1 Wkh ixoo udqn frqglwlrq lv

phw dv orqj dv wkh DRDv iru doo xvhuv duh gl�huhqw1 Lq rwkhu zrugv/ dv orqj dv P � O dqg

wkh xvhuv duh vsdwldoo| vhsdudwhg/ lw lv srvvleoh wr frpsohwho| vxssuhvv lqwhuihuhqfh1 Li wzr

ru pruh xvhuv duh qrw vsdwldoo| vhsdudwhg/ wkhq fhuwdlq xvhuv qhhg wr eh doorfdwhg gl�huhqw

fkdqqhov � dq xqghvludeoh vlwxdwlrq vlqfh wklv uhgxfhv ryhudoo v|vwhp fdsdflw|1 Iru wkh fdvh

riP ? O> wkh deryh pdwul{ htxdwlrq lv xqghu0ghwhuplqhg> wkxv lw kdv dq lq�qlwh qxpehu ri
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Σ Σ

( )kr

( )kw*
11 ( )kw*

21 ( )kwL
*
1 ( )kw M

*
1 ( )kw M

*
2 ( )kwLM

*

( )kyM( )ky1

Iljxuh 517= Olqhdu dqwhqqd frpelqhu iru wkh vxssuhvvlrq ri frfkdqqho lqwhuihuhqfh1

vroxwlrqv1 D frqyhqlhqw fkrlfh lv wkh plqlpxp0qrup vroxwlrq jlyhq e| z6 @ Dre6 zkhuh

D
r lv wkh jhqhudol}hg svhxgrlqyhuvh ru Prruh0Shqurvh jhqhudol}hg lqyhuvh ri wkh pdwul{ D

^:`1 Iru wkh fdvh ri P @ O/ wkh svhxgr0lqyhuvh ehfrphv wkh uhjxodu lqyhuvh D3�1

D judsklfdo uhsuhvhqwdwlrq ri wkh deryh ehdpiruplqj dssurdfk pd| eh rewdlqhg e|

sorwwlqj wkh duud| idfwru iru hdfk xvhu dv d ixqfwlrq ri d}lpxwk �1 Wkh duud| idfwru iru

wkh pwk xvhu lv gh�qhg dv I6 +�, @ z
_
6d +�, ^4`/ dqg lw ghvfulehv wkh uhvsrqvh ri wkh duud|

wr d sodqh zdyh duulydo dw dqjoh �= Dffruglqj wr wkh fulwhulrq lq +517,/ I6 +�6, @ 4 dqg

I6 +�?, @ 3 iru q 9@ p= Dw rwkhu dqjohv/ I6 +�, ghshqgv rq d ydulhw| ri idfwruv lqfoxglqj

wkh qxpehu ri dqwhqqdv/ wkh qxpehu ri lqwhuihuhuv/ wkh dqwhqqd vsdflqj/ dv zhoo dv zklfk

vroxwlrq ri Dz6 @ e6 lv dfwxdoo| fkrvhq1 Dv dq h{dpsoh/ Ilj1 518+d, sorwv mI� +�,m
2 xvlqj

wkh plqlpxp0qrup vroxwlrq iru d wzr0xvhu v|vwhp1 Wkh ghvluhg xvhu lv orfdwhg dw dq d}lpxwk

ri � @ 63 �> dqg wkh lqwhuihulqj xvhu lv orfdwhg dw � @ �78 � = Wkh xqlirup olqhdu duud| kdv

irxu hohphqwv zlwk dq lqwhu0hohphqw vsdflqj ri g @ �@51 Dv fdq eh vhhq/ wkh pdlq oreh ri

wkh ehdp sdwwhuq srlqwv wrzdug wkh ghvluhg xvhu/ dqg d qxoo lv sodfhg lq wkh gluhfwlrq ri

wkh lqwhuihuhu1 Qrwlfh wkdw wkh ehdp sdwwhuq lv v|pphwulf derxw wkh d{lv ri wkh duud|1 Wklv

rffxuv ehfdxvh d vljqdo duulylqj iurp dqjoh � dqg rqh iurp dqjoh 4;3� � surgxfh wkh vdph
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lqfuhphqwdo skdvh vkliwv iurp hohphqw wr hohphqw +vhh Ilj1 516,1

(a) (b)
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Iljxuh 518= Ehdp sdwwhuqv iru d 7 hohphqw xqlirup olqhdu duud| zlwk lqwhu0hohphqw vsdflqj
+d, g @ 3=8� dqg +e, g @ 3=:8�= Wkh ghvluhg xvhu lv orfdwhg dw � @ 63 � dqg wkh frfkdqqho
lqwhuihuhu dw � @ �78 �

=

Zkloh fodvvlfdo ehdpiruplqj lv d vhhplqjo| dwwudfwlyh whfkqltxh iru vxssuhvvlqj frfkdq0

qho lqwhuihuhqfh/ lw lv qrw dssursuldwh lq d preloh frppxqlfdwlrqv hqylurqphqw iru vhyhudo

uhdvrqv1 Rqh lv wkdw dqjoh vsuhdg pdnhv wkh qxpehu ri duulydov h{fhhgv wkh qxpehu ri dq0

whqqdv1 Dv d uhvxow/ lw lv qrw srvvleoh wr sodfh qxoov lq wkh gluhfwlrq ri doo lqwhuihulqj duulydov1

Ixuwkhupruh/ wkh wudglwlrqdo DRD hvwlpdwlrq whfkqltxhv euhdn grzq1

Dqrwkhu vljql�fdqw sureohp uhodwhv wr dqwhqqd vsdflqj uhtxluhphqwv1 Lq preloh frp0

pxqlfdwlrqv/ rewdlqlqj glyhuvlw| iurp d ydulhw| ri vrxufhv lv ylwdo lq rughu wr frpedw wkh

h�hfwv ri idglqj1 Wkh xvh ri pxowlsoh dqwhqqdv lv dq dwwudfwlyh phwkrg ri rewdlqlqj h{solflw

glyhuvlw|> krzhyhu/ wkh dqwhqqdv pxvw eh vsdfhg zlgho| wr rewdlq lqghshqghqw idglqj dfurvv

wkh duud|1 Wkh uhtxluhg vhsdudwlrq ghshqgv rq wkh ghjuhh ri dqjoh vsuhdg dv zhoo dv wkh

d}lpxwk ri wkh prelohv ^<`/ exw d uxoh ri wkxpe lv wkdw d 43 wr 53 zdyhohqjwk vhsdudwlrq

ghfruuhodwhv wkh idglqj vxfk wkdw glyhuvlw| lv rewdlqhg1 Vpdoohu vhsdudwlrqv ohdg wr kljkhu

fruuhodwlrq> krzhyhu/ dv irxqg lq ^<`/ fruuhodwlrq frh�flhqwv dv kljk dv derxw 319 gr qrw

vljql�fdqwo| ghjudgh shuirupdqfh1 Dv vkrzq lq Ilj1 518+e, vsdflqj wkh dqwhqqd hohphqwv

zlghu wkdq d kdoi zdyhohqjwk fdxvhv judwlqj orehv ^7`1 Wkh ehdp sdwwhuq iru g @ 3=:8�

vkrzv wkdw zkloh I� +63
�, @ 4 dqg I� +78

�, @ 3 dv ghvluhg/ vhyhudo rwkhu orehv duh irfxvhg
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wrzdugv xqlqwhqghg gluhfwlrqv1 Wklv lv xqghvludeoh/ vlqfh lqwhufhoo frfkdqqho lqwhuihuhqfh

pd| eh hqkdqfhg1 Frqvhtxhqwo|/ lqwhuihuhqfh vxssuhvvlrq whfkqltxhv pruh vxlwdeoh wr d

preloh frppxqlfdwlrqv hqylurqphqw kdyh ehhq ghyhorshg1 Wkhvh duh glvfxvvhg lq wkh qh{w

vhfwlrq1

2���2 #��iht�|) �L4M�?�?}

Lq d preloh frppxqlfdwlrqv hqylurqphqw/ lw lv qhfhvvdu| wr prgli| wkh uhfhlyhg vljqdo

prgho lq rughu wr wdnh lqwr dffrxqw pxowlsdwk idglqj1 Ehfdxvh wkhuh lv qr vlqjoh DRD lq

dqjoh vsuhdg/ dqg ehfdxvh zlgh dqwhqqd vsdflqjv duh uhtxluhg wr dfklhyh glyhuvlw|/ DRD

lqirupdwlrq fhdvhv wr eh d idfwru dqg wkh prgho ehfrphv vwrfkdvwlf1

Dq dssursuldwh prgho ri wkh uhfhlyhg vljqdo yhfwru u +n, lq Ilj1 515 iru wkh fdvh ri

iuhtxhqf|0�dw Ud|ohljk idglqj lv

u +n, @
�[
6'�

D6f6 +n, j6 +n, . q +n, = +51:,

Wkh hohphqwv ri wkh fkdqqho jdlq yhfwru j6 +n, duh frpsoh{ Jdxvvldq udqgrp yduldeohv

+UYv, doo zlwk wkh vdph yduldqfh �2}6 = Dvvxplqj wkh dqwhqqdv duh vsdfhg idu hqrxjk dsduw

wr rewdlq glyhuvlw|/ wkh hohphqwv ri j6 +n, duh lqghshqghqw1 Wkh hohphqwv ri wkh qrlvh yhfwru

q +n, duh dovr lqghshqghqw/ lghqwlfdoo| glvwulexwhg +l1l1g1, frpsoh{ Jdxvvldq UYv exw zlwk

yduldqfh QJ1 Wkh gdwd v|perov duh qrupdol}hg vxfk wkdw H
k
mf6 +n,m2

l
@ 41 Wklv h{suhvvlrq

lv vlplodu wr wkdw lq +515,> krzhyhu/ DRD lqirupdwlrq lv qrw h{solflwo| prghohg/ udwkhu lw lv

oxpshg lq zlwk wkh udqgrp fkdqqho jdlq yhfwruv1

Dq lpsruwdqw idfw zlwk uhjdugv wr wkh vljqdo prgho lq +51:, lv wkdw hyhq li wzr prelohv

duh vxuurxqghg e| wkh vdph vhw ri vfdwwhuhuv/ wkh fkdqqho jdlq yhfwruv dw wkh uhfhlyhu duh

lqghshqghqw dv orqj dv wkh prelohv duh vhsdudwhg e| pruh wkdq d ihz zdyhohqjwkv1 Wklv lv

gxh wr wkh udslgo| ydu|lqj vsdwldo �hog vxuurxqglqj wkh prelohv= w|slfdoo| wkh fkdqqho jdlqv

fkdqjh lq dv olwwoh dv kdoi d zdyhohqjwk � d glvwdqfh ri rqo| 48 fp iru d fduulhu iuhtxhqf|

ri 4 JK}1 Dv d uhvxow/ lqwhuihuhqfh vxssuhvvlrq pd| eh dffrpsolvkhg zlwk yhu| olwwoh vsdwldo

lvrodwlrq/ lq frqwudvw wr fodvvlfdo ehdpiruplqj zklfk uhtxluhv prelohv wr eh zlgho| vhsdudwhg

lq d}lpxwk1
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Pd{lpdo Udwlr Frpelqhu

Lw lv lqvwuxfwlyh wr �uvw lqyhvwljdwh wkh vshfldo fdvh ri d vlqjoh0xvhu v|vwhp zklfk ohdgv wr

wkh zhoo0nqrzq pd{lpdo udwlr frpelqlqj +PUF, uhfhlyhu ^43` zklfk lv h�hfwlyh iru qrlvh

vxssuhvvlrq1 Lq wklv fdvh/ wkh uhfhlyhg vljqdo lq +51:, lv u +n, @ Df +n,j +n, . q +n, zklfk lv

iuhh ri lqwhuihuhqfh iurp rwkhu xvhuv1 Wr dfklhyh qrlvh vxssuhvvlrq/ wkh zhljkw yhfwru z +n,

lq Ilj1 515 lv fkrvhq vr dv wr pd{lpl}h wkh lqvwdqwdqhrxv vljqdo0wr0qrlvh udwlr +VQU, dw wkh

frpelqhu rxwsxw jlyhq e|

� @

�

2
H

����Df +n,z +n,_ j +n,
���2
�

�

2
H

����z +n,_ q +n,
���2
� @

D2

5QJ

���z +n,_ j +n,
���2���z +n,_z +n,
��� = +51;,

Xvlqj Vfkzduw}*v lqhtxdolw| ^:`/ zklfk vwdwhv wkdw
��{_|

�� � n{n n|n zkhuh n{n lv wkh Hx0

folghdq qrup +ohqjwk, ri wkh yhfwru {/

� �
D2

5QJ

nj +n,n2 = +51<,

Htxdolw| lv dfklhyhg zlwk z +n,@Nj +n, zkhuh N lv dq duelwudu| frqvwdqw1 Fkrrvlqj N @ 4

uhvxowv lq wkh frpelqhu rxwsxw

| +n, @ z
_ +n, u +n, @ D nj +n,n2 f +n, . j

_ +n,q +n, +5143,

zklfk vkrzv wkdw wkh vljqdo rq d sduwlfxodu eudqfk lv zhljkwhg e| wkh frqmxjdwh ri wkh

frpsoh{ jdlq rq wkdw eudqfk1 Zlwk wklv zhljkwlqj/ wkh vljqdov rq doo eudqfkhv frpelqh

frkhuhqwo| dqg glyhuvlw| lv rewdlqhg1

Iru wkh fdvh ri elqdu| skdvh0vkliw nh|lqj +ESVN, prgxodwlrq/ gdwd ghwhfwlrq lv edvhg

rq wkh ghflvlrq yduldeoh g +n, @ Uh ^| +n,` = Dvvxplqj wkh elw0wr0v|pero pdsslqj ^3> 4` $

^4>�4` > wkh ghwhfwru ghflghv d c3* zdv wudqvplwwhg li g +n, � 3> dqg d c4* zdv wudqvplwwhg li

g +n, ? 3= Wkh uhvxowlqj dyhudjh elw0huuru udwh +EHU, ^;` lv

SK @
4

+4� u,2u3�

u3�[
&'f

�
5O� 4

n

�
+�u,& +5144,

zkhuh

u @
4 .

s
4 . �3�

4�
s
4 . �3�

+5145,
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dqg � lv wkh dyhudjh shu0dqwhqqd VQU jlyhq e| � @ D2�2}@QJ=

Wkh glyhuvlw| h�hfw lv revhuyhg e| orrnlqj dw wkh dv|pswrwlf EHU/ rewdlqhg e| ohwwlqj

� lq wkh deryh h{suhvvlrqv ehfrph yhu| odujh1 Iru �  4> wkh txdqwlw| u dssurdfkhv

u@r+6R @ �7� zklfk lqfuhdvhv zlwkrxw erxqg dv � lqfuhdvhv1 Wkxv/ wkh vxppdwlrq lq

+5144, lv grplqdwhg e| wkh odvw whup/ uhvxowlqj lq wkh dv|pswrwlf EHU

SKc@r+6R @

�
5O� 4

O� 4

�
+�u@r+6R,

3u

@ 73u
�
5O� 4

O� 4

�
�3u= +5146,

Wklv uhvxow vkrzv wkdw wkh EHU ydulhv dv|pswrwlfdoo| dv �3u= Lq rwkhu zrugv/ O0irog glyhuvlw|

lv rewdlqhg1 Wkh glyhuvlw| h�hfw lv looxvwudwhg lq Ilj1 519 zklfk sorwv erwk wkh EHU dqg

dv|pswrwlf EHU1 Fohduo|/ glyhuvlw| uhfhswlrq lpsuryhv shuirupdqfh gudpdwlfdoo|1 Zlwk O

dqwhqqdv/ d 43 gE lqfuhdvh lq VQU uhvxowv lq d uhgxfwlrq lq EHU ri O rughuv ri pdjqlwxgh1

]hur Iruflqj Frpelqhu

Iru wkh fdvh ri pxowlsoh xvhuv lq zklfk wkh jhqhudo vljqdo prgho lq +51:, dssolhv/ wkh vlpsohvw

whfkqltxh ri dfklhylqj lqwhuihuhqfh vxssuhvvlrq lv wkurxjk wkh }hur iruflqj +]I, whfkqltxh/

dqdorjrxv wr ]I htxdol}huv ^;`1 Wklv phwkrg lv yhu| vlplodu lq vslulw wr wkh phwkrg ri fkrrv0

lqj wkh dqwhqqd zhljkwv iru fodvvlfdo ehdpiruplqj1 Wkh vdph olqhdu frpelqlqj vwuxfwxuh

dv lq Ilj1 517 lv xvhg/ dqg wkh zhljkw yhfwru iru wkh pwk xvhu lv fkrvhq dffruglqj wr wkh

}hur0iruflqj fulwhulrq

z_
6 +n,j? +n, @

+
4

3

> q @ p

> q 9@ p
+5147,

zklfk uhvxowv lq wkh frpelqhu rxwsxw

|6 +n, @ z_
6
+n, u +n, @ D6f6 +n, .z_

6
+n,q +n, = +5148,

Fohduo|/ wkh lqwhuihuhqfh iurp rwkhu xvhuv lv frpsohwho| vxssuhvvhg1

Wkh fulwhulrq lq +5147, pd| dovr eh h{suhvvhg dv J +n,z6 +n, @ e6 zkhuh wkh pwk urz

ri wkh fkdqqho jdlq pdwul{ J +n, lv jlyhq e| j_6 +n, = Olnh zlwk fodvvlfdo ehdpiruplqj/ wkh

vroxwlrq lv zhoo gh�qhg +l1h1/ wkh lqwhuihuhqfh iurp rwkhu xvhuv lv frpsohwho| vxssuhvvhg, dv

orqj dv P � O dqg dv orqj dv J +n, lv ri ixoo udqn1 Ehfdxvh J +n, lv udqgrp/ wkh ixoo

udqn frqglwlrq lv suredelolvwlf> krzhyhu/ dv orqj dv wkh fkdqqho jdlqv yhfwruv duh gl�huhqw
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Iljxuh 519= Dyhudjh EHU iru wkh PUF uhfhlyhu zlwk O dqwhqqdv1

dprqj doo xvhuv/ lw rffxuv zlwk suredelolw| rqh1 Lq wklv uhjdug/ idglqj lv dfwxdoo| d ehqh�w

lq whupv ri vljqdo vhsdudelolw|= wkh xvhuv qhhg qrw eh vhsdudwho| zlgho| lq d}lpxwk lq rughu

wr vxssuhvv lqwhuihuhqfh1

Wkh shuirupdqfh ri wkh ]I frpelqhu pd| eh uhodwhg wr wkdw ri wkh PUF frpelqhu ^44`

dv zloo qrz eh vkrzq1 Lq wklv glvfxvvlrq/ wkh wlph yduldqfh ri doo yduldeohv lv gursshg iru

frpsdfwqhvv ri qrwdwlrq1 D frqyhqlhqw fkrlfh ri wkh zhljkw yhfwru wkdw vdwlv�hv +5147, lv

z6 @ X6y6 zkhuh wkh pdwul{ X6 lv ri glphqvlrq O � +O�P . 4,/ dqg wkh yhfwru y6

lv ri glphqvlrq +O�P . 4, � 4= Wkh frpelqhu rxwsxw lv wkxv |6 @ z
_
6u @ y

_
6u

�
6

zkhuh

u�
6

@ X
_
6u1 Wkh ohqjwk ri u�

6
lv +O�P . 4, = Wklv vkrzv wkdw u lv �uvw surmhfwhg rqwr

d orzhu glphqvlrqdo vxevsdfh1 Wkh frpsrqhqwv ri wkh uhgxfhg glphqvlrqdolw| yhfwru u�
6

duh wkhq zhljkwhg dqg frpelqhg xvlqj wkh yhfwru y6= Wkh ixqfwlrq ri wkh pdwul{ X6 lv wr

vxssuhvv lqwhuihuhqfh/ dqg wkdw ri y6 lv wr shuirup glyhuvlw| frpelqlqj1
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Lq rughu wr vxssuhvv lqwhuihuhqfh/ wkh froxpqv ri X6 duh fkrvhq wr eh ruwkrjrqdo wr doo

exw wkh pwk froxpq ri wkh fkdqqho jdlq pdwul{ J1 Vlqfh wkh froxpqv ri J +wkh xvhuv* jdlq

yhfwruv, duh ri glphqvlrq O/ wkh froxpqv ri X6 olh lq wkh O�P . 4 glphqvlrqdo vxevsdfh

ruwkrjrqdo wr wkh vsdfh vsdqqhg e| wkh vhw ri yhfwruv ij�>j2> � � � >j63�>j6n�> � � � >j�j =

Wkxv/

u
�

6
@

5
999997

x
_
6c�

x
_
6c2

1

1

1

x
_
6cu3�n�

6
:::::8

k
D�j� D2j2 � � � D�j�

l

5
999997

f�

f2

1

1

1

f�

6
:::::8
.X_

6
q

@ D6f6j
�
6
. q� +5149,

zkhuh wkh ohqjwk0O yhfwru x
6c, lv wkh owk froxpq ri wkh pdwul{ X6= Wkh uhgxfhg glphqvlrq0

dolw| jdlq dqg qrlvh yhfwruv duh jlyhq e| j�6 @ X
_
6j6 dqg q� @ X

_
6q1 Wkh odwwhu htxdolw|

ri +5149, fohduo| vkrzv wkdw wkh lqwhuihuhqfh iurp rwkhu xvhuv kdv ehhq vxssuhvvhg1

Li wkh froxpqv ri X6 duh fkrvhq vr dv wr irup dq ruwkrqrupdo edvlv ri wkh ruwkrjrqdo

vxevsdfh � wkdw lv/ X_
6X6 @ Lu3�n� zkhuh L� lv wkh lghqwlw| pdwul{ ri rughu Q � wkhq

wkh vwdwlvwlfv ri j�6 dqg q� duh lqyduldqw xqghu wkh wudqvirupdwlrq X_
6= Lq rwkhu zrugv/ wkh

hohphqwv ri erwk j�6 dqg q� uhpdlq lqghshqghqw dqg lghqwlfdoo| glvwulexwhg zlwk xqfkdqjhg

yduldqfhv �2}6 dqg QJ uhvshfwlyho|1 Wkh rqo| gl�huhqfh lv wkdw j�6 dqg q� duh ri glphqvlrq

O�P . 4 lqvwhdg ri O=

Lq rughu wr vdwlvi| +5147,/ wkh yhfwru y6 vkrxog eh fkrvhq dv

y6 @
j

�

6

nj�

6
n2
= +514:,

Lqwhuhvwlqjo|/ wklv fkrlfh ri y6 lv suhflvho| wkh vdph zhljkw yhfwru dv rqh zrxog fkrrvh

li shuiruplqj pd{lpdo udwlr frpelqlqj zlwk wkh wudqviruphg uhfhlyhg vljqdo yhfwru u
�

6
=

Vlqfh wkh frpsrqhqwv ri u�

6
duh l1l1g1/ wkh shuirupdqfh ri wkh ]I uhfhlyhu zlwk O dqwhqqdv

dqg P lqwhuihulqj xvhuv lv lghqwlfdo wr wkh PUF uhfhlyhu rshudwlqj lq dq lqwhuihuhqfh0iuhh

hqylurqphqw zlwk O�P.4 dqwhqqdv1 Lq rwkhu zrugv/ wkh sulfh sdlg iru qxoolqj lqwhuihuhqfh

lv d uhgxfwlrq lq glyhuvlw| rughu iru doo xvhuv1 Iru h{dpsoh/ zlwk rqh xvhu/ wkh glyhuvlw| rughu

lv O> zkhuhdv zlwk P xvhuv wkh glyhuvlw| rughu lv uhgxfhg wr xqlw| iru doo xvhuv1
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PPVH Frpelqhu

Wkh ]I frpelqhu dfklhyhv frpsohwh vxssuhvvlrq ri lqwhuihuhqfh/ zlwk qr uhjdug wr wkh uhod0

wlyh ohyhov ri qrlvh dqg lqwhuihuhqfh1 Wklv lv xqghvludeoh dw orz VQUv zkhuh wkh qrlvh ohyho lv

vljql�fdqw1 Dq dowhuqdwlyh vwuxfwxuh wkdw edodqfhv wkh vxssuhvvlrq ri qrlvh dqg lqwhuihuhqfh

lv wkh PPVH frpelqhu1 Zlwk PPVH dqwhqqd frpelqlqj +riwhq fdoohg rswlpxp frpelqlqj

^45`, wkh dqwhqqd zhljkwv iru wkh pwk xvhu duh fkrvhq vr dv wr plqlpl}h wkh phdq vtxduhg

huuru +PVH, ehwzhhq wkh wudqvplwwhg v|pero f6 +n, dqg wkh frpelqhu rxwsxw |6 +n,1 Lq

wklv zd|/ wkh qrlvh dqg lqwhuihuhqfh duh wuhdwhg dv d frpelqhg glvwxuedqfh wr wkh ghvluhg

vljqdo1 Wkh frpelqhu dwwhpswv wr plqlpl}h wkh glvwxuedqfh/ luuhvshfwlyh ri wkh uhodwlyh

ohyhov ri wkh qrlvh dqg lqwhuihuhqfh1

Wkh PVH iru d jlyhq zhljkw yhfwru z_
6 +n, lv

%6 @
4

5
H

����f6 �z_
6
u

���2
�

@
4

5
� s_

6
z6 �z

_
6
s6.z

_
6
Uz6 +514;,

zkhuh s6 @ �

2
H ^fW

6
u` lv wkh furvv0fruuhodwlrq yhfwru ehwzhhq wkh wudqvplwwhg v|pero vh0

txhqfh dqg wkh yhfwru ri uhfhlyhg vdpsohv/ dqg U @�

2
H

�
uu

_
�
lv wkh fryduldqfh pdwul{ ri wkh

uhfhlyhg vdpsoh yhfwru1 Wkh h{shfwdwlrq lv wdnhq ryhu wkh qrlvh hqvhpeoh dqg wkh v|pero

hqvhpeohv ri doo xvhuv1 Djdlq/ wkh wlph ghshqghqfh ri doo yduldeohv kdv ehhq gursshg iru

frpsdfwqhvv ri qrwdwlrq1 Gl�huhqwldwlqj +514;, zlwk uhvshfw wr zW
6

jlyhv

C%6

CzW
6

@ �s6 .Uz6= +514<,

Vhwwlqj wklv uhvxow wr }hur dqg vroylqj iru wkh rswlpdo zhljkw yhfwru jlyhv z6cJ @ U
3�s61

Vxevwlwxwlqj wklv edfn lqwr +514;, jlyhv wkh plqlpxp PVH dv %6cJ @
�

2
� s

_
6U

3�s6=

Lq pruh ghwdlo/ wkh furvv fruuhodwlrq yhfwru lv

s6 @
4

5
H

%
f
W

6

#
�[
?'�

D?f?j? . q

$&

@
4

5
D6j6 +5153,

zkhuh lw kdv ehhq dvvxphg wkdw wkh xvhuv* v|pero vhtxhqfhv duh pxwxdoo| xqfruuhodwhg dqg



FKDSWHU 51 EDFNJURXQG 4:

wkdw wkh v|pero vhtxhqfhv dqg qrlvh vhtxhqfh duh xqfruuhodwhg1 Xqghu wkh vdph dvvxps0

wlrqv/ wkh fryduldqfh pdwul{ lv

U @
4

5
H

%
�[
6'�

�[
?'�

D6D?f6f
W

?
j6j

_
?

&
.

4

5
H

k
qq_

l

@
4

5

�[
?'�

D
2

?j?j
_
? .QJL

zkhuh L lv wkh O � O lghqwlw| pdwul{1 Wklv jlyhv wkh rswlpdo zhljkw yhfwru iru wkh PPVH

frpelqhu dv

z6cJ +n, @ D6

%
�[
?'�

D
2

?j? +n,j
_
?
+n, . 5QJL

&3�

j6 +n, +5154,

zkhuh wkh wlph ghshqghqfh kdv ehhq uhlqvhuwhg1

Dq lqwhuhvwlqj idfw lv wkdw wkh dv|pswrwlf shuirupdqfh ri PPVH dqg ]I duh lghqwlfdo

^44`1 Qrupdoo| wkh PPVH frpelqhu edodqfhv lqwhuihuhqfh dqg qrlvh vxssuhvvlrq> krzhyhu/

lq wkh kljk VQU uhjlph zkhuh qrlvh lv qhjoljleoh/ lw qhhg rqo| vxssuhvv lqwhuihuhqfh zklfk lv

h{dfwo| zkdw wkh ]I frpelqhu grhv1 Wkxv/ iru PPVH frpelqlqj zlwk O dqwhqqdv dqg P

xvhuv/ wkh glyhuvlw| rughu h{shulhqfhg e| hdfk xvhu lv O�P .4/ dqg wkh pd{lpxp qxpehu

ri xvhuv lv olplwhg wr wkh qxpehu ri dqwhqqdv1 Lw zloo eh vkrzq odwhu lq wklv wkhvlv wkdw

wkh orvv lq glyhuvlw| rughu dv wkh qxpehu ri xvhuv lqfuhdvhv kdv dq dgyhuvh h�hfw rq v|vwhp

fdsdflw|1

Revhuylqj +5154,/ rqh fdq vhh wkdw wkh rswlpdo zhljkw yhfwru lv d ixqfwlrq ri wkh lqvwdqwd0

qhrxv fkdqqho jdlq yhfwruv1 Wkxv/ rqh rswlrq iru PPVH frpelqlqj lv wr h{solflwo| hvwlpdwh

wkh fkdqqho jdlq yhfwruv wkurxjk d wudlqlqj0edvhg pxowlxvhu fkdqqho hvwlpdwlrq whfkqltxh

vxfk dv wkh rqh ghyhorshg lq Fkdswhu 8 ri wklv wkhvlv1 Dqrwkhu rswlrq lv wr dyrlg h{solflw

fkdqqho hvwlpdwlrq dqg lpsohphqw rqh ri d qxpehu ri dgdswlyh whfkqltxhv/ dowkrxjk wkhvh

whfkqltxhv vwloo uhtxluh vrph vruw ri wudlqlqj1 Iru h{dpsoh/ ^46` frqvlghuv dgdswlylw| xvlqj

wkh zhoo0nqrzq ohdvw phdq vtxduhv +OPV, dojrulwkp1

Wkh OPV dojrulwkp lq wkh frqwh{w ri dq dgdswlyh duud| surfhhgv dv iroorzv1 Revhuyh

wkdw wkh phdq vtxduhg huuru %6 lq +514;, lv d txdgudwlf ixqfwlrq ri wkh zhljkw yhfwru z61

Wkxv/ rqh pd| ylvxdol}h %6 dv d erzo0vkdshg vxuidfh zlwk d xqltxh plqlpxp wkdw rffxuv

dw z6 @ U3�s6= Wkh dgdswdwlrq surfhvv kdv wkh wdvn ri frqwlqxdoo| vhdufklqj iru wkh

plqlpxp srlqw ri wkh huuru vxuidfh1 Wklv lv dffrpsolvkhg e| vwduwlqj zlwk dq duelwudu|

zhljkw yhfwru dqg wkhq frqwlqxdoo| dgmxvwlqj lw lq d gluhfwlrq rssrvlwh wr wkh judglhqw ri
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wkh huuru vxuidfh u%6/ l1h1/ lq wkh gluhfwlrq ri vwhhshvw ghvfhqw1 Wkh wuxh judglhqw lv jlyhq

e| htxdwlrq +514<,> krzhyhu/ wklv h{suhvvlrq uhtxluhv wkh fdofxodwlrq ri s6 dqg U zklfk lq

wxuq uhtxluh h{solflw nqrzohgjh ri wkh fkdqqho jdlq yhfwruv1 Wkxv/ dw wkh qwk lwhudwlrq/ wkh

OPV dojrulwkp xvhv dq lqvwdqwdqhrxv hvwlpdwh ri wkh judglhqw jlyhq e|

eu%6 +q, @ �es6 +q, . eU +q,z6 +q, +5155,

zkhuh es6 +q, @ f
W

6
+q, u +q, dqg eU +q, @ u +q, u_ +q, = Wkh zhljkw yhfwru dw wkh q . 4wk

lwhudwlrq lv wkhq

z6 +q. 4, @ z6 +q,� �eu%6 +q,

@ z6 +q, . �u +q, hW
6
+q, > +5156,

zkhuh wkh huuru vljqdo h6 +q, lv jlyhq e|

h6 +q, @ f6 +q,� |6 +q, = +5157,

Wkh huuru vljqdo lv wkh gl�huhqfh ehwzhhq wkh ghvluhg +ru uhihuhqfh, vljqdo dqg wkh frpelqhu

rxwsxw1 Lw lv wkh phdq0vtxduh ydoxh ri wkh huuru vljqdo wkdw wkh dojrulwkp dwwhpswv wr

plqlpl}h1 Wkh sdudphwhu � lv fdoohg wkh vwhs0vl}h/ dqg lw frqwurov wkh vshhg ri dgdswdwlrq

dv zhoo dv wkh dprxqw ri mlwwhu lq wkh frqyhujhg ydoxh ri wkh zhljkw yhfwru1

Hylghqwo|/ wkh OPV dojrulwkp lv yhu| vlpsoh> lw kdv rqo| rqh sdudphwhu/ dqg ghshqgv

rqo| rq wkh ydoxh ri wkh huuru vljqdo dqg wkh duud| rxwsxw u +q, = Krzhyhu/ fdofxodwlrq ri wkh

huuru vljqdo uhtxluhv nqrzohgjh ri wkh v|pero vhtxhqfh ri wkh pwk xvhu zklfk lv xqnqrzq1

Wkxv/ shulrglf wudlqlqj lv uhtxluhg/ �uvw iru lqlwldo frqyhujhqfh/ wkhq iru wudfnlqj fkdqjhv lq

wkh fkdqqho frqglwlrqv1 Lq ehwzhhq wudlqlqj shulrgv/ d ghflvlrq gluhfwhg prgh pd| eh xvhg1

Wkh OPV dojrulwkp w|slfdoo| vx�huv iurp vorz frqyhujhqfh/ olplwlqj lwv xvh wr d yhu| vorz

idglqj hqylurqphqw ^46`1 Lq d idvwhu idglqj hqylurqphqw/ dojrulwkpv vxfk dv uhfxuvlyh0ohdvw0

vtxduhv +UOV, kdyh ehhq dssolhg/ wkrxjk UOV vwloo uhtxluhv wudlqlqj dqg lv vljql�fdqwo|

pruh frpsoh{ wkdq OPV1

2���� #��iht�|) �L4M�?�?} �? #i*@) 5Thi@_

Dv phqwlrqhg suhylrxvo|/ wkh lqwhuihuhqfh vxssuhvvlrq whfkqltxhv lq wkh iruhjrlqj vhfwlrqv

kdyh dv|qfkurqrxv xvhu2iuhtxhqf|0vhohfwlyh idglqj +ghod| vsuhdg, frxqwhusduwv1 Iru wkh

prvw sduw/ wkh uhfhlyhu vwuxfwxuhv zlwk dqwhqqd glyhuvlw| duh d jhqhudol}dwlrq ri zhoo0nqrzq
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vlqjoh0fkdqqho htxdol}hu vwuxfwxuhv1 Lq wklv vhfwlrq/ dq PPVH olqhdu htxdol}hu2frpelqhu

vwuxfwxuh dqg d ghflvlrq ihhgedfn htxdol}hu +GIH, vwuxfwxuh duh eulh�| glvfxvvhg1

Lq d ghod| vsuhdg hqylurqphqw/ dq dssursuldwh prgho iru wkh uhfhlyhg vljqdo rq wkh owk

dqwhqqd diwhu pdwfkhg �owhulqj dqg vdpsolqj wzlfh shu v|pero shulrg lv

u, +n, @
�[

6'�

D6f
A

6 +n,k,6 +n, . q, +n, +5158,

zkhuh k,6 +n, frqwdlqv A

2
0vsdfhg vdpsohv ri wkh wlph yduldqw lpsxovh uhvsrqvh k,6 +� > w, ri

wkh fkdqqho ehwzhhq wkh pwk xvhu dqg wkh owk dqwhqqd +vhh wkh fkdqqho prgho lq Fkdswhu

8,1 Wkh v|pero yhfwru f6 +n, frqwdlqv wkh fxuuhqw dqg sdvw v|perov vsdqqlqj wkh phpru|

ri wkh fkdqqho lpsxovh uhvsrqvh +FLU,1 Wkh FLU lqfoxghv wkh h�hfwv ri wkh wudqvplw �owhu

s +w, > wkh sk|vlfdo fkdqqho j,6 +� > w, > wkh pdwfkhg �owhu sW +�w, > dv zhoo dv wkh uhodwlyh ghod|

�6 wkdw prghov wkh odfn ri v|qfkurqlvp ehwzhhq xvhuv1 Qrwh wkdw vdpsolqj wzlfh shu v|pero

lv uhtxluhg lq rughu wr dyrlg doldvlqj wkh FLU1

PPVH frpelqlqj2htxdol}dwlrq lq d ghod| vsuhdg hqylurqphqw lv dffrpsolvkhg e| hp0

sor|lqj d �owhu rq hdfk glyhuvlw| eudqfk ^47`/^48` udwkhu wkdq d vlqjoh zhljkw dv lq Ilj1 5171

Lq wklv zd|/ wkh vwuxfwxuh lv deoh wr vxssuhvv lqwhu0v|pero lqwhuihuhqfh +LVL, dv zhoo dv FFL1

Ilj1 51: vkrzv d eorfn gldjudp ri wkh frpelqhu2htxdol}hu vwuxfwxuh1 Wkh �owhu rq wkh owk

eudqfk ri wkh pwk xvhu*v frpelqhu lv ghvljqhg wr vsdq wkh phpru| ri wkh fkdqqho lpsxovh

uhvsrqvh dqg kdv frh�flhqwv vwruhg lq wkh ohqjwk0OS yhfwru z,6 +n, = Wkh lqsxw wr wklv �owhu

lv wkh yhfwru u, +n, zklfk frqwdlqv wkh vdpsohv u, +n, > u, +n � 4, > � � � > u, +n �OS � 4,1 Wkh

rxwsxw ri wkh frpelqhu iru wkh pwk xvhu lv wkhq

|6 +n, @
u[

,'�

z
_
,6 +n, u, +n, = +5159,

Vlqfh wkh �owhuv rq hdfk eudqfk pxvw eh mrlqwo| rswlpl}hg/ d ohqjwk0OOS mrlqw zhljkw

yhfwru x6 +n, lv gh�qhg zklfk lv vlpso| wkh frqfdwhqdwlrq ri wkh O gl�huhqw �owhu yhfwruv

z,6 +n, ri wkh pwk xvhu*v frpelqhu1 Vlploduo|/ d ohqjwk0OOS mrlqw vdpsoh yhfwru { +n, lv

gh�qhg dv wkh frqfdwhqdwlrq ri wkh O gl�huhqw uhfhlyhg vdpsoh yhfwruv u, +n,1 Wkh frpelqhu

rxwsxw lv wkhq |6 +n, @ x
_
6 +n,{ +n, zklfk lv htxlydohqw wr +5159,1 PPVH rswlpl}dwlrq wkhq

surfhhgv lq d vlplodu pdqqhu dv ghvfulehg lq wkh suhylrxv vhfwlrq1 Wkh rswlpdo mrlqw �owhu

yhfwru lv x6cJ +n, @ U3�s6 zkhuh U lv wkh fryduldqfh pdwul{ ri wkh yhfwru { +n,/ dqg s6 lv

wkh furvv fruuhodwlrq ehwzhhq wkh pwk xvhuv v|pero f6 +n, dqg wkh uhfhlyhg vdpsoh yhfwru

{ +n, =
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Σ Σ Decision

FB Filter
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Iljxuh 51:= Frpelqhu2htxdol}hu vwuxfwxuh zlwk ru zlwkrxw ghflvlrq ihhgedfn1
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Dv zlwk PPVH frpelqlqj lq �dw idglqj/ wkh PPVH htxdol}hu2frpelqhu khuh uhtxluhv

wudlqlqj/ hlwkhu wr hvwlpdwh wkhP xvhuv* fkdqqho yhfwruv h{solflwo|/ ru wr irup dq huuru vljqdo

iru xvh lq dgdswlqj wkh �owhu frh�flhqwv1 Ixuwkhupruh/ lw lqfxuv d orvv lq glyhuvlw| rughu

dv wkh qxpehu ri xvhuv lqfuhdvhv1 Suhflvh vwdwhphqwv derxw wkh dfwxdo glyhuvlw| rughu duh

gl�fxow wr pdnh/ ehfdxvh wkh htxdol}hu h{sorlwv wkh lpsolflw iuhtxhqf| glyhuvlw| dydlodeoh lq

wkh pxowlsdwk fkdqqhov zklfk ghshqgv rq wkh dfwxdo srzhu0ghod| sur�ohv ^48`1

Ehfdxvh olqhdu htxdol}huv duh qrw deoh wr h�hfwlyho| htxdol}h fhuwdlq fkdqqhov vxfk dv wkrvh

zlwk vshfwudo qxoov/ wkh dxwkruv ri ^49`/ ^4:`/ dqg ^4;` sursrvh wr lpsuryh wkh shuirupdqfh

ri wkh PPVH frpelqhu2htxdol}hu e| hpsor|lqj ghflvlrq ihhgedfn wr fdqfho uhvlgxdo LVL gxh

wr suhylrxvo| ghwhfwhg v|perov1 Qrwh wkdw qrw doo wkh LVL lv fdqfhoohg> wkh LVL gxh wr wkh

ixwxuh xqghwhfwhg v|perov uhpdlqv1 Lq wkhvh vwxglhv/ wkh ghflvlrqv ri wkh pwk xvhu duh ihg

edfn wr wkh rxwsxw ri wkh pwk frpelqhu dv vkrzq e| wkh gdvkhg olqhv lq Ilj1 51:1 Krzhyhu/

dv zlwk doo ghflvlrq ihhgedfn vwuxfwxuhv/ fruuhfw ghflvlrqv pxvw eh ihg edfn wr dyrlg huuru

sursdjdwlrq dqg wkh dvvrfldwhg ghjudgdwlrq lq shuirupdqfh1

Lq ^4<`/ ^53`/ dqg ^54`/ wkh dxwkruv sursrvh wr lpsuryh shuirupdqfh hyhq ixuwkhu e|

ihhglqj edfn ghflvlrqv ri rwkhu xvhuv wr fdqfho wkh uhvlgxdo LVL gxh wr wkh suhylrxvo| ghwhfwhg

v|perov ri wkh frfkdqqho lqwhuihuhuv1 Wklv furvv0ihhgedfn vwuxfwxuh lv uhplqlvfhqw ri mrlqw

ghwhfwlrq/ glvfxvvhg lq wkh qh{w vhfwlrq/ zkhuh wkh vwuxfwxuh ri wkh frfkdqqho lqwhuihuhqfh lv

h{sorlwhg wr wkh ixoohvw ghjuhh lq wkh ghwhfwlrq surfhvv1 \hw dqrwkhu lpsuryhphqw lv wkh xvh

ri pd{lpxp olnholkrrg vhtxhqfh hvwlpdwlrq +POVH, lq frpelqdwlrq zlwk glyhuvlw| duud|v

^55`1 Zlwk wklv vwuxfwxuh/ glyhuvlw| frpelqlqj lv shuiruphg zlwklq wkh uhfhlyhu phwulf zklfk

wdnhv lqwr dffrxqw wkh vwuxfwxuh ri wkh lqwhuihuhqfh dqg qrlvh wkurxjk wkh lqwhuihuhqfh0soxv0

qrlvh fryduldqfh pdwul{1

2�2 aL�?| #i|iU|�L?

Zlwk wkh suhylrxv whfkqltxhv/ hdfk vljqdo lv vhsdudwho| ghprgxodwhg diwhu vxssuhvvlqj lq0

whuihuhqfh iurp rwkhu frfkdqqho xvhuv1 Lq frqwudvw/ mrlqw ghwhfwlrq +MG, irfxvhv rq mrlqwo|

ghprgxodwlqj wkh frfkdqqho vljqdov e| uho|lqj wkh �qlwh doskdehw +ID, surshuw| ri wkh lq0

whuihuhqfh1 Zlwk mrlqw ghwhfwlrq/ gl�huhqfhv dprqj wkh frfkdqqho vljqdov pxvw eh h{sorlwhg

lq rughu wr glvwlqjxlvk wkh xvhuv1 Pxfk dwwhqwlrq kdv ehhq irfxvhg rq MG lq wkh frqwh{w

ri FGPD v|vwhpv ^56` vlqfh wkh frfkdqqho vljqdov pd| hdvlo| eh glvwlqjxlvkhg rq wkh edvlv

ri gl�huhqw vsuhdglqj frghv1 Wkh lqwhuhvw lq MG iru FGPD kdv ehhq prwlydwhg sulpdulo|
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e| wkh srru shuirupdqfh ri wkh frqyhqwlrqdo ghwhfwru zklfk ljqruhv pxowlsoh dffhvv lqwhu0

ihuhqfh +PDL,1 Hduo| zrunv lq wklv duhd duh ^57` dqg ^58`/ erwk ri zklfk frqvlghu rswlpdo

mrlqw ghwhfwlrq ri pxowlsoh dv|qfkurqrxv FGPD vljqdov1 Wkh iruphu frqvlghuv dq DZJQ

fkdqqho dqg wkh odwwhu d Ud|ohljk idglqj fkdqqho1 Lq ^57`/ lw lv vkrzq wkdw wkh rswlpdo

ghwhfwru pd| eh lpsohphqwhg xvlqj d edqn ri pdwfkhg �owhuv iroorzhg e| surfhvvlqj xvlqj

wkh Ylwhuel dojrulwkp +YD,1 Xqiruwxqdwho|/ wkh vwdwh vhw ri wkh YD jurzv h{srqhqwldoo| zlwk

wkh qxpehu ri xvhuv pdnlqj lw surklelwlyho| frpsoh{ iru w|slfdo FGPD v|vwhpv zlwk pdq|

xvhuv1 Wklv kdv prwlydwhg wkh vhdufk iru vxerswlpdo vwuxfwxuhv zlwk uhgxfhg frpsoh{lw|1

H{dpsohv lqfoxgh wkh ghfruuhodwlqj ghwhfwru ri ^59`/ wkh sdudooho lqwhuihuhqfh fdqfhoodwlrq

+LF, vwuxfwxuh ri ^5:`/ wkh vhuldo LF vwuxfwxuh ri ^5;`/ dqg wkh vhtxhqwldo ghfrghu ri ^5<`1

Dq dowhuqdwlyh phwkrg ri glvwlqjxlvklqj wkh frfkdqqho vljqdov lv wr h{sorlw gl�huhqfhv

lq wkh fkdqqho lpsxovh uhvsrqvhv ehwzhhq hdfk xvhu dqg wkh uhfhlyhu1 Wklv phwkrg grhv

qrw uho| rq vshfwuxp vsuhdglqj1 Wkxv lw pd| eh dssolhg wr qduurzedqg v|vwhpv vxfk dv

WGPD wr dfklhyh wkh jrdo ri lqfuhdvlqj fdsdflw| e| doorzlqj vhyhudo xvhuv wr vkduh wkh

vdph wlph2iuhtxhqf| vorw1 Ehfdxvh rqo| d ihz xvhuv duh olnho| wr vkduh wkh vdph vorw/ wkh

frpsxwdwlrqdo frpsoh{lw| ri wkh rswlpdo ghwhfwru lv qrw dv vljql�fdqw dq lvvxh dv iru FGPD

v|vwhpv1

Mrlqw ghwhfwlrq edvhg vroho| rq fkdqqho gl�huhqfhv � wkh wrslf ri wklv wkhvlv � kdv

uhfhlyhg rqo| olplwhg dwwhqwlrq lq wkh olwhudwxuh/ h1j1/ ^63`~^66`1 Lq erwk ^63` dqg ^64` frqvwdqw

fkdqqhov dqg shuihfw fkdqqho vwdwh lqirupdwlrq duh dvvxphg/ dowkrxjk lq ^63` pxowlfkdqqho

uhfhswlrq lv frqvlghuhg1 Lq ^65`/ ghwhuplqlvwlf fkdqqho hvwlpdwlrq r�vhwv duh lqyhvwljdwhg/

exw erwk wkh fkdqqho dqg wkh hvwlpdwlrq huuruv duh frqvwdqw/ dqg wkh uhfhlyhu kdv rqo|

rqh fkdqqho dydlodeoh1 Lq ^66`/ idglqj fkdqqhov duh frqvlghuhg/ exw dqwhqqd glyhuvlw| lv qrw

hpsor|hg/ dqg rqo| olplwhg vlpxodwlrq uhvxowv dsshdu1

Lq wklv wkhvlv/ d qxpehu ri qhz frqwulexwlrqv wr wkh wrslf duh pdgh zklfk dovr dsshdu lq

^67`~^69`= �uvw/ erwk idglqj fkdqqhov dqg dqwhqqd glyhuvlw| duh frqvlghuhg> vhfrqg/ d ixoo|0

dqdo|wlfdo h{suhvvlrq iru wkh xqlrq erxqg rq v|pero dyhudjh v|pero0huuru udwh lv ghyhorshg

iru dq duelwudu| qxpehu ri xvhuv dqg glyhuvlw| dqwhqqdv iru erwk shuihfw dqg lpshuihfw

fkdqqho vwdwh lqirupdwlrq> dqg wklug/ wkh shuirupdqfh ri mrlqw ghwhfwlrq lv frpsduhg zlwk

fodvvlfdo PPVH frpelqlqj1

Dowkrxjk wkh vljqdo prgho lv vlpsol�hg e| uhtxlulqj wkh xvhuv wr eh v|qfkurql}hg e|

v|pero/ wklv zrun surylghv prwlydwlrq iru wkh lqyhvwljdwlrq ri dv|qfkurqrxv shuirupdqfh1

Zkloh lw lv qrw ghprqvwudwhg khuh/ odfn ri v|qfkurqlvp pd| lpsuryh shuirupdqfh/ vlqfh wkh
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xvhuv* uhodwlyh ghod|v/ rqfh hvwlpdwhg/ surylgh dq dgglwlrqdo edvlv xsrq zklfk wkh frfkdqqho

vljqdov pd| eh glvwlqjxlvkhg1 Vhh/ iru h{dpsoh/ ^6:` zklfk frqvlghuv vljqdo vhsdudwlrq edvhg

rq glvwlqfw ghod|v1

Lq wkh fdvh ri dv|qfkurqrxv xvhuv dqg2ru iuhtxhqf| vhohfwlyh idglqj zkhuh vhtxhqfh

ghwhfwlrq pxvw eh hpsor|hg udwkhu wkdq v|pero0e|0v|pero ghwhfwlrq/ wkh rswlpdo ghwhfwru

lv lpsohphqwhg xvlqj wkh YD rshudwlqj rq d _mrlqw wuhoolv1% Wkh vwdwhv lq wkh mrlqw wuhoolv

duh iruphg vlpso| e| frqfdwhqdwlqj wkhP xvhuv* v|pero yhfwruv dsshdulqj lq wkh A

2
0vsdfhg

uhfhlyhg vljqdo prgho lq htxdwlrq +5158,1 Wkh v|pero yhfwru iru hdfk xvhu frqwdlqv wkh

fxuuhqw dqg sdvw OS wudqvplwwhg v|perov/ zkhuh OS lv wkh phpru| +lq v|pero shulrgv, ri

wkh fkdqqho lpsxovh uhvsrqvhv1 Wkh qxpehu ri vwdwhv lv wkxv T�uS > zkhuh T lv wkh qxpehu

ri srlqwv lq wkh vljqdo frqvwhoodwlrq1 Fohduo| wkh vwdwh vhw jurzv h{srqhqwldoo| zlwk wkh

qxpehu ri xvhuv1 Wkh pruh jhqhudo fdvh ri dv|qfkurqrxv xvhuv dqg2ru iuhtxhqf| vhohfwlyh

idglqj lv frqvlghuhg lq sdshuv wkdw dsshduhg vxevhtxhqw wr ^67` dqg ^68`/ h1j1/ ^6;` dqg ^6<`1

Lq wklv wkhvlv/ lw lv lpsolflwo| dvvxphg wkdw wkh xvhuv* fkdqqhov pd| eh hvwlpdwhg wkurxjk

hpehgghg uhihuhqfhv/ l1h1/ wudlqlqj vljqdov1 Wkh dydlodelolw| ri hpehgghg uhihuhqfhv vljql�0

fdqwo| dlgv wkh ghwhfwlrq surfhvv uhvxowlqj lq urexvw uhfhlyhuv> krzhyhu/ wudlqlqj lqirupdwlrq

lv qrw dozd|v dydlodeoh1 Wklv kdv prwlydwhg uhvhdufk lq wkh duhd ri eolqg mrlqw ghwhfwlrq/ h1j1/

^73`~^79` dqg uhihuhqfhv wkhuhlq1 Lq ^73`~^77`/ eolqg mrlqw pd{lpxp olnholkrrg whfkqltxhv duh

frqvlghuhg1 Lq ^78`~^79` wkh frqvwdqw prgxoxv +FP, dojrulwkp lv frqvlghuhg/ zklfk pd|

eh wkrxjkw ri dv wkh eolqg frxqwhusduw wr lqwhuihuhqfh vxssuhvvlrq xvlqj PPVH dqwhqqd

frpelqlqj1
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Lq wklv fkdswhu wkh ehkdylrxu dqg shuirupdqfh ri mrlqw ghwhfwlrq zlwk glyhuvlw| duud|v lv

hvwdeolvkhg iru wkh fdvh ri iuhtxhqf|0�dw idglqj dqg v|pero0v|qfkurqrxv xvhuv1 Wr kljkoljkw

wkh qryho uhfhswlrq ehkdylrxu ri mrlqw ghwhfwlrq/ wkh shuirupdqfh lv frpsduhg wr fodvvlfdo

PPVH frpelqlqj1 Wkh pdwhuldo lq wklv fkdswhu � sxeolvkhg lq ^67`� dqg ^68`2 dqg wr

dsshdu lq ^69` � ghdov zlwk wkh xsolqn/ zkhuhdv wkh pdwhuldo lq Fkdswhu 7 frqvlghuv mrlqw

ghwhfwlrq lq wkh grzqolqn1

��� 5)t|i4 �L_i*

D gldjudp ri wkh v|vwhpprgho dsshduv lq Ilj1 515 lq wkh suhylrxv fkdswhu1 WkhP frfkdqqho

vljqdov duh dvvxphg wr eh T0du| skdvh0vkliw nh|lqj +SVN, prgxodwhg dqg v|qfkurql}hg e|

v|pero1 O0irog dqwhqqd glyhuvlw| lv hpsor|hg dw wkh uhfhlyhu zlwk wkh dqwhqqd hohphqwv

vsdfhg idu hqrxjk dsduw wr hqvxuh lqghshqghqw idglqj dfurvv wkh duud|1

Iru wkh uhdghu*v frqyhqlhqfh/ wkh vljqdo prghov lqwurgxfhg lq wkh suhylrxv fkdswhu duh

uhshdwhg khuh1 Wkh pwk xvhu*v wudqvplwwhg vljqdo lv jlyhq e|

v6 +w, @ D6
[

?

f6 +q, s +w� qW , +614,

zkhuh f6 +q, lv d SVN gdwd v|pero/ qrupdol}hg vxfk wkdw mf6 +q,m2 @ 4> s +w, lv d urrw0

Q|txlvw sxovh qrupdol}hg wr xqlw| hqhuj|/ l1h1/
U
"

3"
s2 +w,gw @ 4> W lv wkh v|pero shulrg/

� U? �bbH W,,,� +iTh�?|i_c ��|� Tih4�tt�L?c uhL4 W,,, Ah@?t@U|�L?t L? �L44�?�U@|�L?tc �L*� eSc TT�

�f�H��febc ��}�t| �bbH�
2 U? �bbH W,,,� +iTh�?|i_c ��|� Tih4�tt�L?c uhL4 �hLU� W,,, VA�<bHc �||@�@c �@?@_@c �@) �bbHc TT�

�f�b��fe��

57
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dqg D6 lv uhodwhg wr wkh dyhudjh srzhu S6 lq wkh edqgsdvv vljqdo hv6 +w, e| D6 @
s
5S6=

Wkh fkdqqhov ehwzhhq wkh pxowlsoh xvhuv dqg pxowlsoh dqwhqqdv duh ghvfulehg e| wkh

O�P fkdqqho jdlq pdwul{

J +w, @

5
999997

j�� +w, j�2 +w, � � � j�� +w,

j2� +w, j22 +w, � � � j2� +w,
111

111
1 1 1

111

ju� +w, ju2 +w, � � � ju� +w,

6
:::::8

+615,

zkhuh wkh }hur0phdq frpsoh{0Jdxvvldq udqgrp yduldeoh j,6 +w, prghov �dw Ud|ohljk idglqj

ri wkh fkdqqho ehwzhhq wkh pwk xvhu dqg wkh owk dqwhqqd1 Gxh wr lqghshqghqw idglqj dfurvv

wkh dqwhqqd duud|/ wkh hohphqwv ri wkh pwk froxpq ri J +w, > ghqrwhg e| wkh fkdqqho jdlq

yhfwru j6 +w, > duh lqghshqghqw dqg duh dvvxphg wr kdyh htxdo yduldqfh �2}6 = Ixuwkhupruh/

wkh xvhuv duh dvvxphg wr eh vsdfhg idu hqrxjk dsduw +d ihz zdyhohqjwkv, wkdw wkh xvhuv*

fkdqqho jdlq yhfwruv duh pxwxdoo| lqghshqghqw1

Diwhu pdwfkhg �owhulqj zlwk wkh �owhu sW +�w, dqg v|pero0udwh vdpsolqj dw wlphv w @ nW /

wkh yhfwru ri uhfhlyhg vdpsohv lv

u +n, @
�[

6'�

D6j6 +n, f6 +n, . q +n, +616,

zkhuh wkh hohphqwv ri wkh qrlvh yhfwru q +n, duh l1l1g1 frpsoh{ Jdxvvldq UYv hdfk zlwk

yduldqfh QJ= Wkh shu0eudqfk VQU iru xvhu p dw wkh lqsxw wr wkh ghwhfwru lv

�6 @

�

2
H
k
mD6j,6 +n, f6 +n,m2

l

�

2
H
k
mq, +n,m

2

l @
D2

6�
2

}6

QJ

= +617,

Wr hqdeoh ghwhfwlrq/ d fkdqqho hvwlpdwru surylghv hvwlpdwhv/ ghqrwhgY +n, > ri wkh fkdq0

qho jdlq pdwul{1 Frqvlvwhqw zlwk wkh suhylrxv qrwdwlrq/ wkh fkdqqho hvwlpdwh yhfwru y6 +n,

ghqrwhv wkh pwk froxpq ri Y +n,1 Wkh hohphqwv ri y6 +n, duh dvvxphg wr eh l1l1g1 frpsoh{

Jdxvvldq UYv doo zlwk wkh vdph yduldqfh �2
�6
= Wr nhhs wkh wuhdwphqw jhqhudo dw wkh pr0

phqw/ d vshfl�f fkdqqho hvwlpdwlrq vfkhph lv qrw suhvfulehg> krzhyhu/ lq Fkdswhu 8/ d

sudfwlfdo slorw0edvhg pxowlxvhu fkdqqho hvwlpdwlrq vfkhph lv ghyhorshg1 Wkh ghwhfwru xvhv

Y +n, dorqj zlwk wkh uhfhlyhg vdpsoh yhfwru u +n, wr pdnh d mrlqw ghflvlrq rq doo xvhuv*

v|perov xvlqj wkh phwulf ghulyhg lq wkh qh{w vhfwlrq1 Wkh rxwsxw ri wkh ghwhfwru lv wkh yhf0

wru ri v|pero ghflvlrqv ef +n, > zklfk lv dq hvwlpdwh ri wkh wudqvplwwhg mrlqw v|pero yhfwru

f +n, @ +f� +n, > f2 +n, > � � � > f� +n,, =
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��2 +iUi��ih �i|h�U

Ohw if� @ +f��> f�2c � � � > f��,j eh wkh vhw ri doo srvvleoh wudqvplwwhg gdwd yhfwruv zkhuh wkh

wlph ghshqghqfh ri doo yduldeohv kdv ehhq gursshg iru frqyhqlhqfh lq wkh vxevhtxhqw dqdo|0

vlv1 Iru P xvhuv dqg d SVN frqvwhoodwlrq vl}h ri T> wkh vhw if�j frqwdlqv T� yhfwruv1 Wkh

mrlqw ghwhfwlrq phwulf lv ghulyhg xvlqj wkh pd{lpxp d srvwhulrul +PDS, fulwhulrq zkhuhe|

wkh ghwhfwru vhohfwv wkdw yhfwru f� iurp wkh vhw if�j iru zklfk wkh d srvwhulrul suredelo0

lw| s +f�mu>Y, lv pd{lpxp1 Xqghu wkh dvvxpswlrq ri htxlsuredeoh gdwd yhfwruv/ wklv lv

htxlydohqw wr pd{lpl}lqj wkh suredelolw| s +umf�>Y, =

Vlqfh wkh fkdqqho hvwlpdwhv dqg wkh wuxh fkdqqho jdlqv duh mrlqwo| Jdxvvldq/ u frqglwlrqhg

rq f� dqg Y lv Jdxvvldq zlwk frqglwlrqdo phdq yhfwru �h�U
�
cV dqg frqglwlrqdo fryduldqfh

pdwul{ Uh�U
�
cV= Frqvhtxhqwo| wkh frqglwlrqdo suredelolw| ghqvlw| ixqfwlrq +SGI, ri u lv

s +umf
�
>Y, @

4

+5�,u
�
�
�Uh�U

�
cV

�
�
�

h{s

�
�

4

5

�
u��

h�U
�
cV

�_

U
3�

h�U
�
cV

�
u� �

h�U
�
cV

��
=

+618,

Wkh frqglwlrqdo phdq yhfwru dqg fryduldqfh pdwul{ duh ghwhuplqhg wkurxjk wkh mrlqw vwdwlv0

wlfv ri j6 dqg y6 dv iroorzv1 Iluvw gh�qh wkh yhfwru

{6 @

%
j6

y6

&
+619,

zklfk kdv fryduldqfh pdwul{

U 6
@

4

5
H

k
{6{

_
6

l
@

%
D E

E_ G

&
+61:,

zkhuh D @�

2
H

k
j6j

_
6

l
/ E @�

2
H

k
j6y

_
6

l
/ dqg G @�

2
H

k
y6y

_
6

l
= Gxh wr lqghshqghqw idglqj

dfurvv wkh dqwhqqd duud|/ D dqg G duh jlyhq vlpso| e| D @ �
2

}6
L dqg G @ �2

�6
L zkhuh

L lv wkh O � O lghqwlw| pdwul{1 Ghqrwlqj �6 dv wkh fruuhodwlrq frh�flhqw ehwzhhq wkh

fkdqqho hvwlpdwh dqg wkh wuxh fkdqqho jdlq rq d sduwlfxodu dqwhqqd +dvvxphg wkh vdph iru

doo dqwhqqdv,/ wkh pdwul{ E lv jlyhq vlpso| e| E @�6�}6��6L1 Khuh lw lv ixuwkhu dvvxphg

wkdw wkh fkdqqho hvwlpdwh rq rqh dqwhqqd lv xqfruuhodwhg zlwk wkh wuxh jdlq rq dqrwkhu

dqwhqqd1

Lw lv lpsruwdqw wr hpskdvl}h wkdw wkh �6*v +jhqhudoo| frpsoh{ txdqwlwlhv zlwk m�6m � 4,

froohfwlyho| uh�hfw wkh txdolw| ri fkdqqho hvwlpdwlrq1 Iru wkh olplwlqj fdvh ri shuihfw fkdqqho

vwdwh lqirupdwlrq +FVL,/ �6 lv htxdo wr xqlw| iru doo xvhuv1 Dowkrxjk lw lv qrw h{solflwo|
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qrwhg/ zlwk slorw0edvhg fkdqqho hvwlpdwlrq vfkhphv vxfk dv wkh rqh glvfxvvhg lq Fkdswhu 8/

�6 ydulhv zlwk VQU/ whqglqj wr xqlw| zlwk yhu| odujh VQU1 Wklv zloo eh glvfxvvhg lq pruh

ghwdlo odwhu lq wklv fkdswhu1

Vlqfh j6 dqg y6 duh mrlqwo| Jdxvvldq/ lw lv zhoo nqrzq wkdw wkh PPVH hvwlpdwh ri j6

iurp y6 lv jlyhq e| wkh frqglwlrqdo phdq

�
}6��6 @ EG

3�
y6 @ �6y6 +61;,

zkhuh �6 @ �6�}6@��6 = Wkh txdolw| ri wkh PPVH hvwlpdwru lv phdvxuhg wkurxjk wkh

frqglwlrqdo fryduldqfh pdwul{

U}6��6 @ D�EG3�E_
@ �

2

e6
L +61<,

zkhuh

�
2

e6
@
�
4� m�6m

2

�
�
2

}6
+6143,

lv wkh yduldqfh ri hdfk hohphqw ri wkh hvwlpdwlrq huuru yhfwru

h6 @ j6 � �6y6= +6144,

E| wkh sulqflsoh ri ruwkrjrqdolw| ^:`/ wkh hvwlpdwlrq huuru h6 dqg wkh edvlv ri wkh hvwlpdwh y6

duh xqfruuhodwhg1 Qrwh wkdw iru wkh vshfldo fdvh ri shuihfw FVL iurp wkh fkdqqho hvwlpdwru/

�2
e6

@ 3 dqg y6 @ j6=

Wkh frqglwlrqdo phdq �
h�U

�
cV dqg wkh frqglwlrqdo fryduldqfh pdwul{ Uh�U

�
cV lq +618, pd|

eh qrz eh irxqg lq whupv ri +61;, dqg +61<,1 Xvlqj +616,/ wkh uhvxowv duh

�h�U
�
cV @ H ^umf

�
>Y`

@

�[

6'�

D6H ^j6my6` f�6

@

�[

6'�

D6�}6 ��6f�6 +6145,

dqg

U
h�U

�
cV @

4

5
H

��
u��

h�U
�
cV

��
u��h�U

�
cV

�_

mf�>Y

�

@

�[
6'�

�[
?'�

D6D?
4

5
H

��
j6 ��}6��6

��
j? � �}?��?

�_
mY

�
f�6f

W

�? .
4

5
H

k
qq

_
l

@

�[
6'�

D
2

6U}6 ��6 .QJL= +6146,
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Lq wkh odwwhu htxdolw| ri +6146,/ lw kdv ehhq dvvxphg wkdw wkh xvhuv* fkdqqho hvwlpdwlrq

huuru yhfwruv +hdfk jlyhq e| h6 @ j6 � �}6��6, duh pxwxdoo| xqfruuhodwhg1 Dv vkrzq lq

Fkdswhu 8/ wklv dvvxpswlrq lv uhdvrqdeoh dv orqj dv wkh xvhuv* wudlqlqj vhtxhqfhv kdyh orz

furvv fruuhodwlrq1 Iru wkh vshfldo fdvh ri P @ 5? zkhuh q lv dq lqwhjhu/ vxlwdeoh wudlqlqj

vhtxhqfhv duh froxpqv ri wkh Kdgdpdug pdwul{ ri rughu q zklfk duh nqrzq wr eh ruwkrjrqdo/

uhvxowlqj lq frpsohwho| xqfruuhodwhg hvwlpdwlrq huuru yhfwruv1

Ilqdoo|/ vxevwlwxwlqj +61;,~+6146, lqwr +618, jlyhv wkh ghvluhg SGI dv

s +umf
�
>Y, @

4

+5�,u
�S

�

6'�
D2
6�

2
e6

.QJ

�
u

� h{s

5
7�4

5

S
u

,'�

���u, �
S

�

6'�
D6�6y,6f�6

���
S

�

6'�
D2
6�

2
e6

.QJ

6
8 = +6147,

Qhjohfwlqj k|srwkhvlv0lqghshqghqw whupv/ wkh dssursuldwh uhfhlyhu phwulf lv wkxv

�� @
u[
,'�

�����u, �
�[
6'�

D6�6y,6f�6

�����
2

+6148,

zklfk pxvw eh plqlpl}hg ryhu wkh T� gdwd yhfwruv lq wkh vhw if�j = Fohduo|/ wkh frpsxwd0

wlrqdo frpsoh{lw| shu xqlw wlph lqfuhdvhv h{srqhqwldoo| zlwk wkh qxpehu ri xvhuv> krzhyhu/

P lv olnho| wr eh vpdoo iru d WGPD v|vwhp/ nhhslqj wkh frpsoh{lw| uhdvrqdeoh1

Dv fdq eh vhhq lq +6148,/ wkh uhfhlyhu lpsolflwo| shuirupv glyhuvlw| frpelqlqj zlwklq wkh

phwulf1 Wr dffrpsolvk wklv/ wkh uhfhlyhu uhtxluhv nqrzohgjh ri wkh surgxfw D6y,6 iru hyhu|

xvhu1 Iruwxqdwho|/ wklv txdqwlw| lv jhqhudwhg h{solflwo| lq d slorw0edvhg fkdqqho hvwlpdwru1

Wkh rwkhu uhtxluhg sdudphwhu/ �6/ lv ghwhuplqhg dw ghvljq wlph> krzhyhu/ li wkh wuxh fkdqqho

vwdwlvwlfv gl�hu iurp wkh ghvljq vwdwlvwlfv/ d eldv lv lqwurgxfhg1 Khuh wkh eldv lv dvvxphg wr

eh }hur/ dqg wkh dqdo|vlv lv irfxvhg rq wkh udqgrp fkdqqho hvwlpdwlrq huuruv1

Lw lv lqwhuhvwlqj wr qrwh wkdw iru d vlqjoh xvhu/ wkh phwulf gh�qhg lq +6148, ohdgv wr wkh

zhoo nqrzqPUF uhfhlyhu1 IruP @ 4/ diwhu qhjohfwlqj k|srwkhvlv lqghshqghqw whupv/ +6148,

uhgxfhv wr

�� @ Uh

%
fW�

u[
,'�

u,y
W

,

&
= +6149,

Hylghqwo|/ wkh uhfhlyhu zhljkwv hdfk dqwhqqd vljqdo u, e| yW
,
/ frpelqhv wkh O vljqdov/ dqg

ghurwdwhv wkh vxp e| wkh ydulrxv v|pero k|srwkhvhv wr ghwhuplqh wkh prvw olnho| wudqvplwwhg

v|pero1
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Ixuwkhu lqvljkw lqwr wkh mrlqw ghwhfwlrq surfhvv pd| eh jdlqhg e| frqvlghulqj wkh fdvh ri

shuihfw FVL +�6 @ 4 iru doo xvhuv dqg Y +n, @J +n,,1 Lq wklv fdvh/ wkh phwulf iru �dw0idglqj

dqg v|pero0v|qfkurqrxv xvhuv lq +6148, pd| eh h{suhvvhg dv

�� +n, @
�
�u +n,�J� +n, fA� +n,

�
�
2

+614:,

zkhuh n{n lv wkh Hxfolghdq qrup +ohqjwk, ri wkh yhfwru {1 Wkh pwk froxpq ri wkh pdwul{

J� +n, lv vlpso| wkh fkdqqho jdlq yhfwru j6 +n, zhljkwhg e| D6= Hylghqwo|/ wkh uhfhlyhu

pxvw fdofxodwh wkh glvwdqfh ehwzhhq wkh dfwxdo uhfhlyhg yhfwru u +n, dqg wkh k|srwkhvlv

J� +n,fA
�
+n,1

Iru wkh vshfldo fdvh ri d vlqjoh uhfhlyh dqwhqqd +O @ 4,/ wkh glvwdqfh lq +614:, lv htxlydohqw

wr wkh Hxfolghdq glvwdqfh ehwzhhq wkh uhfhlyhg vdpsoh u +n, dqg wkh lwk frqvwhoodwlrq srlqw
S
�

6'�
D6j6 +n, f�6 +n, = Lq Ilj1 614/ wkh T� frqvwhoodwlrq srlqwv duh sorwwhg iru D6 @ 4

dqg duelwudulo| vhohfwhg fkdqqho jdlqv1 Qrwh wkdw iru ESVN/ T @ 5/ dqg iru TSVN/ T @ 7=

Wkh rshudwlrq ri wkh uhfhlyhu lv wr fkrrvh wkh mrlqw v|pero yhfwru f� +n, fruuhvsrqglqj wr wkh

frqvwhoodwlrq srlqw forvhvw lq Hxfolghdq glvwdqfh wr wkh uhfhlyhg vdpsoh u +n, = Wklv surfhvv

lv gluhfwo| dqdorjrxv wr yhfwru txdqwl}dwlrq xvhg lq vrxufh frglqj iru vshhfk dqg lpdjhv1

Fohduo|/ wkh frqvwhoodwlrq srlqwv ghshqg rq wkh vhw ri fkdqqho jdlqv zklfk pxvw eh

hvwlpdwhg1 Dv orqj dv doo ri wkh jdlqv duh gl�huhqw/ lw lv jxdudqwhhg wkdw wkhuh zloo eh T�

glvwlqfw srlqwv/ phdqlqj wkdw doo wkh xvhuv pd| eh glvwlqjxlvkhg1 Li vrph ri wkh jdlqv duh wkh

vdph/ vhyhudo srlqwv froodsvh lqwr rqh dqrwkhu/ uhvxowlqj lq ghflvlrq dpeljxlwlhv1 Krzhyhu/

wklv rffxuv zlwk }hur suredelolw| dv orqj dv wkh xvhuv duh vhsdudwhg e| vhyhudo zdyhohqjwkv1

Edvhg rq wkh deryh/ lqwxlwlrq vxjjhvwv wkdw qr frqvwudlqw h{lvwv rq wkh qxpehu ri xvhuv

wkdw pd| eh vxssruwhg zlwk uhvshfw wr wkh qxpehu ri dqwhqqdv1 Dv hlwkhuP ru T lqfuhdvhv/

wkh frqvwhoodwlrq vlpso| ehfrphv pruh ghqvh phdqlqj wkdw kljkhu VQU lv uhtxluhg wr pdlq0

wdlq d �{hg v|pero0huuru suredelolw|/ exw qr rughuv ri glyhuvlw| duh vdful�fhg1 Wklv lqwxlwlrq

lv frq�uphg lq wkh qh{w vhfwlrq1

��� �ihuLh4@?Ui �?@*)t�t

����� aL�?| #i|iU|�L?

Lq wklv vhfwlrq/ d ixoo|0dqdo|wlfdo h{suhvvlrq iru wkh xqlrq erxqg rq wkh v|pero huuru udwh

+VHU, iru wkh pwk xvhu lv ghulyhg edvhg rq wkh phwulf lq +6148,1 Ohw wkh wudqvplwwhg gdwd
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(a) (b)

(c)

Iljxuh 614= W|slfdo vljqdo frqvwhoodwlrqv iru d vlqjoh uhfhlyh dqwhqqd dqg +d, 5 xvhuv2ESVN/
+e, 5 xvhuv2TSVN/ dqg +f, 6 xvhuv2TSVN1

yhfwru eh f� @ +f��> f�2c � � � > f�� , = Dffruglqj wr +6148,/ wkh ghwhfwru fkrrvhv wkh huurqhrxv

gdwd yhfwru f� ryhu f� li �� ? �� = Wkh suredelolw| ri wklv sdluzlvh huuru hyhqw lv

S2�� @ S +G�� ? 3mf�, +614;,

zkhuh G�� @ �� � �� = Wkh xqlrq erxqg rq wkh VHU iru wkh pwk xvhu/ jlyhq wkdw f� lv

wudqvplwwhg/ lv wkhq

Sr6�
�
[

�M�6�

S2�� +614<,

zkhuh F6� lv wkh vxevhw ri gdwd yhfwruv lq if�j wkdw gl�hu lq wkhlu pwk srvlwlrq iurp f� =

Wkh sdluzlvh huuru suredelolw| pd| eh irxqg e| h{suhvvlqj wkh UY G�� dv wkh vxp

G�� @
Su

,'� g��, zkhuh g��, @ }
_
,
I��}, lv d Khuplwldq txdgudwlf irup lq }hur0phdq frpsoh{
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Jdxvvldq UYv1Wkh yhfwru }, lv gh�qhg dv

}, @ +u,> y,�> y,2> � � � > y,� ,A +6153,

dqg wkh Khuplwldq pdwul{ I�� dv

I�� @ x
W

�x
A
� � x

W

�x
A
� +6154,

zkhuh wkh yhfwruv x� dqg x� duh jlyhq e|

x� @ +4>�D���f��>�D2�2f�2> � � � >�D���f��,A

x� @ +4>�D���f��>�D2�2f�2> � � � >�D���f�� ,A = +6155,

Vlqfh wkh fkdudfwhulvwlf ixqfwlrq ri wkh g��,*v lv zhoo nqrzq ^43`/ S2��
pd| eh hydoxdwhg

hdvlo| wkurxjk wkh fkdudfwhulvwlf ixqfwlrq ri G�� = Ghqrwlqj i(��
+G, dv wkh SGI ri G�� dqg

�(��
+v, dv wkh wzr0vlghg Odsodfh wudqvirup ri i(��

+G, +l1h1/ wkh fkdudfwhulvwlf ixqfwlrq,/

wkh sdluzlvh huuru suredelolw| lv

S2��
@

]
f

3"

i(��
+G,gG @ O3�

UU

�
4

v
�(��

+v,

�����
('f

+6156,

zkhuh O3�UU i�j ghqrwhv wkh lqyhuvh wzr0vlghg Odsodfh wudqvirup1

Gxh wr lqghshqghqw idglqj dfurvv wkh dqwhqqd duud|/ wkh },*v duh lqghshqghqw1 Frq0

vhtxhqwo|/ wkh g��,*v duh lqghshqghqw/ dqg wkh fkdudfwhulvwlf ixqfwlrq ri G�� idfwruv dv wkh

surgxfw �(��
+v, @

Tu
,'� !_��,

+v, zkhuh !_��,
+v, lv wkh fkdudfwhulvwlf ixqfwlrq ri g��,1 Df0

fruglqj wr ^43/ ht1 +E06054,`/

!_��,
+v, @

4

ghw ^L. 5vU�I�� `
+6157,

zkhuh L lv wkh +P . 4, � +P . 4, lghqwlw| pdwul{ dqg U�@
�

2
H

k
},}

_
,
mf�
l
lv wkh fryduldqfh

pdwul{ ri }, frqglwlrqhg rq wkh wudqvplw yhfwru f� jlyhq e|

U� @

5
999999997

S�
6'�D

2

6
�2}6 .QJ D����

2

��f�� D2�2�
2

�2f�2 � � � D����
2

��f��

D��
W

�
�2��f

W

�� �2�� 3 � � � 3

D2�
W

2
�2�2f

W

�2 3 �2�2 � � � 3

111
111

111
1 1 1

111

D��
W

��
2

��f
W

�� 3 3 � � � �2��

6
::::::::8
=

+6158,
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Wkh uhjlrq ri frqyhujhqfh ri !_��, +v, lv wkh yhuwlfdo vwuls hqforvlqj wkh m$ d{lv erxqghg e|

wkh forvhvw sroh rq hlwkhu vlgh1 Ehfdxvh wkh idglqj vwdwlvwlfv rq hdfk dqwhqqd duh lghqwlfdo/

U� lv lqghshqghqw ri o/ dqg wkh fkdudfwhulvwlf ixqfwlrq ri G�� lv jlyhq vlpso| e| �(��
+v, @�

!_��, +v,
�u

=

Xvlqj wkh idfw wkh hljhqyhfwruv ri d Khuplwldq pdwul{ duh ruwkrqrupdo/ �(��
+v, pd| eh

zulwwhq lq vxfk d zd| wr h{srvh wkh hljhqydoxhv ri wkh Khuplwldq pdwul{ 5U�I�� lq +6157,1

Ohw V�� eh d gldjrqdo pdwul{ frqwdlqlqj wkh P . 4 hljhqydoxhv/ zlwk wkh nwk hljhqydoxh

ghqrwhg e| ���&1 Dovr/ ohw P�� eh wkh prgdo pdwul{/ l1h1/ wkh pdwul{ zlwk wkh hljhqyhfwruv

ri 5U�I�� duudqjhg dv froxpqv1 Vlqfh wkh hljhqyhfwruv duh ruwkrqrupdo/P��P
_
�� @ L zkhuh

L lv wkh +P . 4,� +P . 4, lghqwlw| pdwul{1 Ixuwkhupruh/ vlqfh 5U�I�� @P��V��P
_
�� / wkh

fkdudfwhulvwlf ixqfwlrq ri G�� pd| eh zulwwhq dv

�(��
+v, @

5
7 4

ghw
k
P��P

_
�� . vP��V��P

_
��

l
6
8
u

@

5
7 4

ghw
k
P�� +L. vV��,P

_
��

l
6
8
u

= +6159,

Vlqfh wkh ghwhuplqdqw ri d pdwul{ surgxfw lv htxdo wr wkh surgxfw ri wkh ghwhuplqdqwv/ dqg

vlqfh ghw +P��, @ ghw
�
P

_
��

�
@ 4/ wkh deryh h{suhvvlrq uhgxfhv wr

�(��
+v, @

%
4T�n�

&'�
+4 . v���&,

&u
+615:,

zklfk h{srvhv wkh hljhqydoxhv dv ghvluhg1

Wkh lqyhuvlrq ri +6156, lv pdgh hdvlhu e| wkh idfw wkdw wkh +P . 4, � +P . 4, pdwul{

U�I�� +dqg wkxv 5U�I��, kdv rqo| wzr qrq}hur hljhqydoxhv/ uhjdugohvv ri P= Wklv pd| eh

hvwdeolvkhg xqghu wkh iroorzlqj dujxphqw1 Vlqfh wkh fryduldqfh pdwul{ U� lv jhqhudoo| ixoo

udqn/ dq| olplw rq wkh udqn ri wkh surgxfw U�I�� lv lpsrvhg e| wkdw ri I�� = Wkh udqn ri I��

fdq eh ghwhuplqhg e| orrnlqj dw lwv qxoo vsdfh/ l1h1/ wkh vroxwlrqv wr wkh htxdwlrq I��{ @ 3=

Vxevwlwxwlqj +6154, lqwr wklv htxdwlrq dqg uhduudqjlqj jlyhv

x�

�
x
_
�{

�
� x�

�
x
_
�{

�
@ 3= +615;,

Iru x� dqg x� olqhduo| lqghshqghqw/ zklfk lv lqghhg wkh fdvh iru gl�huhqw f� dqg f� / +615;,

lv vdwlv�hg rqo| iru erwk x
_
�{ @ 3 dqg x

_
�{ @ 31 Lq rwkhu zrugv/ vroxwlrqv wr +615;, olh lq wkh
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vxevsdfh ruwkrjrqdo wr erwk x� dqg x� 1 Wkh glphqvlrq ri wklv vxevsdfh/ l1h1/ wkh qxoolw| ri

I�� / lvP�41 Vlqfh wkh glphqvlrq ri I�� lvP.4/ wkh udqn ri I�� lv +P . 4,�+P � 4, @ 51

Frqvhtxhqwo|/ wkh udqn ri wkh surgxfw U�I�� lv d pd{lpxp ri wzr iru doo P / lpso|lqj wkdw

U�I�� kdv rqo| wzr qrq }hur hljhqydoxhv1 Vlqfh wkh SGI ri G�� lv qrq}hur iru erwk G�� ? 3

dqg G�� � 3> rqh ri wkh wzr qrq}hur hljhqydoxhv lv srvlwlyh/ dqg wkh rwkhu lv qhjdwlyh1 Wkh

frqyhqwlrq xvhg khuh lv wkdw ���� lv srvlwlyh/ dqg ���2 lv qhjdwlyh1

Prgli|lqj +615:, wr wdnh lqwr dffrxqw wkh }hur hljhqydoxhv jlyhv wkh ghvluhg fkdudfwhulvwlf

ixqfwlrq dv

�(��
+v, @

�
4

+4 . v����, +4 . v���2,

�u
= +615<,

Wklv h{suhvvlrq pd| eh qrz eh vxevwlwxwhg lqwr +6156, zklfk jlyhv wkh ghvluhg sdluzlvh huuru

suredelolw| diwhu lqyhuvlrq1 Wkh uhvxow/ rewdlqhg e| vxlwdeo| prgli|lqj ^;/ ht1 +7E1:,` zklfk

frqvlghuv d vlplodu lqyhuvlrq/ lv

S2��
@

4

+4� u��,
2u3�

u3�[

&'f

�
5O� 4

n

�
+�u��,

& +6163,

zkhuh u�� @ ����@���2 lv wkh udwlr ri wkh wzr qrq}hur hljhqydoxhv ri U�I�� +htxlydohqw wr wkh

udwlr ri hljhqydoxhv ri 5U�I��,1

Wkh hljhqydoxh udwlr lv irxqg dv iroorzv1 Iru frqyhqlhqfh/ wkh fryduldqfh pdwul{ U� lq

+6158, lv zulwwhq lq dq dowhuqdwh irup e| h{suhvvlqj wkh VQU D2

6�
2

}6
@QJ ri wkh pwk xvhu dv

N6�> zkhuh N6 lv d vfdoh idfwru dqg � lv d uhihuhqfh VQU1 Wkh uhihuhqfh VQU lv duelwudu|/

exw orjlfdo fkrlfhv pljkw eh wkh dulwkphwlf ru jhrphwulf dyhudjh ri wkh P xvhuv* VQUv/

ru rqh xvhu*v VQU lq sduwlfxodu � shukdsv wkdw ri wkh vwurqjhvw xvhu1 Pdnlqj xvh ri wkh

uhodwlrq �6 @ �6�}6@��6 / wkh dowhuqdwh irup iru U� lq whupv ri wkh uhihuhqfh VQU lv

U�@QJ

5
9999999997

4 .
S�

6'�N6�
�4��2

��q
W

�

f
W
��N��

�42�
2

�2q
W

2

f
W
�2N2� � � �

�4� �2

��q
W

�

f
W
��N��

�4� �2

��q�
f
W
��N��

�4��
2

�2

�
�q� �

2N�� 3 � � � 3

�42 �
2

�2q2
f
W
�2N2� 3

�42�
2

�2

2
�q2 �

2N2� � � � 3

1
1
1

1
1
1

1
1
1

1 1 1
1
1
1

�4� �2

��q�
f
W
��N�� 3 3 3 �4� �2

�2

�
�q� �2

N��

6
:::::::::8

=

+6164,

Ixuwkhupruh/ wkh h{suhvvlrq iru wkh pdwul{ I�� lq +6154, lv h{sdqghg dqg zulwwhq lq wkh
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dowhuqdwh irup I�� @X��. X
_
�� zkhuh

X�� @

5
999999999999997

3 D��� +f�� � f��, D2�2 +f�2 � f�2, � � � D��� +f�� � f��,

3 3
D�D2�

W

�
�2

�

�
fW��f�2 � fW��f�2

�
� � �

D�D��W
�
��

�

�
fW��f�� � fW��f��

�

3 3 3 � � �

D2D��W
2
��

�

�
fW�2f�� � fW�2f��

�

111
111

111
1 1 1

111

3 3 3 � � � 3

6
::::::::::::::8

=

+6165,

Lq wkh iroorzlqj/ lw lv dvvxphg wkdw wkh wudqvplwwhg gdwd yhfwru lv wkh doo0rqhv yhfwru

f� @ +4> 4> � � � > 4, = Frqvhtxhqwo|/ wkh vxevfulsw m lv gursshg iurp doo yduldeohv1 Qr orvv

lq jhqhudolw| lv lqfxuuhg/ vlqfh wkh VHU grhv qrw ghshqg rq zklfk gdwd yhfwru lv dfwxdoo|

wudqvplwwhg1 Vlqfh wkh udqn ri wkh pdwul{ UI� lv rqo| wzr/ wkh fkdudfwhulvwlf sro|qrpldo ri

wkh pdwul{ surgxfw pd| eh h{suhvvhg lq wkh iroorzlqj irup

ghw ^UI� � �L` @ ��3�
�
�
2 . ����. ��2

�
@ 3= +6166,

Dffruglqj wr Eerfkhu*v irupxod ^7:`/ wkh frh�flhqwv ri wkh txdgudwlf sro|qrpldo duh jlyhq

e| ��� @ �W�� dqg ��2 @ �
�

2
+���W�� . W�2, zkhuh W�& @wudfh

k
+UI�,

&

l
= Nqrzlqj wkh frh�0

flhqwv doorzv rqh wr fdofxodwh wkh udwlr ri wkh wzr qrq}hur hljhqydoxhv dv

u� @
W�� .

t
5W�2 � W

2

��

W�� �

t
5W�2 � W

2

��

= +6167,

Hydoxdwlrq ri wkh ydulrxv wudfhv lv pdgh hdvlhu li wkh pdwul{ U lv zulwwhq dv wkh vxp ri wzr

vlpsohu pdwulfhvU� dqg U2/ zkhuh U� frqwdlqv wkh �uvw froxpq dqg �uvw urz ri U zlwk wkh

uhpdlqghu ri wkh hohphqwv vhw wr }hur/ dqg U2 frqwdlqv wkh pdlq gldjrqdo ri U +h{foxglqj

wkh wrs ohiw hohphqw, zlwk wkh uhpdlqghu ri wkh hohphqwv vhw wr }hur1 W�� dqg W�2 duh wkhq

jlyhq e|

W�� @ wudfh
k
+U� .U2,

�
X� .X

_
�

�l

W�2 @ wudfh
k
+U� .U2,

�
X� .X

_
�

�
+U� .U2,

�
X� .X

_
�

�l
= +6168,

Wkh deryh h{suhvvlrqv uhtxluh hydoxdwlrq ri wkh wudfhv ri vhyhudo pdwul{ surgxfwv= irxu

wzr0irog surgxfwv lq wkh iruphu/ dqg 49 irxu0irog surgxfwv lq wkh odwwhu1 Iruwxqdwho|/ wkh
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vsduvh qdwxuh dqg vshfldo irup ri wkh pdwulfhv pdnh vrph ri wkh wudfhv }hur dqg olplw wkh

frpsoh{lw| ri rwkhuv1 Wkh lqwhuphgldwh fdofxodwlrqv duh qrw vkrzq ehfdxvh ri wkhlu vl}h1

Diwhu oderulrxv hydoxdwlrq ri wkh qrq}hur wudfhv xvlqj f�6 @ 4 iru doo p lq +6164, dqg

+6165,/ wkh hljhqydoxh udwlr lv

u� @
d�� .

s
e��2 . 5d��

d���
s
e��2 . 5d��

+6169,

zkhuh

d� @
�[

6'�

m�6m2N6 +4�Uh ^f�6`,

e� @ 5
�[

?'�

�[

6'�

m�6m2N?N6 +4�Uh^f�6`,

.

#
�[
6'�

m�6m2N6Uh^f�6`

$2
�
#

�[
6'�

m�6m2N6

$2
= +616:,

Lq wkh ghulydwlrq/ h{solflw xvh lv pdgh ri wkh uhodwlrq Uh^f�6`
2 . Lp^f�6`

2 @ 4 iru SVN1

Vxevwlwxwlqj wkh deryh uhvxowv lqwr +6163, dqg wkhq +614<, jlyhv wkh iroorzlqj forvhg0irup

dqdo|wlfdo vroxwlrq iru wkh xqlrq erxqg rq wkh VHU iru wkh pwk xvhu=

Sr6 �
[

�M�6

4

+4� u�,
2u3�

u3�[

&'f

�
5O� 4

n

�
+�u�,

& +616;,

zkhuh F6 lv wkh vxevhw ri gdwd yhfwruv wkdw gl�hu lq wkhlu pwk srvlwlrq iurp wkh ohqjwk0P

doo0rqhv yhfwru1

Wzr lpphgldwh lqihuhqfhv fdq eh gudzq iurp wklv uhvxow= �uvw/ wkh sdluzlvh huuru sure0

delolw| ghshqgv rqo| rq wkh huurqhrxv gdwd yhfwru f� dqg hdfk xvhu*v rzq VQU �6 @ N6�

dqg fkdqqho hvwlpdwh fruuhodwlrq frh�flhqw �61 Lw grhv qrw ghshqg vhsdudwho| rq D6 ru

�61

Vhfrqg/ lq wkh vshfldo fdvh ri htxlsrzhu xvhuv dqg shuihfw FVL/ dq lqwhuhvwlqj lqwhusuh0

wdwlrq ri VQU pd| eh rewdlqhg1 Zlwk shuihfw FVL/ �6 @ 4 iru doo xvhuv/ dqg wkh sdudphwhu

e� lq +616:, vlpsol�hv wr e� @ d2
�
1 Li wkh frfkdqqho vljqdov duulyh dw wkh edvh vwdwlrq zlwk

htxdo dyhudjh srzhuv/ shukdsv dv d uhvxow ri srzhu frqwuro/ wkhq N6 @ 4 iru doo xvhuv/ dqg

wkh sdudphwhu d� lq +616:, vlpsol�hv wr d� @
S
�

6'�
+4�Uh^f�6`,= Frqvhtxhqwo|/ iurp +6169,

rqh fdq vhh wkdw wkh hljhqydoxh udwlr/ dqg wkhuhiruh wkh VHU/ ghshqg rqo| rq dq h�hfwlyh
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VQU

��cess @ �
�[

6'�

+4�Uh^f�6`,= +616<,

Ixuwkhu/ li wkh prgxodwlrq lv ESVN/ wkhq d� ehfrphv wzlfh wkh Kdpplqj glvwdqfh g�cM

ehwzhhq f� dqg f� +wkh qxpehu ri srvlwlrqv lq zklfk wkh wudqvplwwhg dqg huurqhrxv gdwd

yhfwruv gl�hu,/ vlqfh wkh wudqvplwwhg yhfwru f� kdv ehhq wdnhq wr eh doo rqhv1 Wkxv/ wkh

sdluzlvh huuru suredelolw| ghshqgv rqo| rq wkh h�hfwlyh VQU ��cess @ 5g�cM�= wkh odujhu

wkh Kdpplqj glvwdqfh/ wkh odujhu wkh h�hfwlyh VQU/ dqg wkh vpdoohu wkh sdluzlvh huuru

suredelolw|1

Dv h{shfwhg/ iru wkh vshfldo fdvh ri d vlqjoh xvhu/ ESVN/ dqg shuihfw FVL/ +616;, uhgxfhv

wr wkh uhvxow iru wkh h{dfw EHU +udwkhu wkdq wkh xqlrq erxqg, iru wkh PUF uhfhlyhu1 Lq wklv

fdvh/ wkh vhw ri huuru yhfwruv kdv rqo| rqh phpehu +f�� @ �4, zlwk fruuhvsrqglqj hljhqydoxh

udwlr

u @
4.

s
4 . �3�

4�
s
4 . �3�

= +6173,

Wkh uhvxowlqj EHU lv wkxv

SK @
4

+4� u,2u3�

u3�[

&'f

�
5O� 4

n

�
+�u,& +6174,

zklfk lv htxlydohqw wr ^;/ ht1 +:17148,`1

Pxfk lqvljkw lqwr wkh ehkdylrxu ri mrlqw ghwhfwlrq pd| eh jdlqhg e| frqvlghulqj lwv

dv|pswrwlf shuirupdqfh/ wkdw lv/ wkh shuirupdqfh dv wkh frpprq VQU � ehfrphv odujh1

Rqh zrxog krsh wr vhh wkh hljhqydoxh udwlr +6169, frqwlqxh wr lqfuhdvh zlwk � lq rughu

wr gulyh wkh sdluzlvh huuru suredelolw| +6163, wrzdug }hur1 Wkh txhvwlrqv duh zkhwkhu wkh

udwlr grhv lqfuhdvh zlwkrxw olplw dqg/ li vr/ krz txlfno|1 Wkhvh txhvwlrqv duh dqvzhuhg lq

wkh iroorzlqj wzr vhfwlrqv zklfk frqvlghu wzr gl�huhqw prghov iru wkh fkdqqho hvwlpdwlrq

fruuhodwlrq frh�flhqwv= �{hg dqg yduldeoh zlwk VQU1

Il{hg Fruuhodwlrq Frh�flhqw Huuru Iorru

Lq rqh prgho ri lpshuihfw FVL/ wkh fruuhodwlrq frh�flhqwv �6 ri fkdqqho hvwlpdwlrq duh

�{hg/ dqg gr qrw lpsuryh zlwk lqfuhdvlqj VQU1 Lq wklv fdvh/ mrlqw ghwhfwlrq h{klelwv dq

huuru �rru +dq luuhgxfleoh VHU iru odujh VQU,1 Wkh �rru pd| eh hdvlo| txdqwl�hg e| qrwlqj
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wkdw d� dqg e� uhpdlq frqvwdqw/ vr wkdw wkh hljhqydoxh udwlr +6169, grhv qrw frqwlqxh wr

lqfuhdvh zlwk lqfuhdvlqj �/ exw uhdfkhv d �qlwh olplw

u�cs ,JJo @
d� .

s
e�

d� �
s
e�
= +6175,

Vxevwlwxwlrq ri u�cs ,JJo lqwr +616;, jlyhv wkh xqlrq erxqg rq wkh VHU �rru1 Dv d fkhfn/

uhfdoo wkdw shuihfw FVL zlwk doo �6 @ 4 uhvxowv lq e� @ d2� +hyhq iru qrqhtxlsrzhu xvhuv,1

Frqvhtxhqwo|/ u�cs,JJo ehfrphv lq�qlwh/ dqg wkh VHU �rru ehfrphv }hur/ dv h{shfwhg1

Rqh fdq xvh +6175, wr looxvwudwh dqg txdqwli| wkh lqwhughshqghqfh ri ghwhfwlrq ri gdwd

iurp gl�huhqw prelohv1 Vxssrvh wkdw wkh �uvw P � 4 preloh vljqdov duh uhfhlyhg zlwk

shuihfw FVL/ vr �6 @ 4 iru p @ 4 = = =P � 4/ exw wkdw fkdqqho hvwlpdwlrq iru preloh P lv

�dzhg/ vr m�� m ? 41 Iru vlpsolflw|/ frqvlghu htxlsrzhu vljqdov/ vr wkdw doo N6 @ 41 Gh�qh

g�

�cM @ �

2

S
�3�

6'�
+4�Uh^f�6`, dqg g��cM @ �

2
+4�Uh^f�� `,/ dowkrxjk wkhvh gh�qlwlrqv fdq

qr orqjhu eh lqwhusuhwhg dv Kdpplqj glvwdqfhv iru jhqhudo SVN1 Wkhq/ iurp +616:,

d� @ 5g��cM . 5 m�� m
2 g��cM

e� @ d2� . 7
�
g��cM � m�� m

2
�
g��cM � g��cM

�
� m�� m

e g��cM

�
= +6176,

Qrz frqvlghu wkh huuru udwh ri rqh ri wkh prelohv zlwk shuihfw FVL= wkh prvw olnho| huuru hyhqw

lv wkh rqh lq zklfk doo f�6 duh 4 h{fhsw iru wkdw ri wkh ghvljqdwhg preloh/ vr 3 ? g��cM � 4

dqg g��cM @ 31 Fohduo|/ wkh ghqrplqdwru ri +6175, lv qrw }hur dqg u�cs,JJo uhpdlqv �qlwh

dw
�
4 .

t
4� m�� m

2 @g��cM

�
@
�
4�

t
4� m�� m

2 @g��cM

�
1 Frqvhtxhqwo|/ wkh lpshuihfw fkdqqho

hvwlpdwlrq iru d vlqjoh xvhu*v vljqdo surgxfhv dq huuru �rru iru doo xvhuv/ hyhq wkrxjk wkhuh lv

h�hfwlyho| qr uhfhlyhu qrlvh dqg prvw xvhuv hqmr| shuihfw fkdqqho hvwlpdwlrq1 Ixuwkhu/ wkhlu

huuru �rru lv qr ohvv wkdq wkdw h{shulhqfhg e| wkh xvhu zlwk lpshuihfw hvwlpdwlrq +rewdlqhg

e| g�
�cM @ 3 dqg 3 ? g��cM � 4,1

Slorw0Edvhg Fkdqqho Hvwlpdwlrq

Dq dowhuqdwlyh prgho ri lpshuihfw FVL doorzv wkh fkdqqho hvwlpdwlrq fruuhodwlrq frh�flhqwv

�6 wr lpsuryh dv wkh VQU lqfuhdvhv/ wkhuhe| holplqdwlqj wkh huuru �rru1 Iru h{dpsoh/ zlwk

wkh slorw0edvhg pxowlxvhu fkdqqho hvwlpdwlrq vfkhph ghyhorshg lq Fkdswhu 8/ lw lv vkrzq

wkdw wkh pwk xvhu*v qrupdol}hg fkdqqho hvwlpdwlrq huuru yduldqfh �2
e6
@�2

}6
@ 4 � m�6m

2
lv

lqyhuvho| sursruwlrqdo wr wkdw xvhu*v rzq VQU �6 @ N6� zkhq � ehfrphv odujh1 Wkh

frqvwdqw ri sursruwlrqdolw|/ ghqrwhg khuh dv n6/ ghshqgv rq wkh qxpehu ri xvhuv P dv zhoo
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dv wkh sdudphwhuv ri wkh fkdqqho hvwlpdwlrq vfkhph vxfk dv lqwhusrodwru rughu/ iudph ohqjwk/

Grssohu idgh udwh/ dqg wkh fkrlfh ri wudlqlqj vhtxhqfhv1 W|slfdo ydoxhv iru n6 duh rq wkh

rughu ri 433�1 Zlwk wklv prgho ri yduldwlrq/ m�6m2 @ 4 � +n6@N6, �
3�= Vxevwlwxwlrq lqwr

+616:, dqg +6169, jlyhv wkh hljhqydoxh udwlr lq wkh iroorzlqj dowhuqdwlyh irup diwhu froohfwlqj

whupv zlwk olnh srzhuv ri �=

u� @
��� . �� .

t
�2

�
�2 . ��� . ��

��� . �� �

t
�2

�
�2 . ��� . ��

+6177,

zkhuh wkh frh�flhqwv duh

�� @
�[
6'�

N6 +4�Uh ^f�6`,

�� @ �

�[
6'�

n6 +4�Uh ^f�6`,

�� @ 5

#
4 .

�[
6'�

n6Uh ^f�6`

$
�[
6'�

N6 +4�Uh ^f�6`,

�� @
�[
6'�

n6Uh ^f�6`

#
5 .

�[
6'�

n6Uh ^f�6`

$
�

�[
6'�

n6

#
5 .

�[
6'�

n6

$
= +6178,

Wr rewdlq wkh dv|pswrwlf huuru udwh/ ohw wkh VQU � lq +6177, ehfrph yhu| odujh1 Wkh

hljhqydoxh udwlr dssurdfkhv

u�c@r+6R @
7�2�

5���� � ��
�

@
�5
S�

6'�N6 +4�Uh ^f�6`,

4 .
S�

6'� n6
� +6179,

zklfk lqfuhdvhv zlwkrxw erxqg dv � lqfuhdvhv1 Dv d fkhfn/ wkh vshfldo fdvh ri htxlsrzhu

xvhuv/ shuihfw FVL/ dqg ESVN prgxodwlrq surgxfhv u�c@r+6R @ �7g�cM�/ zklfk lv lghqwlfdo

wr wkh uhvxow rewdlqhg e| vhwwlqj d� @ 5g�cM dqg e� @ d2� lq +6169, dqg doorzlqj � wr dssurdfk

lq�qlw|1

Wkh sdluzlvh huuru suredelolw| lv rewdlqhg e| vxevwlwxwlqj +6179, lqwr +6163, dqg qrwlqj

wkdw wkh dv|pswrwlf irup ri wkh uhvxow lv ghwhuplqhg e| wkh odvw whup lq wkh vxppdwlrq/

jlylqj S2� c@r+6R @
�
2u3�

u3�

�
+�u�c@r+6R,

3u1 Vxevwlwxwlrq ri +6179, dqg vxppdwlrq ryhu doo huuru
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hyhqwv |lhogv/ �qdoo|/

Sr6 c@r+6R �

5
753u

�
5O� 4

O� 4

�#
4 .

�[
6'�

n6

$u [
�M�6

#
�[
6'�

N6 +4�Uh ^f�6`,

$
3u
6
8�3u=

+617:,

Wklv dqdo|wlfdo uhvxow vkrzv fohduo| wkdw wkh xqlrq erxqg rq VHU ydulhv dv|pswrwlfdoo|

dv �3u/ uhjdugohvv ri wkh qxpehu ri xvhuv1 Wkdw lv/ doo xvhuv hqmr| O0irog glyhuvlw| zlwk

qr huuru �rru1 Hylghqwo|/ wkh frvw ri vxssruwlqj dgglwlrqdo xvhuv dw d �{hg huuru udwh lv

rqo| dq lqfuhdvh lq uhtxluhg VQU +txdqwl�hg ehorz,/ udwkhu wkdq orvvhv lq glyhuvlw| rughu1

Wklv ehkdylrxu rffxuv iru shuihfw FVL dv zhoo zkhuh n6 @ 3 iru doo p1 Wkhvh ixqgdphqwdo

uhvxowv/ qrw revhuyhg suhylrxvo|/ duh h{wuhpho| ydoxdeoh lq d idglqj hqylurqphqw dqg ohdg wr

odujh v|vwhp fdsdflw| jdlqv dv vkrzq lq Fkdswhu 91 Wkh qhz prgh ri uhfhswlrq ehkdylrxu

revhuyhg khuh lv lq vwdun frqwudvw wr PPVH frpelqlqj zkhuh wkh pd{lpxp qxpehu ri xvhuv

lv olplwhg wr wkh qxpehu ri dqwhqqdv dqg wkh glyhuvlw| rughu lv rqo| O�P.4 iru hdfk xvhu1

Uhfdoo wkdw wkh txdolw| ri pxowlxvhu slorw0edvhg fkdqqho hvwlpdwlrq lv h{suhvvhg e| wkh

frh�flhqwv n6= Lw lv fohdu iurp +617:,/ wkdw lpshuihfw fkdqqho hvwlpdwlrq ghjudghv wkh VQU

e| dq dv|pswrwlf idfwru ri 4.
S�

6'� n6 iru hyhu| huuru sdluzlvh huuru hyhqw1 Wklv lv dqrwkhu

looxvwudwlrq ri wkh lqwhughshqghqfh ri gdwd ghwhfwlrq iru gl�huhqw xvhuv/ vlqfh dq| xvhu zlwk

srru fkdqqho hvwlpdwlrq +d odujh ydoxh ri n6, ghjudghv wkh shuirupdqfh ri doo xvhuv/ hyhq

wkrvh zlwk shuihfw FVL +n6 @ 3,1

Wkh shuirupdqfh ghjudgdwlrq zlwk dgglwlrqdo xvhuv lv txdqwl�hg e| wkh dgglwlrqdo VQU

uhtxluhg wr vxssruwP xvhuv dw d �{hg v|pero0huuru udwh lq wkh dv|pswrwlf uhjlrq/ frpsduhg

zlwk wkdw uhtxluhg wr vxssruw d vlqjoh xvhu dw wkh vdph huuru udwh1 Khuh dq h{suhvvlrq lv

ghulyhg iru wkh VQU shqdow| h{shulhqfhg e| d v|vwhp zlwk htxlsrzhu xvhuv dqg shuihfw FVL

+N6 @ 4 dqg n6 @ 3,1 Lq wklv fdvh/ wkh dv|pswrwlf VHU lv

Src@r+6R @

5
753u

�
5O� 4

O� 4

�[
�M��

#
�[
6'�

+4�Uh ^f�6`,

$
3u
6
8�3u

�
= +617;,

Wkh vxevfulsw p lv gursshg vlqfh doo xvhuv kdyh lghqwlfdo VHU zklfk doorzv rqh wr frqvlghu

rqo| F�/ l1h1/ wkh vhw ri yhfwruv wkdw gl�hu iurp xqlw| lq wkh �uvw srvlwlrq1 Wkh VQU kdv ehhq

ghqrwhg �� wr hpskdvl}h wkh qxpehu ri xvhuv1 Iru wkh uhihuhqfh vlqjoh0xvhu v|vwhp zlwk T

srlqwv lq wkh SVN frqvwhoodwlrq/ l 5 i4> 5> � � � >T � 4j dqg Uh ^f��` @ frv ^5�l@T`/ uhvxowlqj

lq wkh vlpsoh h{suhvvlrq
k
53u

�
2u3�

u3�

�S'3�
�'� +4� frv ^5�l@T`,3u

l
�3u
�

iru dv|pswrwlf VHU1
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Gh�qh X� @ ��@�� dv wkh shqdow| idfwru e| zklfk wkh VQU pxvw eh lqfuhdvhg wr

pdlqwdlq wkh vdph VHU dv d vlqjoh0xvhu v|vwhp1 Iurp +617;,/ wkh VQU shqdow| lv

X� @

5
97
S

�M��

�S
�

6'�
+4�Uh ^f�6`,

�
3u

S'3�
�'� +4� frv ^5�l@T`,3u

6
:8
�*u

= +617<,

Wklv h{suhvvlrq zloo eh xvhg wr lqyhvwljdwh wkh ghjudgdwlrq zlwk lqfuhdvlqj P dqg T lq

Vhfwlrq 6171

����2 ��5, �L4M�?�?}

Iru frpsdulvrq sxusrvhv/ d txdvl0dqdo|wlfdo h{suhvvlrq iru wkh EHU ri wkh PPVH frpelqlqj

uhfhlyhu lv ghulyhg khuh1 Wkh frpelqhu vwuxfwxuh lv vkrzq lq Ilj1 517 lq wkh suhylrxv fkdswhu/

exw xqolnh lq wkdw fkdswhu/ khuh wkh zhljkw yhfwruv duh ghulyhg dqg wkh shuirupdqfh lv

hydoxdwhg iru wkh jhqhudo fdvh ri lpshuihfw FVL1

Iru PPVH frpelqlqj zlwk fkdqqho hvwlpdwhv/ wkh dqwhqqd zhljkwv iru wkh pwk xvhu duh

fkrvhq vr dv wr plqlpl}h wkh phdq vtxduhg huuru ehwzhhq wkh wudqvplwwhg v|pero f6 +n,

dqg wkh frpelqhu rxwsxw |6 +n, jlyhq wkh pdwul{ ri fkdqqho hvwlpdwhv Y +n,1 Wkh PVH iru

d jlyhq zhljkw yhfwru z6 +n, lv

%6 +n, @
4

5
H

����f6 +n,�z_
6

+n, u +n,
�
�
�

2

mY +n,

�
+6183,

zkhuh wkh h{shfwdwlrq lv wdnhq ryhu wkh qrlvh hqvhpeoh/ wkh hqvhpeoh ri fkdqqho hvwlpdwlrq

huuruv/ dqg wkh v|pero hqvhpeohv ri doo xvhuv1 Lq d vlplodu idvklrq wr Vhfwlrq 51415 ri wkh

suhylrxv fkdswhu/ wkh rswlpdo zhljkw yhfwru zlwk fkdqqho hvwlpdwhv lv jlyhq e| z6cJ @

U
3�s6/ zkhuh s6 @ �

2
H ^fW

6
umY` dqg U @�

2
H
�
uu

_mY
�
1 Wkh gl�huhqfh khuh lv wkdw s6 dqg

U duh frqglwlrqhg rq wkh fkdqqho hvwlpdwh pdwul{ Y1 Qrwh wkdw wkh wlph yduldwlrq ri doo

txdqwlwlhv kdv ehhq gursshg iru frpsdfwqhvv ri qrwdwlrq1

Lq pruh ghwdlo/ wkh furvv fruuhodwlrq yhfwru s6/ xvlqj +61;,/ lv

s6 @
4

5
H

%
f
W
6

#
�[
?'�

D?f?j? . q

$
mY

&

@
4

5
D6H ^j6my6`

@
4

5
D6�6y6 +6184,
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zkhuh lw kdv ehhq dvvxphg wkdw wkh xvhuv* v|perov duh pxwxdoo| xqfruuhodwhg dqg wkdw wkh

v|perov dqg qrlvh duh xqfruuhodwhg1 Xqghu wkh vdph dvvxpswlrqv/ wkh fryduldqfh pdwul{

U/ xvlqj +6143, dqg +6144,/ lv

U @
4

5
H

%
�[
?'�

�[
6'�

D?D6f6f
W

?
j?j

_
6mY

&
.
4

5
H

k
qq_

l

@

�[
?'�

D
2

?

4

5
H

k
+�?y? . h?, +�?y? . h?,

_ my?
l
.QJL

@

�[
?'�

D2?

�
4

5
m�?m2 y?y

_
?
. �

2

e?
L

�
.QJL +6185,

zkhuh L lv wkh O� O lghqwlw| pdwul{1 Lq wxuq/ wkh rswlpdo zhljkw yhfwru lv

z6cJ @ D6�6

%
�[
?'�

D2

?

�
m�?m

2
y?y

_
?
. 5�

2

e?
L

�
. 5QJL

&
3�

y6= +6186,

Htxdwlrq +6186, jhqhudol}hv wkh zhljkw htxdwlrq ghulyhg lq ^45` wr lqfoxgh wkh fdvh ri lp0

shuihfw fkdqqho hvwlpdwlrq1 Iru wkh vshfldo fdvh ri shuihfw fkdqqho hvwlpdwlrq +�2
e6
@ 3 dqg

y6 @ j6, +6186, dqg ^45/ ht1 +<,` duh htxlydohqw1

Iru wkh fdvh ri ESVN prgxodwlrq/ wkh suredelolw| ri elw huuru iru wkh p0wk xvhu/ ghqrwhg

SK6 / lv

SK6 @ S ^Uh ^|6` ? 3mf6 @ .4` = +6187,

Xqiruwxqdwho|/ wkh SGI ri wkh frpelqhu rxwsxw |6 lv gl�fxow wr rewdlq iru P A 4 gxh

wr wkh pdwul{ lqyhuvlrq lq +6186,1 Wkxv/ vlpxodwlrq lv uhtxluhg lq rughu wr ghwhuplqh elw

huuru udwhv iru duelwudu| P 1 Iru P @ 4/ krzhyhu/ lw fdq eh vkrzq wkdw e| xvlqj wkh pdwul{

lqyhuvlrq ohppd ^7`/ +6186, uhgxfhv wr wkh zhljkw yhfwru iru wkh PUF uhfhlyhu zlwk elw huuru

suredelolw| jlyhq e| +6174,1

Ehiruh uhvruwlqj wr vlpxodwlrq/ vrph surjuhvv fdq eh pdgh wrzdugv d txdvl0dqdo|wlfdo elw0

huuru udwh h{suhvvlrq e| uhfrjql}lqj wkdw wkh SGI ri wkh udqgrp yduldeoh |6 lv Jdxvvldq

zkhq frqglwlrqhg rq erwk wkh fkdqqho hvwlpdwh pdwul{ Y dqg wkh mrlqw v|pero yhfwru

f @ +f�> f2> � � � > f�,1 Wr vhh wklv/ ohw |6 @ z
_
6u @ {. } zkhuh/ xvlqj +616, dqg +6144,/

{ @ z
_
6

�[

?'�

D?�?f?y? +6188,
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dqg

} @ z
_
6

#
�[
?'�

D?f?h? . q

$
= +6189,

Revhuylqj +6186,/ z6 lv ghwhuplqlvwlf iru d jlyhq Y1 Wkxv/ iru d jlyhq f/ { lv ghwhuplqlvwlf

dv zhoo/ dqg } lv Jdxvvldq vlqfh erwk h6 dqg q duh Jdxvvldq1 Ixuwkhupruh/ } lv }hur0phdq1

Wkhuhiruh/ jlyhq Y dqg f zlwk f6 @ .4/ wkh frqglwlrqdo EHU lv wkh suredelolw| wkdw wkh

uhdo sduw ri |6 jrhv qhjdwlyh/ jlyhq e|

S ^Uh ^|6` ? 3mf>Y` @ T

�
Uh ^{`

�5

�
+618:,

zkhuh T +�, lv wkh Jdxvvldq T0ixqfwlrq/ dqg wkh frqglwlrqdo yduldqfh ri } lv

�2
5
@

#
�[
?'�

D2

?
�2
e?
.QJ

$
z

_
6
z6= +618;,

Wkh dyhudjh suredelolw| ri elw huuru iru xvhu p iroorzv e| vxevwlwxwlqj +6188, dqg +618;, lq

+618:, dqg wdnlqj wkh h{shfwdwlrq ryhu wkh hqvhpeoh ri lqwhuihulqj xvhuv* v|perov dqg wkh

hqvhpeoh ri fkdqqho hvwlpdwhv=

SK6 @ H

5
997T

3
EEC Uh

k
z

_
6

S
�

?'�
D?�?f?y?

l
u�S

�

?'�
D2
?�

2
e?
.QJ

�
z

_
6z6

4
FFD

6
::8 +618<,

zkhuh lw lv xqghuvwrrg wkdw f6 @ .41 Lq wklv zd|/ wkh vlpxodwlrq dffxudf| lv lqfuhdvhg e|

shuiruplqj wkh dyhudjh ryhu wkh qrlvh dqg fkdqqho hvwlpdwlrq huuru hqvhpeohv dqdo|wlfdoo|1

Xvlqj +618<,/ wkh EHU iru xvhu p lv ghwhuplqhg wkurxjk Prqwh Fduor vlpxodwlrq e| wkh

iroorzlqj phwkrg= dw hdfk lwhudwlrq jhqhudwh dq O�P pdwul{ Y ri lqghshqghqw }hur0phdq

frpsoh{ Jdxvvldq udqgrp vdpsohv/ zlwk wkh hohphqwv lq froxpq p kdylqj yduldqfh �2
�6

>

fdofxodwh wkh zhljkw yhfwru z6 xvlqj +6186, dorqj zlwk +6143,> wkhq dyhudjh wkh T0ixqfwlrq

lq +618<, ryhu doo srvvleoh f*v zlwk f6 @ .41

��e �ihuLh4@?Ui +it�*|t

Lq wklv vhfwlrq/ qxphulfdo uhvxowv duh surylghg wkdw iroorz iurp wkh dqdo|vlv lq Vhfwlrq

6161 Vshfl�fdoo|/ wkh uhvxowv kljkoljkw wkh iroorzlqj= 4, mrlqw ghwhfwlrq ri htxlsrzhu vljqdov

zlwk shuihfw FVL> 5, mrlqw ghwhfwlrq ri htxlsrzhu vljqdov zlwk lpshuihfw FVL> 6, frpsdulvrq



FKDSWHU 61 MRLQW GHWHFWLRQ LQ WKH XSOLQN 76

ri mrlqw ghwhfwlrq dqg PPVH frpelqlqj> dqg 7, mrlqw ghwhfwlrq ri qrqhtxlsrzhu vljqdov1

Dv glvfxvvhg ehiruh/ shuihfw FVL lv prghohg e| vhwwlqj wkh fkdqqho hvwlpdwlrq fruuhodwlrq

frh�flhqw �6 wr xqlw| iru doo xvhuv> ydoxhv ri �6 ohvv wkdq xqlw| lpso| lpshuihfw FVL zlwk

uhodwlyh hvwlpdwlrq huuru yduldqfh �2
e6
@�2

}6
@ 4� m�6m

21

Iru wkh fdvh ri htxlsrzhu xvhuv/ wkh VQU iru doo xvhuv lv wkh vdph> l1h1/ N6 @ 4 dqg �6 @

� iru doo p1 Iru doo uhvxowv frqfhuqlqj htxlsrzhu xvhuv/ wkh txdolw| ri fkdqqho hvwlpdwlrq

+phdvxuhg e| �6, lv dvvxphg wr eh wkh vdph iru doo xvhuv1 Wkxv/ dffruglqj wr +616;,/ doo

xvhuv kdyh wkh vdph v|pero0huuru udwh/ dqg rqo| wkh VHU ri xvhu 4 zloo eh sorwwhg1

��e�� ,^��TL�ih 5�}?@*t @?_ �ihuiU| �5W

Ilj1 615 vkrzv wkh shuirupdqfh ri mrlqw ghwhfwlrq ri htxlsrzhu vljqdov zlwk shuihfw FVL1 Dv

fdq eh vhhq/ hdfk dgglwlrqdo xvhu fdxvhv dq lqfuhphqwdo ghjudgdwlrq lq shuirupdqfh zlwk

qr orvv lq glyhuvlw| rughu1 Lq rwkhu zrugv/ hdfk xvhu h{shulhqfhv O0irog glyhuvlw|/ uhjdugohvv

ri wkh qxpehu ri xvhuv1 Frpsdulqj wkh wzr vhwv ri fxuyhv uhyhdov wkdw wkh lqfuhphqwdo

ghjudgdwlrq lq shuirupdqfh lv uhgxfhg e| wkh xvh ri dgglwlrqdo dqwhqqdv1 Wklv zloo eh

lqyhvwljdwhg pruh ixoo| lq d odwhu judsk1

Wkh deryh ehkdylrxu lv frqvlvwhqw zlwk wkdw suhglfwhg hduolhu> qdpho|/ dv wkh qxpehu

ri xvhuv lqfuhdvhv/ wkh vljqdo frqvwhoodwlrqv vkrzq lq Ilj1 614 ehfrph pruh ghqvh uhtxlulqj

d odujhu VQU wr pdlqwdlq d �{hg huuru udwh1 Ixuwkhupruh/ wkh qxpehu ri xvhuv wkdw pd|

eh vxssruwhg lv qrw frqvwudlqhg e| wkh qxpehu ri dqwhqqdv1 Fohduo|/ mrlqw ghwhfwlrq fdq eh

dssolhg vxffhvvixoo| hyhq zlwk rqo| d vlqjoh dqwhqqd1

Wkh glyhuvlw| shuirupdqfh lv ixuwkhu frq�uphg lq Ilj1 616 zklfk frpsduhv wkh wuxh xqlrq

erxqg/ rewdlqhg dqdo|wlfdoo| xvlqj +616;,/ zlwk wkh dv|pswrwlf irup/ rewdlqhg xvlqj +617:,1

Qrwh wkdw lq +617:,/ shuihfw FVL lv prghohg e| vhwwlqj doo n6 wr }hur1 Djdlq/ uhjdugohvv ri wkh

qxpehu ri xvhuv/ doo xvhuv h{shulhqfh O0irog glyhuvlw| dqg wkh ghjudgdwlrq lq shuirupdqfh

zlwk dgglwlrqdo xvhuv lv uhgxfhg e| wkh xvh ri dgglwlrqdo dqwhqqdv1

Wkh wljkwqhvv ri wkh xqlrq erxqg lq +616;, lv lqyhvwljdwhg lq Ilj1 617 zklfk frpsduhv

+616;, zlwk wkh EHU rewdlqhg e| Prqwh Fduor vlpxodwlrq1 Hylghqwo|/ wkh erxqg lv dv|ps0

wrwlfdoo| wljkw zlwk lqfuhdvlqj VQU1 Dv wkh qxpehu ri xvhuv lqfuhdvhv/ d jlyhq dffxudf|

ri wkh erxqg uhtxluhv vrphzkdw kljkhu VQU> krzhyhu/ wkh dffxudf| lv txlwh vdwlvidfwru|

iru qrupdo ydoxhv ri EHU1 Dv iru lqfuhdvlqj wkh qxpehu ri SVN frqvwhoodwlrq srlqwv T/

wkh erxqg ehfrphv orrvh/ olnh wkh xqlrq erxqg iru T0du| SVN lq frqyhqwlrqdo vlqjoh0xvhu

rshudwlrq1 Lq vxfk fdvhv/ d ehwwhu dssur{lpdwlrq fdq eh rewdlqhg e| frqvlghulqj rqo| wkh
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Iljxuh 615= Shuirupdqfh ri mrlqw ghwhfwlrq ri P htxlsrzhu ESVN vljqdov xvlqj O dqwhqqdv
zlwk shuihfw FVL1

grplqdqw huuru hyhqwv1

Wkh vlpxodwlrq uhvxowv lq Ilj1 617 duh rewdlqhg dv iroorzv= dw hdfk lwhudwlrq/ jhqhudwh dq

P � 4 yhfwru j ri lqghshqghqw/ }hur0phdq/ frpsoh{ Jdxvvldq udqgrp vdpsohv hdfk zlwk

yduldqfh �2} / dv zhoo d vlqjoh }hur0phdq/ frpsoh{ Jdxvvldq udqgrp vdpsoh q zlwk yduldqfh

QJ> fdofxodwh wkh ydoxh ri wkh uhfhlyhg vdpsoh u xvlqj +616,/ dvvxplqj wkh wudqvplwwhg

v|perov duh doo .4 dqgD6 @
s
5S6 zkhuh S6 @ 4 iru doo xvhuv> fdofxodwh wkh phwulf lq +6148,

iru doo srvvleoh ydoxhv ri wkh k|srwkhvl}hg v|pero yhfwru f� iru wkh fdvh ri d vlqjoh dqwhqqd

+O @ 4, dqg shuihfw FVL +�6 @ 4 dqg y @ j,> fkrrvh wkh v|pero yhfwru fruuhvsrqglqj wr wkh

vpdoohvw fdofxodwhg phwulf> dqg �qdoo|/ frxqw dq huuru li f�� @ �41 Diwhu Q lwhudwlrqv/ wkh

hvwlpdwhg EHU +wkh vdph iru doo htxlsrzhu xvhuv, lv vlpso| wkh qxpehu ri frxqwhg huuruv

glylghg e| Q 1

Wkh shuirupdqfh ghjudgdwlrq zlwk dgglwlrqdo xvhuv lv txdqwl�hg e| wkh VQU shqdow|

lq wkh dv|pswrwlf EHU uhjlrq xvlqj +617<,1 D sorw ri +617<, lq Ilj1 618 vkrzv wkdw iru
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Iljxuh 616= Frpsdulvrq ri wkh wuxh xqlrq erxqg rq EHU dqg lwv dv|pswrwlf irup iru
htxlsrzhu ESVN vljqdov dqg shuihfw FVL1

d jlyhq qxpehu ri dqwhqqdv O/ wkhuh lv d frqvwdqw shqdow| lq gE iru hdfk dgglwlrqdo xvhu1

Pruhryhu/ dv wkh qxpehu ri dqwhqqdv lqfuhdvhv/ wkh ghjudgdwlrq shu dgglwlrqdo xvhu ghfuhdvhv

gudpdwlfdoo|1 Iru h{dpsoh/ zlwk d vlqjoh dqwhqqd/ wkh ghjudgdwlrq lv dssur{lpdwho| 5 gE

shu dgglwlrqdo xvhu/ zkhuhdv lw lv ohvv wkdq 314 gE shu dgglwlrqdo xvhu zlwk 7 dqwhqqdv1 Wkxv/

qrw rqo| gr pxowlsoh dqwhqqdv jlyh ehwwhu shuirupdqfh iru d vlqjoh xvhu/ wkh| pdlqwdlq wkdw

shuirupdqfh ehwwhu wkdq d vlqjoh dqwhqqd lq wkh idfh ri dq lqfuhdvlqj xvhu srsxodwlrq1

Ilj1 619 sorwv wkh VQU shqdow| iru wkuhh gl�huhqw prgxodwlrq irupdwv/ qdpho| ESVN/

TSVN/ dqg ;0SVN1 Qrwh wkdw iru d jlyhq qxpehu ri frqvwhoodwlrq srlqwv T> wkh VQU shqdow|

lv dozd|v uhihuhqfhg wr d vlqjoh0xvhu v|vwhp zlwk wkh vdph T= Dv fdq eh vhhq/ lqfuhdvlqj

wkh frqvwhoodwlrq vl}h uhvxowv lq d vljql�fdqw ghjudgdwlrq lq shuirupdqfh/ hvshfldoo| iru wkh

70xvhu v|vwhp1 Pruh lpsruwdqwo| wkrxjk/ wkh ghjudgdwlrq lv txlfno| uhgxfhg dv wkh qxpehu

ri dqwhqqdv lv lqfuhdvhg1 Lq idfw/ zlwk 6 dqwhqqdv/ wkh shuirupdqfh ghjudgdwlrq lv ohvv wkdq
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Iljxuh 617= Wljkwqhvv ri wkh xqlrq erxqg rq EHU iru wkh mrlqw ghwhfwlrq ri htxlsrzhu ESVN
vljqdov zlwk d vlqjoh dqwhqqd dqg shuihfw FVL1

5 gE iru doo wkuhh prgxodwlrq irupdwv dqg iru erwk wkh 50 dqg 70xvhu v|vwhpv1

��e�2 ,^��TL�ih 5�}?@*t @?_ W4TihuiU| �5W

Lq wklv vhfwlrq/ wkh h�hfw ri lpshuihfw FVL rq mrlqw ghwhfwlrq lv lqyhvwljdwhg xvlqj wzr gl�hu0

hqw prghov iru wkh fkdqqho hvwlpdwlrq fruuhodwlrq frh�flhqw �6= Wkh �uvw prgho frqvlghuv

�6 wr eh �{hg zklfk lqwurgxfhv dq huuru �rru1 Wkh vhfrqg prgho frqvlghuv �6 wr ydu| zlwk

VQU dv lv wkh fdvh zlwk slorw0edvhg fkdqqho hvwlpdwlrq1

Il{hg Fruuhodwlrq Frh�flhqw

Ilj1 61: ghprqvwudwhv wkh h�hfw ri lpshuihfw FVL rq mrlqw ghwhfwlrq zkhq wkh fkdqqho hvwl0

pdwlrq fruuhodwlrq frh�flhqw lv �{hg dw �6 @ 3=<<81 Wklv ydoxh uhvxowv lq d uhodwlyh fkdqqho

hvwlpdwlrq huuru yduldqfh ri dssur{lpdwho| 4(1 Lq wkh orz VQU uhjlrq/ wkh lpshuihfw FVL
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Iljxuh 618= VQU shqdow| lq wkh dv|pswrwlf uhjlrq iru htxlsrzhu ESVN vljqdov dqg shuihfw

FVL1

fxuyhv duh frlqflghqw zlwk wkrvh iru shuihfw FVL lqglfdwlqj wkdw qrlvh/ udwkhu wkdq fkdqqho

hvwlpdwlrq huuru/ lv wkh grplqdqw h�hfw ghwhuplqlqj huuru udwh> wkdw lv/ QJ  �2
e6

lq wklv

uhjlrq1 Krzhyhu/ lq wkh kljk VQU uhjlrq/ fkdqqho hvwlpdwlrq huuru grplqdwhv wkh shuiru0

pdqfh surgxflqj dq luuhgxfleoh huuru udwh � ru huuru �rru � vlplodu wr wkdw revhuyhg lq

v|vwhpv hpsor|lqj gl�huhqwldo ghwhfwlrq1 Wkh �rru ydoxh lv jlyhq e| vxevwlwxwlqj +6175, lqwr

+616;,1 Hylghqwo|/ wkh �rru ydoxh lqfuhdvhv zlwk wkh qxpehu ri xvhuv P> exw lv ghfuhdvhg

txlfno| e| xvh ri dgglwlrqdo dqwhqqdv1

Wkh odwwhu h�hfw lpsolhv wkdw wkh xvh ri dqwhqqd glyhuvlw| uhod{hv wkh uhtxluhg dffxudf|

ri fkdqqho hvwlpdwlrq lq rughu wr dfklhyh d jlyhq shuirupdqfh ohyho1 Wklv lv looxvwudwhg lq

Ilj1 61; zklfk sorwv wkh fkdqqho hvwlpdwlrq fruuhodwlrq frh�flhqw uhtxluhg wr dfklhyh d �rru

ydoxh ri 433�1 Iru h{dpsoh/ zlwk wzr dqwhqqdv dqg irxu xvhuv/ wkh fruuhodwlrq frh�flhqw

pxvw eh qr ohvv wkdq derxw 31<<8/ l1h1/ 4( uhodwlyh hvwlpdwlrq huuru yduldqfh1 Zlwk irxu

dqwhqqdv dqg wkh vdph qxpehu ri xvhuv/ wkh fruuhodwlrq frh�flhqw pxvw eh qr ohvv wkdq
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Iljxuh 619= VQU shqdow| lq wkh dv|pswrwlf uhjlrq iru vhyhudo gl�huhqw prgxodwlrq irupdwv
zlwk htxlsrzhu vljqdov dqg shuihfw FVL1

derxw 31<8/ uhvxowlqj lq d uhodwlyh hvwlpdwlrq huuru yduldqfh ri dssur{lpdwho| 43(1

Yduldeoh Fruuhodwlrq Frh�flhqw

Zlwk slorw0edvhg fkdqqho hvwlpdwlrq/ wkh fkdqqho hvwlpdwlrq fruuhodwlrq frh�flhqw w|slfdoo|

ydulhv zlwk VQU/ whqglqj wr xqlw| zlwk lqfuhdvlqj VQU1 Dv glvfxvvhg suhylrxvo|/ wkh prgho

ri yduldwlrq lq wkh dv|pswrwlf +kljk0VQU, uhjlrq xvlqj slorw0edvhg pxowlxvhu fkdqqho hvwl0

pdwlrq lv m�6m2 @ 4� n6�
3� iru wkh fdvh ri htxlsrzhu xvhuv1 Dv vkrzq lq Fkdswhu 8/ wkh

frqvwdqw n6 ghshqgv rq wkh qxpehu ri xvhuv P dv zhoo dv wkh sdudphwhuv ri wkh fkdqqho hv0

wlpdwlrq vfkhph vxfk dv lqwhusrodwru rughu/ iudph ohqjwk/ Grssohu idgh udwh/ dqg wkh fkrlfh

ri wudlqlqj vhtxhqfhv1 Fohduo|/ iru odujh VQU/ �6 � 4=

Iru looxvwudwlyh sxusrvhv/ EHU uhvxowv duh suhvhqwhg lq Ilj1 61< xvlqj uhsuhvhqwdwlyh ydoxhv
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Iljxuh 61:= Shuirupdqfh ri mrlqw ghwhfwlrq ri htxlsrzhu ESVN vljqdov zlwk lpshuihfw FVL
dqg �{hg fkdqqho hvwlpdwlrq fruuhodwlrq frh�flhqw �6 @ 3=<<8 iru doo xvhuv1

ri wkh sdudphwhuv1 Lq wklv sorw/ wkh fkdqqho hvwlpdwru +lqwhusrodwru, lv rswlpl}hg iru hdfk

VQU srlqw1 Xvlqj wkh rswlpdo lqwhusrodwru frh�flhqwv/ �6 lv fdofxodwhg h{solflwo| dqg xvhg

lq +6169, dqg +616;, wr fdofxodwh EHU1 Qrwh wkdw vlqfh wkh gdwd wkurxjksxw lv uhgxfhg e|

wkh wudlqlqj ryhukhdg/ wkh EHU lv sorwwhg yhuvxv wkh VQU shu elw gh�qhg dv �K @ ��1 Wkh

wkurxjksxw � lv gh�qhg dv � @ +Q �P, @Q zkhuh Q lv wkh iudph ohqjwk +63 lq wklv fdvh,1

Wkh prvw vwulnlqj gl�huhqfh frpsduhg wr wkh �{hg �6 prgho lv wkdw wkh huuru �rru

glvdsshduv vlqfh �6 � 4 lq wkh kljk0VQU uhjlrq1 Dw orz VQU/ wkh shuirupdqfh lv ghjudghg

iurp wkh shuihfw FVL fdvh vlqfh wkh kljk qrlvh ohyho uhgxfhv wkh txdolw| ri wkh fkdqqho

hvwlpdwhv1 Pruhryhu/ wkh lpshuihfw FVL fxuyh uxqv hvvhqwldoo| sdudooho wr wkh shuihfw FVL

fxuyh zlwk d shuirupdqfh ghjudgdwlrq wkdw ghshqgv rq wkh qxpehu ri xvhuv dqg dqwhqqdv1

Lq rwkhu zrugv/ dv|pswrwlf glyhuvlw| rughu O lv pdlqwdlqhg iru doo xvhuv1 Wklv ehkdylrxu lv

frqvlvwhqw zlwk wkdw revhuyhg lq htxdwlrq +617:,1
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Iljxuh 61;= Fkdqqho hvwlpdwlrq dffxudf| uhtxluhg wr dflhyh dq huuru �rru ri 433� iru
htxlsrzhu ESVN vljqdov1

��e�� �L4T@h�tL? Lu aL�?| #i|iU|�L? @?_ ��5, �L4M�?�?}

Ilj1 6143 frpsduhv wkh shuirupdqfh ri mrlqw ghwhfwlrq dqg PPVH frpelqlqj1 Wkh EHU iru

PPVH lv rewdlqhg wkurxjk Prqwh Fduor vlpxodwlrq dv h{sodlqhg lq Vhfwlrq 616151 Qrwh wkdw

iru P @ 4> wkh shuirupdqfh ri MG dqg PPVH lv wkh vdph1 Fohduo|/ MG rxwshuirupv PPVH

e| d odujh pdujlq1 Pruhryhu/ zlwk MG wkh glyhuvlw| rughu lv wzr/ uhjdugohvv ri wkh qxpehu ri

xvhuv1 Lq frqwudvw/ zlwk PPVH wkh rughu ri glyhuvlw| lv uhgxfhg wr rqh zlwk P @ 51 Zkhq

P A 5> PPVH frpelqlqj froodsvhv1 Lq jhqhudo/ zlwk O dqwhqqdv dqg P xvhuv/ doo xvhuv

hqmr| O0irog glyhuvlw| zlwk MG/ zkhuhdv zlwk PPVH/ hdfk xvhu h{shulhqfhv glyhuvlw| rughu

O�P . 41

Wkh shuirupdqfh jdlqv ri MG frpsduhg wr PPVH duh ixuwkhu looxvwudwhg lq Ilj1 6144

zkhuh wkh EHU lv sorwwhg iru d �{hg VQU ri 45 gE1 Fohduo|/ wkh shuirupdqfh ri MG ghjudghv

judfhixoo| zlwk hdfk dgglwlrqdo xvhu/ zkhuhdv zlwk PPVH lw ghjudghv yhu| txlfno| dqg

vdwxudwhv dw dq xqdffhswdeo| kljk huuru0udwh zkhq wkh qxpehu ri xvhuv h{fhhgv wkh qxpehu
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Iljxuh 61<= Shuirupdqfh ri mrlqw ghwhfwlrq ri htxlsrzhu ESVN vljqdov xvlqj slorw0edvhg

pxowlxvhu fkdqqho hvwlpdwlrq zlwk d 4( Grssohu idgh udwh/ lqwhusrodwru rughu :/ iudph

ohqjwk 63/ dqg wudlqlqj vhtxhqfh ohqjwk P 1

ri dqwhqqdv1

��e�e �L?i^��TL�ih 5�}?@*t

Wkxv idu/ wkh shuirupdqfh uhvxowv kdyh dssolhg wr wkh fdvh ri htxlsrzhu vljqdov1 Lw lv lqwhu0

hvwlqj wr lqyhvwljdwh wkh fdvh ri qrqhtxlsrzhu vljqdov wr vhh krz dq xqhtxdo glvwulexwlrq ri

VQUv d�hfwv wkh shuirupdqfh ri erwk wkh zhdn dqg vwurqj xvhuv1 Wzr gl�huhqw glvwulex0

wlrqv duh h{dplqhg/ hdfk iru wkh ghwhfwlrq ri irxu xvhuv= fdvh 4 fruuhvsrqgv wr wkuhh vwurqj

xvhuv dqg rqh zhdn xvhu> fdvh 5 fruuhvsrqgv wr rqh vwurqj xvhu dqg wkuhh zhdn xvhuv1 Wkh

gl�huhqfh lq VQU ehwzhhq wkh zhdn dqg vwurqj xvhuv lq erwk fdvhv lv 43 gE1 Uhfdoo wkdw zlwk

qrqhtxlsrzhu xvhuv/ wkh VQU iru wkh pwk xvhu lv �6 @ N6� zkhuh � lv d uhihuhqfh VQU/
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Iljxuh 6143= Frpsdulvrq ri mrlqw ghwhfwlrq dqg PPVH frpelqlqj zlwk wzr dqqwhqdv/

htxlsrzhu ESVN vljqdov/ dqg shuihfw FVL1

duelwudulo| wdnhq wr eh wkdw ri wkh vwurqjhvw xvhu1 Wkxv/ iru fdvh 4 zh kdyh N�> N2>N� @ 4

dqg Ne @ 3=4> iru fdvh 5 zh kdyh N� @ 4 dqg N2>N�> Ne @ 3=4=

Ilj1 6145 frpsduhv wkh shuirupdqfh ri fdvhv 4 dqg 5 zlwk wkh fdvh ri htxlsrzhu xvhuv1

Lq wklv judsk/ wkh EHU ri hdfk xvhu lv sorwwhg djdlqvw lwv rzq VQU �6 jlyhq e| +617,1 Wklv

frqyhqwlrq pdnhv lw dsshdu wkdw wkh zhdn xvhuv kdyh d orzhu EHU wkdq wkh vwurqj xvhuv>

krzhyhu/ wklv lv qrw wuxh1 Lq d w|slfdo rshudwlqj vfhqdulr/ doo xvhuv duh ghwhfwhg dw d frpprq

uhfhlyhu qrlvh ohyho QJ= Frqvhtxhqwo|/ wkh zhdn dqg vwurqj xvhuv rshudwh dw VQU ydoxhv wkdw

duh 43 gE dsduw/ dqg wkh krul}rqwdo d{lv pxvw eh lqwhusuhwhg lq wklv oljkw1 Iru h{dpsoh/ li

wkh vwurqj xvhuv duh dw 53 gE VQU/ wkhq wkh zhdn xvhuv duh dw 43 gE zlwk d EHU juhdwhu

wkdq wkdw ri wkh vwurqj xvhuv dv h{shfwhg1 Lqwhusuhwlqj wkh judsk lq wklv zd| uhyhdov wkdw

wkh shuirupdqfh ri wkh vwurqj xvhuv lv ehwwhu wkdq wkdw ri wkh zhdn xvhuv e| derxw :~; gE1

Ixuwkhupruh/ wkh shuirupdqfh ri doo xvhuv lv ghjudghg iurp wkh htxlsrzhu fdvh/ lqglfdwlqj

wkdw lq dq rshudwlrqdo v|vwhp/ vrph ghjuhh ri srzhu frqwuro pd| eh ghvludeoh wr nhhs wkh



FKDSWHU 61 MRLQW GHWHFWLRQ LQ WKH XSOLQN 86

L =  4

1 2 3 4 5 6
10

-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

Number of Users (M)

B
E

R
JD
MMSE

L =  3

L =  2

Iljxuh 6144= Frpsdulvrq ri mrlqw ghwhfwlrq dqg PPVH frpelqlqj dw d �{hg VQU ri 45 gE
zlwk htxlsrzhu ESVN vljqdov dqg shuihfw FVL1

glvwulexwlrq ri VQUv pruh ru ohvv xqlirup1 Ilj1 6145 dovr uhyhdov wkdw wkh shuirupdqfh ri

fdvh 4 lv dssur{lpdwho| 5 gE ehwwhu iru erwk vwurqj dqg zhdn xvhuv wkdq fdvh 5/ lqglfdwlqj

wkdw wkh odujhu wkh udwlr ri qxpehu ri vwurqj xvhuv wr zhdn xvhuv/ wkh ehwwhu wkh shuirupdqfh1

Iru wkh fdvh ri lpshuihfw FVL zlwk slorw0edvhg pxowlxvhu fkdqqho hvwlpdwlrq/ wkh vwurqj

xvhuv duh h{shfwhg wr kdyh d odujhu �6 wkdq wkh zhdn xvhuv1 Krzhyhu/ dv phqwlrqhg suhyl0

rxvo| zlwk uhvshfw wr htxdwlrq +617:,/ dq| xvhu zlwk srru FVL ghjudghv wkh shuirupdqfh ri

doo xvhuv/ hyhq wkrvh zlwk ehwwhu FVL1 Dv d uhvxow/ doo wkh fxuyhv lq Ilj1 6145 vkliw wr wkh uljkw

e| dq dprxqw wkdw ghshqgv rq wkh dffxudf| ri fkdqqho hvwlpdwhv/ exw wkh uhodwlyh srvlwlrq

ri wkh fdvh 4 dqg 5 fxuyhv zlwk uhvshfw wr wkh htxlsrzhu fxuyh uhpdlq wkh vdph1
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Iljxuh 6145= Shuirupdqfh ri mrlqw ghwhfwlrq ri irxu qrqhtxlsrzhu ESVN vljqdov zlwk wzr
dqwhqqdv dqg shuihfw FVL1 Wkh vwurqj dqg zhdn vljqdov kdyh d gl�huhqfh lq VQU ri 43 gE1
Fdvh 4= wkuhh vwurqj2rqh zhdn1 Fdvh 5= rqh vwurqj2wkuhh zhdn1

��D �L?U*�t�L?t

Lq wklv fkdswhu/ wkh mrlqw ghwhfwlrq ri pxowlsoh frfkdqqho v|pero0v|qfkurqrxv SVN vljqdov

xvlqj d glyhuvlw| duud| zlwk fkdqqho hvwlpdwhv lv lqyhvwljdwhg1 D ixoo|0dqdo|wlfdo h{suhvvlrq

lv ghulyhg wkdw jlyhv wkh xqlrq erxqg rq dyhudjh v|pero0huuru udwh iru dq duelwudu| qxpehu

ri xvhuv P dqg dqwhqqdv O iru erwk shuihfw dqg lpshuihfw FVL1 Wkh dqdo|vlv lv jhqhudo lq

wkh vhqvh wkdw lw pd| eh dssolhg wr d ydulhw| ri fkdqqho hvwlpdwlrq vfkhphv1

Lw lv ghprqvwudwhg wkdw zlwk mrlqw ghwhfwlrq/ pdq| pruh xvhuv wkdq wkh qxpehu ri

dqwhqqdv pd| eh vxssruwhg � doo hqmr|lqj O0irog glyhuvlw| � zlwk d vpdoo ghjudgdwlrq lq

shuirupdqfh zlwk hdfk dgglwlrqdo xvhu1 Ixuwkhu/ lw lv ghprqvwudwhg wkdw hyhq zlwk rqo| d

vlqjoh dqwhqqd/ zlwk dffxudwh FVL/ vhyhudo xvhuv fdq h{shulhqfh jrrg shuirupdqfh1 Wklv qhz
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prgh ri uhfhswlrq ehkdylrxu vwduno| frqwudvwv wkdw ri fodvvlfdo PPVH frpelqlqj zkhuh wkh

pd{lpxp qxpehu ri xvhuv lv olplwhg wr wkh qxpehu ri dqwhqqdv/ dqg wkh glyhuvlw| rughu lv

rqo| O�P . 4 iru hdfk xvhu1

Lw lv vkrzq wkdw wkh frvw ri vxssruwlqj dgglwlrqdo xvhuv dw d �{hg huuru0udwh lv d vpdoo

lqfuhdvh lq wkh uhtxluhg shu0xvhu VQU1 Wkh VQU shqdow| uhodwlyh wr d vlqjoh xvhu ESVN

v|vwhp lv txdqwl�hg dv d ixqfwlrq ri wkh qxpehu ri xvhuv/ frqvwhoodwlrq ghqvlw|/ dqg qxpehu

ri dqwhqqdv1 Iru h{dpsoh/ zlwk ESVN prgxodwlrq/ d vlqjoh dqwhqqd/ dqg shuihfw FVL/ rqo|

d 5 gE shqdow| lv lqfxuuhg iru hdfk dgglwlrqdo xvhu1 Zlwk irxu dqwhqqdv/ wklv shqdow| lv

uhgxfhg wr ohvv wkdq 314 gE1

Wkh xqlrq erxqg rq EHU iru d vlqjoh dqwhqqd dqg shuihfw FVL lv frpsduhg zlwk uhvxowv

iurp vlpxodwlrq dqg lw lv irxqg wr eh dv|pswrwlfdoo| wljkw zlwk lqfuhdvlqj VQU1 Dv wkh

qxpehu ri xvhuv lqfuhdvhv/ d jlyhq dffxudf| ri wkh erxqg uhtxluhv d vrphzkdw kljkhu VQU>

krzhyhu/ wkh dffxudf| lv txlwh vdwlvidfwru| lq wkh xvhixo EHU udqjh1

Wzr prghov iru wkh fkdqqho hvwlpdwlrq fruuhodwlrq frh�flhqw duh frqvlghuhg= rqh lq

zklfk wkh frh�flhqw lv �{hg/ dqg dqrwkhu lq zklfk lw lv yduldeoh zlwk VQU/ dv lq slorw0edvhg

fkdqqho hvwlpdwlrq1 Lw lv vkrzq wkdw wkh �{hg fruuhodwlrq frh�flhqw surgxfhv dq huuru �rru

wkdw lqfuhdvhv zlwk wkh qxpehu ri xvhuv/ exw lv uhgxfhg txlfno| e| wkh xvh ri dgglwlrqdo

dqwhqqdv1 Dowhuqdwlyho|/ wkh fkdqqho hvwlpdwlrq dffxudf| uhtxluhg wr pdlqwdlq d �{hg �rru

ydoxh pd| eh uhod{hg e| xvh ri dgglwlrqdo dqwhqqdv1 Zlwk slorw0edvhg fkdqqho hvwlpdwlrq

zkhuh wkh fruuhodwlrq frh�flhqw lpsuryhv zlwk VQU/ wkh huuru �rru lv holplqdwhg1 Wkh frvw

ri lpshuihfw FVL lv vlpso| dq lqfuhdvh lq wkh uhtxluhg VQU lq rughu wr pdlqwdlq d �{hg

huuru0udwh1 Wkh lqwhughshqghqfh ri doo xvhuv sduwlflsdwlqj lq wkh mrlqw ghwhfwlrq surfhvv lv

dovr ghprqvwudwhg= wkh fkdqqho hvwlpdwlrq ri rqh xvhu d�hfwv wkh shuirupdqfh ri doo xvhuv/

hyhq wkrvh zlwk shuihfw FVL1

Xqhtxdo VQU glvwulexwlrqv duh lqyhvwljdwhg/ dqg lw lv irxqg wkdw erwk wkh zhdn dqg

vwurqj xvhuv* shuirupdqfh lv ghjudghg iurp wkh htxlsrzhu fdvh/ lqglfdwlqj wkdw srzhu frqwuro

pd| eh ghvludeoh lq d sudfwlfdo v|vwhp1 Ixuwkhupruh/ lw lv irxqg wkdw shuirupdqfh ghshqgv

rq wkh udwlr ri qxpehu ri vwurqj xvhuv wr zhdn xvhuv dqg lpsuryhv dv wklv udwlr lqfuhdvhv1



������� �
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Lq wkh grzqolqn/ wkh wudqvplvvlrq vfhqdulr lv gl�huhqw iurp wkh xsolqn= wkh dqwhqqd duud|

lv orfdwhg dw wkh edvh vwdwlrq wudqvplwwhu/ udwkhu wkdq uhfhlyhu/ dqg wkh preloh uhfhlyhuv

w|slfdoo| kdyh rqo| rqh dqwhqqd gxh wr vsdfh frqvwudlqwv1 Frqvhtxhqwo|/ dq| duud| surfhvvlqj

pxvw shuiruphg dw wkh edvh vwdwlrq zklfk xvxdoo| kdv qr nqrzohgjh ri wkh grzqolqn fkdqqho

jdlqv1 Wklv frq�jxudwlrq pdnhv glyhuvlw| uhfhswlrq dw wkh prelohv pruh gl�fxow wr rewdlq

wkdq lq wkh xsolqn1 Gxh lq sduw wr wklv pruh frpsolfdwhg vfhqdulr/ phwkrgv ri dfklhylqj

glyhuvlw| lq wkh grzqolqn iru pxowlsoh frfkdqqho xvhuv kdv uhfhlyhg olwwoh dwwhqwlrq lq wkh

olwhudwxuh1 Lq wkh iroorzlqj/ vhyhudo h{lvwlqj phwkrgv duh glvfxvvhg lq rughu wr sodfh wkh

fxuuhqw zrun lq frqwh{w1 Zlwklq wklv glvfxvvlrq/ rqh pxvw nhhs lq plqg wkdw wkh jrdo lv wr

doorz vhyhudo xvhuv wr rffxs| wkh vdph edqgzlgwk dv d vlqjoh xvhu/ l1h1/ doorz UZF/ lq rughu

wr rewdlq d v|vwhp fdsdflw| lqfuhdvh1

Rqh frqfhswxdoo| vlpsoh phwkrg ri dfklhylqj glyhuvlw| lq wkh grzqolqn iru pxowlsoh

frfkdqqho xvhuv lv wkurxjk dgdswlyh wudqvplvvlrq ^7;`1 Zlwk dgdswlyh wudqvplvvlrq/ d gl�hu0

hqw zhljkw yhfwru lv dssolhg wr hdfk ri wkhP frfkdqqho vljqdov/ dqg wkh vxp ri wkh uhvxowlqj

yhfwru vljqdov lv wudqvplwwhg iurp wkh glyhuvlw| duud|1 Wkh zhljkw yhfwruv duh mrlqwo| rs0

wlpl}hg/ xvlqj hvwlpdwhv ri wkh grzqolqn fkdqqho jdlqv iru doo xvhuv1 Wkh rswlpl}dwlrq lv

ghvljqhg vxfk wkdw wkh wudqvplwwhg vljqdov gxh wr wkh pwk xvhu frpelqh frkhuhqwo| dw wkh

pwk preloh � wkxv surylglqj glyhuvlw| � dqg wkrvh gxh wr rwkhu xvhuv frpelqh ghvwuxf0

wlyho|1 Wklv lv dqdorjrxv wr ]I frpelqlqj lq wkh xsolqn zkhuh wkh zhljkw yhfwru iru wkh

pwk xvhu lv fkrvhq wr eh ruwkrjrqdo wr wkh xsolqn fkdqqho jdlq yhfwruv iru wkh rwkhu xvhuv1

Zlwk dgdswlyh wudqvplvvlrq/ hdfk dgglwlrqdo xvhu uhgxfhv wkh rughu ri glyhuvlw| e| rqh iru

doo xvhuv/ vlplodu wr ]I dqg PPVH frpelqlqj lq wkh xsolqn1

89
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Dgdswlyh wudqvplvvlrq uhtxluhv hvwlpdwhv ri wkh grzqolqn fkdqqho jdlqv iru doo xvhuv1

Li wkh xsolqn dqg grzqolqn jdlqv duh fruuhodwhg wr vrph ghjuhh/ wkh grzqolqn jdlqv pd|

eh hvwlpdwhg iurp wkh xsolqn jdlqv dw wkh edvh vwdwlrq1 Vx�flhqw fruuhodwlrq rffxuv lq

wlph0glylvlrq gxsoh{ +WGG, v|vwhpv zlwk vkruw exuvwv/ ru iuhtxhqf|0glylvlrq gxsoh{ +IGG,

v|vwhpv zlwk qduurz vhsdudwlrq ehwzhhq wkh xsolqn dqg grzqolqn iuhtxhqflhv1 Dowhuqdwlyho|/

wkh edvh pd| rewdlq hvwlpdwhv ri wkh grzqolqn jdlqv yld ihhgedfn iurp wkh prelohv1 Krzhyhu/

lq w|slfdo WGPD fhooxodu v|vwhpv/ wkhuh lv qr preloh0wr0edvh ihhgedfn/ dqg wkh xsolqn

dqg grzqolqn iuhtxhqflhv duh zlgho| vhsdudwhg1 Frqvhtxhqwo|/ dgdswlyh wudqvplvvlrq lv

lpsudfwlfdo lq doo exw vshfldol}hg flufxpvwdqfhv1

Dqrwkhu phwkrg ri dfklhylqj glyhuvlw| lq wkh grzqolqn lv wkurxjk vsdfh0wlph frghv

^7<`/^83` zklfk gr qrw uhtxluh wkh edvh vwdwlrq wr kdyh nqrzohgjh ri wkh grzqolqn fkdqqhov1

Krzhyhu/ vsdfh0wlph frghv kdyh ehhq ghvljqhg iru vlqjoh0xvhu v|vwhpv rqo|1 Lq d pxowlxvhu

v|vwhp/ wkh rqo| rswlrq lv wr pxowlsoh{ wkh xvhuv* elw vwuhdpv wrjhwkhu lqwr d vlqjoh kljk0

udwh vwuhdp/ dqg wkhq dsso| vsdfh0wlph frglqj sulqflsohv1 Krzhyhu/ lq d v|vwhp zlwk P

xvhuv/ wklv lqfuhdvhv wkh v|pero0udwh e| d idfwru ri P / uhtxlulqj P wlphv wkh wudqvplvvlrq

edqgzlgwk ri d vlqjoh xvhu1 Fohduo| wklv qhjdwhv wkh v|vwhp fdsdflw| lpsuryhphqw vrxjkw

lq wkh �uvw sodfh1

Lq wklv wkhvlv wkh iroorzlqj dowhuqdwlyh vwuxfwxuh lv sursrvhg= wkh xvhuv* elw vhtxhqfhv duh

pxowlsoh{hg wrjhwkhu dv mxvw vxjjhvwhg/ exw vwdqgdug frqyroxwlrqdo frglqj dqg lqwhuohdylqj ri

wkh frpsrvlwh elw vhtxhqfh lv hpsor|hg lq rughu wr surylgh whpsrudo glyhuvlw| wr wkh prelohv1

Olnh vsdfh0wlph frghv/ wkh wudqvplwwhu grhv qrw uhtxluh hvwlpdwhv ri wkh grzqolqn fkdqqhov1

Xvlqj dq duud| ri O dqwhqqdv/ O vxffhvvlyh frgh0v|perov duh wudqvplwwhg vlpxowdqhrxvo|

rq wkh gl�huhqw dqwhqqdv wr uhgxfh wkh edqgzlgwk uhtxluhg wr wudqvplw wkh kljk0udwh frghg

vhtxhqfh1 Wkh vlpxowdqhrxv wudqvplvvlrqv duh wkhq mrlqwo| ghwhfwhg dw hdfk preloh uhfhlyhu/

dqg wkh gdwd iurp rwkhu xvhuv lv glvfdughg1 Li wkh qxpehu ri wudqvplw dqwhqqdv lv htxdo wr

wkh qxpehu ri xvhuv/ lw lv srvvleoh wr vxssruw pxowlsoh xvhuv lq wkh vdph edqgzlgwk dv d

vlqjoh xvhu/ dv ghvluhg1

Wkh sursrvhg vwuxfwxuh lv vlplodu lq vslulw wr EODVW ^84`/ zklfk lv lqwhqghg iru �{hg

zluhohvv v|vwhpv dv d phwkrg ri rewdlqlqj d udwh lqfuhdvh iru d vlqjoh xvhu1 Zlwk EODVW/

d vlqjoh kljk udwh elw vwuhdp lv frghg xvlqj d vwdqgdug eorfn frgh lq rughu wr rewdlq whp0

srudo glyhuvlw|1 Lq rughu wr uhgxfh wkh uhtxluhg wudqvplvvlrq edqgzlgwk/ hdfk frghzrug lv

vsolw lqwr O vxe0eorfnv zklfk duh wudqvplwwhg vlpxowdqhrxvo| rq wkh O glyhuvlw| dqwhqqdv1

Dw wkh uhfhlyhu/ dq lqwhuihuhqfh vxssuhvvlrq whfkqltxh vxfk dv ]I ru PPVH frpelqlqj lv
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xvhg wr vhsdudwh wkh vlpxowdqhrxv wudqvplvvlrqv1 Dq hohjdqw od|huhg vsdfh0wlph surfhvvlqj

whfkqltxh lv hpsor|hg lq zklfk wkh lqwhuihuhqfh vxssuhvvlrq lv lpsuryhg e| suh0fdqfholqj

wkh lqwhuihuhqfh iurp suhylrxvo| ghfrghg vxe0eorfnv zlwk wkh xvh ri fkdqqho hvwlpdwhv1 Lq

qrupdo rshudwlrq/ wkh frghzrug huuru udwh lv vpdoo/ wkxv wkh suh0fdqfholqj rshudwlrq lv uhol0

deoh1 Lq frqwudvw wr wkh vwuxfwxuh sursrvhg lq wklv wkhvlv/ EODVW uhtxluhv dv pdq| uhfhlyh

dqwhqqdv dv wudqvplw dqwhqqdv gxh wr wkh xvh ri ]I ru PPVH1 Frqvhtxhqwo|/ lw lv xqvxlwdeoh

iru d preloh hqylurqphqw zkhuh wkh kdqgvhwv kdyh rqo| rqh dqwhqqd1

Edvhg rq wkh sursrvhg vwuxfwxuh/ d qxpehu ri qhz frqwulexwlrqv duh pdgh lq wklv wkhvlv

zklfk dovr dsshdu lq ^85`1 Vlqfh vhyhudo vxffhvvlyh frgh v|perov duh wudqvplwwhg vlpxo0

wdqhrxvo| iurp gl�huhqw dqwhqqdv/ d vlqjoh yhfwru fkdqqho xvdjh pd| vsdq vhyhudo wuhoolv

wudqvlwlrqv1 Wr kdqgoh wklv xqxvxdo vlwxdwlrq lq erwk dqdo|vlv dqg lq ghfrghu lpsohphqwd0

wlrq/ wkh frqfhsw ri d _phujhg wuhoolv% lv lqwurgxfhg lq zklfk wkh wuhoolv lv prgl�hg vxfk

wkdw d vlqjoh fkdqqho xvdjh vsdqv rqo| rqh wudqvlwlrq1 Xvlqj wkh phujhg wuhoolv/ wkh rswlpdo

uhfhlyhu vwuxfwxuh lv ghulyhg edvhg rq vriw0ghflvlrq mrlqw ghfrglqj1 D vshfldo fdvh ri wkh

uhvxowlqj vwuxfwxuh dsshduv lq ^86`/ lq zklfk d udwh lqfuhdvh lv rewdlqhg iru d vlqjoh xvhu>

krzhyhu/ wkh sureohp ri pxowlsoh wuhoolv wudqvlwlrqv shu fkdqqho xvdjh lv qrw dgguhvvhg/ dqg

wkh shuirupdqfh uhvxowv duh rewdlqhg e| vlpxodwlrq1 Lq frqwudvw wr ^86`/ d ixoo|0dqdo|wlfdo

h{suhvvlrq lv iru wkh elw0huuru udwh ri wkh rswlpdo uhfhlyhu lv ghulyhg khuh1 Iurp wklv/ qryho

ehkdylrxu lv ghprqvwudwhg lq whupv ri glyhuvlw| rughu= dv wkh qxpehu ri dqwhqqdv lqfuhdvhv

gxh wr dq lqfuhdvlqj qxpehu ri xvhuv/ wkh glyhuvlw| rughu dfwxdoo| ghfuhdvhv gxh wr wkh vl0

pxowdqhrxv wudqvplvvlrq ri vxffhvvlyh frgh v|perov1 Krzhyhu/ zlwk vhyhudo xvhuv dqg d frgh

zlwk prghudwh frqvwudlqw ohqjwk/ jrrg shuirupdqfh iru doo xvhuv pd| eh rewdlqhg1

e�� 5)t|i4 @?_ 5�}?@* �L_i*t

Ilj1 714+d, vkrzv wkh sursrvhg vwuxfwxuh ri wkh edvh vwdwlrq wudqvplwwhu1 Wkh P xvhuv* elw

vwuhdpv duh �uvw pxowlsoh{hg lqwr d frpprq elw vwuhdp ri udwh UK @
S
�

6'�
UK6 zkhuh UK6

lv wkh udwh ri wkh pwk xvhu*v elw vwuhdp lq elwv shu vhfrqg1 Wkh frpprq elw vwuhdp lv

wkhq hqfrghg xvlqj dq +qS> nS> OS, frqyroxwlrqdo frgh/ zkhuh nS lv wkh qxpehu ri lqsxw elwv

shu hqfrglqj lqwhuydo/ qS lv wkh qxpehu ri rxwsxw elwv/ dqg OS lv wkh frqvwudlqw ohqjwk ri

wkh frgh +phdvxuhg lq eorfnv ri nS elwv,1 Wkh frgh udwh lv US @ nS@qS= Wkh rxwsxw elwv

duh wkhq pdsshg wr SVN v|perov xvlqj Jud| frglqj1 Wkh qxpehu ri srlqwv lq wkh SVN

frqvwhoodwlrq lv ghqrwhg dv T1 Wkh uhvxowlqj v|pero vhtxhqfh lv lqwhuohdyhg nhhslqj eorfnv
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ri O v|perov wrjhwkhu/ zkhuh O lv wkh qxpehu ri wudqvplw dqwhqqdv1 Wkh v|perov zlwklq

hdfk ohqjwk0O eorfn duh wkhq wudqvplwwhg vlpxowdqhrxvo| rq wkh O gl�huhqw dqwhqqdv1 Wkh

yhfwru ri wudqvplwwhg v|perov lv ghqrwhg f +n, @ +f� +n, > f2 +n, > � � � > fu +n,,
A 1

Mux
Convolutional

Code

Bits
to

PSK Symbols
Interleave S/P

User 1

User 2

User M

L Antennas

(a)

MF Deinterleave Decode

Estimate
Channels

(b)

Demux
User m

( )kc

skTt = ( )kr

( )kĝ

Code rate:
Constraint length:

ccc nkR =
cL

Iljxuh 714= Vwuxfwxuh ri +d, edvh vwdwlrq wudqvplwwhu/ dqg +e, preloh uhfhlyhu iru xvhu p1

Wkh vlpxowdqhrxv wudqvplvvlrq ri vxffhvvlyh frgh v|perov vorzv wkh v|pero udwh rq hdfk

dqwhqqd e| d idfwru ri O/ wkxv uhgxflqj wkh edqgzlgwk uhtxluhg wr wudqvplw wkh pxowlsoh{hg

elw vwuhdp1 Lq whupv ri wkh ydulrxv sdudphwhuv/ wkh v|pero udwh rq hdfk dqwhqqd lv Ur @

UK@QK zkhuh

QK @ USO orj2T +714,

lv wkh qxpehu ri lqirupdwlrq elwv wudqvplwwhg shu yhfwru fkdqqho xvdjh1 D yhfwru fkdqqho

xvdjh lv vlpso| wkh wudqvplvvlrq ri rqh v|pero yhfwru f +n, =

Li doo P xvhuv kdyh wkh vdph elw udwh UK�
/ wkhq Ur @ +P@QK,UK�

1 Wkh txdqwlw| P@QK

pd| eh lqwhusuhwhg dv wkh edqgzlgwk h{sdqvlrq idfwru1 Dv d fkhfn/ iru wkh xvxdo vlwxdwlrq ri
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d vlqjoh xvhu dqg rqh wudqvplw dqwhqqd/ wkh edqgzlgwk h{sdqvlrq idfwru lv 4@US orj2T1 Dv

h{shfwhg/ wklv lv htxdo wr wzr iru wkh h{dpsoh ri d udwh rqh kdoi frgh dqg ESVN prgxodwlrq

+T @ 5,1 Iru d pxowlxvhu v|vwhp/ li wkh qxpehu ri dqwhqqdv htxdov wkh qxpehu ri xvhuv/ wkh

edqgzlgwk h{sdqvlrq idfwru lv dovr 4@US orj2T/ lpso|lqj wkdw P xvhuv pd| eh vxssruwhg

lq wkh vdph edqgzlgwk dv d vlqjoh xvhu +dvvxplqj wkh vdph frgh udwh dqg frqvwhoodwlrq

ghqvlw|,1 Li wkh qxpehu ri dqwhqqdv h{fhhgv wkh qxpehu ri xvhuv/ d udwh lqfuhdvh iru doo

xvhuv pd| eh vxssruwhg lq wkh vdph edqgzlgwk1

Lq whupv ri ghfrglqj frpsoh{lw|/ wkh sursrvhg vwuxfwxuh kdv dgydqwdjhv ryhu dvvljqlqj

rqh xvhu shu dqwhqqd dqg lqghshqghqwo| frglqj wkh xvhuv* elwv vhtxhqfhv � dq dowhuqdwlyh

iru vxssruwlqj P xvhuv lq wkh vdph edqgzlgwk dv d vlqjoh xvhu1 Wkh sursrvhg xvh ri

d frpprq frgh rshudwlqj rq wkh pxowlsoh{hg elw vhtxhqfh lpsolhv wkdw wkh vriw ghflvlrq

ghfrghu rshudwhv rq d vlqjoh wuhoolv/ udwkhu wkdq d mrlqw wuhoolv dv zrxog eh wkh fdvh zlwk

lqghshqghqwo| frglqj wkh xvhuv1 Zlwk dq +qS> nS> OS, frqyroxwlrqdo frgh/ wkh vlqjoh wuhoolv

kdv 5&SEuS3�� vwdwhv/ zkhuhdv wkh mrlqw wuhoolv kdv 5�&SEuS3�� vwdwhv1 Fohduo|/ wkh sursrvhg

vwuxfwxuh kdv wkh dgydqwdjh wkdw wkh vl}h ri wkh vwdwh vhw grhv qrw lqfuhdvh h{srqhqwldoo|

zlwk wkh qxpehu ri xvhuv1

Dw wkh uhfhlyhu vkrzq lq Ilj1 714+e,/ wkh ghlqwhuohdyhg uhfhlyhg vdpsoh vhtxhqfh lv

u +n, @ DjA +n,f +n, . q +n, = +715,

Wkh hohphqwv ri wkh yhfwru j +n, duh l1l1g1 frpsoh{ Jdxvvldq UYv zlwk yduldqfh �2} wkdw

prgho wkh lqghshqghqw �dw Ud|ohljk idglqj fkdqqhov ehwzhhq wkh O wudqvplw dqwhqqdv dqg

wkh vlqjoh uhfhlyh dqwhqqd1 Wkh vfdodu q +n, lv d frpsoh{ Jdxvvldq qrlvh vdpsoh zlwk yduldqfh

QJ/ dqg wkh frqvwdqw D lv wkh dpsolwxgh ri wkh wudqvplwwhg vljqdo rq hdfk dqwhqqd1 Lw lv

dvvxphg wkdw wkh wrwdo wudqvplw srzhu S lv glylghg htxdoo| dprqj wkh wudqvplw dqwhqqdv/

jlylqj wkh wudqvplw dpsolwxgh dv D @
s
5 +S@O,= Uhfdoo wkdw wkh v|perov lq wkh wudqvplw

v|pero yhfwru f +n, duh gudzq iurp d SVN frqvwhoodwlrq/ zklfk lv dvvxphg wr kdyh xqlw0

udglxv1

Dv h{sodlqhg lq Vhfwlrq 716/ wkh ghlqwhuohdyhg v|pero vhtxhqfh u +n, lv sdvvhg rqwr wkh

vriw ghflvlrq ghfrghu zklfk lpsolflwo| shuirupv mrlqw ghwhfwlrq ri wkh pxowlsoh frfkdqqho

vljqdov zlwklq wkh eudqfk phwulf1 Wkh mrlqw ghwhfwlrq uhtxluhv hvwlpdwhv ri wkh fkdqqho jdlq

yhfwruv/ zklfk pd| eh rewdlqhg xvlqj wkh pxowlxvhu +pxowl0vrxufh, fkdqqho hvwlpdwlrq whfk0

qltxh ghyhorshg lq Fkdswhu 81 Diwhu ghfrglqj/ wkh frpsrvlwh elw vhtxhqfh lv ghpxowlsoh{hg/

dqg wkh elwv fruuhvsrqglqj wr rwkhu xvhuv duh glvfdughg1
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Vlqfh wkh uhfhlyhg vljqdo frqvlvwv ri d vxp ri frfkdqqho vljqdov iurp O gl�huhqw vrxufhv/

wkh uhfhlyh VQU lv gh�qhg rq d shu0dqwhqqd vrxufh dv

� @

�

2
H
k
mDj, +n, f, +n,m

2

l

�

2
H
k
mq +n,m2

l @
D2�2}
QJ

= +716,

Krzhyhu/ wkh uhfhlyh VQU shu lqirupdwlrq elw lv wkh vwdqgdug phdvxuh xvhg zkhq frglqj

lv hpsor|hg/ dqg lw lv jlyhq e| �K @ �@QK= Dovr ri lqwhuhvw lv wkh shu0xvhu wudqvplw VQU

gh�qhg dv �A @
�

�
�J

�
@P= Wklv txdqwlw| lv xvhixo zkhq frpsdulqj wkh wudqvplw srzhu

uhtxluhphqwv ri v|vwhpv zlwk gl�huhqw qxpehuv ri xvhuv dqg dqwhqqdv1 Xvlqj wkh h{suhvvlrq

D @
s
5 +S@O,/ wkh shu0xvhu wudqvplw VQU lv jlyhq e|

�A @
QK

5�2}

�
O

P

�
�K= +717,

e�2 Ahi**�t �ih}it

Ehfdxvh vhyhudo vxffhvvlyh frgh v|perov duh wudqvplwwhg vlpxowdqhrxvo| iurp gl�huhqw dq0

whqqdv/ d vlqjoh yhfwru fkdqqho xvdjh pd| vsdq vhyhudo wuhoolv wudqvlwlrqv1 Iru h{dpsoh/

frqvlghu d v|vwhp zlwk wzr xvhuv/ wzr dqwhqqdv/ d udwh rqh kdoi frqyroxwlrqdo frgh/ dqg

TSVN prgxodwlrq/ l1h1/ O @P @ 5/ US @ 4@5/ dqg T @ 71 Iru looxvwudwlyh sxusrvhv lq wklv

h{dpsoh/ wkh vlpsoh frqvwudlqw ohqjwk wkuhh frqyroxwlrqdo frgh zlwk jhqhudwru sro|qrpldov

j� +G, @ G2 . 4 dqg j2 +G, @ G2 . G . 4 lv xvhg1 Wkh wuhoolv gldjudp iru wklv frgh lv

vkrzq lq Ilj1 715+d,/ lq zklfk d vrolg olqh lqglfdwhv dq lqsxw c3* dqg d gdvkhg olqh lqglfdwhv

dq lqsxw c4*1

Qrz frqvlghu wzr vxffhvvlyh hqfrghu lqsxw elwv ef dqg e�/ dqg dvvxph wkh hqfrghu lv

lqlwldoo| lq vwdwh 31 Wkh wzr lqsxw elwv fruuhvsrqg wr wzr wudqvlwlrqv lq wkh wuhoolv1 Diwhu

wzr wudqvlwlrqv/ wkh hqfrghu pd| hqg xs lq vwdwhv 3/ 4/ 5/ ru 6 ghshqglqj rq wkh ydoxhv ri

ef dqg e�= Wkh hqfrghu rxwsxw elwv dorqj wkh sdwkv wr hdfk ri wkhvh irxu srvvleoh vwdwhv

duh vkrzq rq wkh wuhoolv gldjudp1 Sdluv ri wkh rxwsxw elwv duh pdsshg wr TSVN v|perov

xvlqj Jud| frglqj/ l1h1/ 33 $ .4/ 34 $ .m/ 43 $ �m/ dqg 44 $ �41 Zlwk wzr dqwhqqdv/

wzr vxffhvvlyh frgh v|perov duh wudqvplwwhg vlpxowdqhrxvo| uhvxowlqj lq wkh iroorzlqj irxu

srvvleoh TSVN wudqvplw yhfwruv fruuhvsrqglqj wr wkh �qdo vwdwhv 3/ 4/ 5/ dqg 6=

f +n, @

%
.4

.4

&
>

%
�4

.m

&
>

%
.4

�4

&
> ru

%
�4

�m

&
= +718,



FKDSWHU 71 MRLQW GHWHFWLRQ LQ WKH GRZQOLQN 95

0

1

2

3

State
00

11

00

11

01

10

Input = 0
Input = 1

(a) (b)

( ) 







+
+

=
1

1
kc{ }0,0, 10 =bb

{ }0,1, 10 =bb

{ }1,0, 10 =bb

{ }1,1, 10 =bb

( ) 







+
−

=
j

1
kc

( ) 







−
+

=
1

1
kc

( ) 







−
−

=
j

1
kc

Iljxuh 715= +d, Wuhoolv gldjudp iru d +5> 4> 6, frqyroxwlrqdo frgh/ dqg +e, phujhg wuhoolv iru
wkh h{dpsoh ri d v|vwhp zlwk wzr xvhuv/ wzr dqwhqqdv/ dqg TSVN prgxodwlrq1

Fohduo|/ d vlqjoh yhfwru fkdqqho xvdjh vsdqv wzr wuhoolv wudqvlwlrqv1 Wklv lv xqxvxdo vlqfh

zh duh xvhg wr rqh ru pruh fkdqqho xvdjhv lq d vlqjoh wudqvlwlrq1 Wr kdqgoh wklv xqxvxdo

vlwxdwlrq lq erwk dqdo|vlv dqg ghfrghu lpsohphqwdwlrq/ wkh frqfhsw ri d _phujhg wuhoolv%

lv lqwurgxfhg lq zklfk wkh wuhoolv lv prgl�hg vxfk wkdw d vlqjoh yhfwru fkdqqho xvdjh vsdqv

rqo| rqh wudqvlwlrq1 Ilj1 715+e, looxvwudwhv wkh phujhg wuhoolv iru wkh deryh h{dpsoh1 Dv fdq

eh vhhq/ rqh wudqvlwlrq lq wkh phujhg wuhoolv hqxphudwhv doo srvvleoh vxffhvvru vwdwhv diwhu

wzr wudqvlwlrqv lq wkh ruljlqdo wuhoolv1 Qrz/ lqvwhdg ri wzr eudqfkhv ohdglqj lqwr dqg rxw ri

hdfk vwdwh/ wkhuh duh irxu1 Dvvrfldwhg zlwk hdfk eudqfk ri wkh phujhg wuhoolv duh wzr lqsxw

elwv exw rqo| rqh wudqvplw v|pero yhfwru/ dv ghvluhg1

Lq rughu wr jhqhudol}h wkh deryh h{dpsoh/ lw lv frqyhqlhqw wr gh�qh wkh sdudphwhu Q� dv

wkh qxpehu ri yhfwru fkdqqho xvdjhv shu wudqvlwlrq lq wkh ruljlqdo +xq0phujhg, wuhoolv/ jlyhq

e|

Q� @
qS

O orj2T
= +719,

Lq wkh deryh h{dpsoh/ Q� @ 4@5/ phdqlqj wkdw rqh yhfwru fkdqqho xvdjh vsdqv wzr wuhoolv



FKDSWHU 71 MRLQW GHWHFWLRQ LQ WKH GRZQOLQN 96

wudqvlwlrqv1 Wkh sdudphwhu Q� vljqdov zkhwkhu ru qrw wkh wuhoolv pxvw eh phujhg1 Li Q� ? 4>

wkhq phujhv duh uhtxluhg> liQ� � 4 +wkh frqyhqwlrqdo vlwxdwlrq, wkhq qr phujhv duh uhtxluhg1

Iru wkh fdvh ri Q� ? 4 zkhuh phujhv duh uhtxluhg/ gh�qh wkh sdudphwhu w @ 4@Q�= Li w lv

dq lqwhjhu/ wkhq w wudqvlwlrqv lq wkh ruljlqdo wuhoolv pxvw eh phujhg lqwr rqh1 Lq wkh phujhg

wuhoolv/ wkhuh duh wkxv 5&S| eudqfkhv hqwhulqj dqg ohdylqj hdfk vwdwh1 Vlqfh wkh qxpehu ri

vwdwhv lq wkh phujhg wuhoolv uhpdlqv wkh vdph/ wkh wrwdo qxpehu ri eudqfkhv shu wudqvlwlrq

ehfrphv 5&SEuSn|3�� zkhuh OS lv wkh frqvwudlqw ohqjwk ri wkh frgh1 Ixuwkhupruh/ nSw lqsxw

elwv dqg rqo| rqh wudqvplw yhfwru f +n, duh dvvrfldwhg zlwk hdfk eudqfk1

Li w lv qrw dq lqwhjhu/ wkhq �qg wkh vpdoohvw lqwhjhu q vxfk wkdw w� @ qw lv dq lqwhjhu1

Wkh phujhg wuhoolv pd| wkhq eh gh�qhg e| phujlqj w
� wudqvlwlrqv lqwr rqh1 Dqdorjrxv wr

wkh fdvh ri lqwhjhu w/ wkh wrwdo qxpehu ri eudqfkhv shu wudqvlwlrq ehfrphv 5&SEuSn|
�
3�� zlwk

nSw
� lqsxw elwv dvvrfldwhg zlwk hdfk eudqfk1 Wkh rqo| gl�huhqfh lv wkdw q wudqvplw yhfwruv

duh qrz dvvrfldwhg zlwk hdfk eudqfk lq wkh phujhg wuhoolv lqvwhdg ri mxvw rqh1

Iru vlpsolflw|/ lw lv dvvxphg lq wklv zrun wkdw li wuhoolv phujhv duh uhtxluhg +Q� ? 4,/

wkhq Q� lv d uhflsurfdo lqwhjhu +�2 /
�
� /

�
e / hwf1,/ phdqlqj wkdw rqo| rqh wudqvplw yhfwru f +n,

lv dvvrfldwhg zlwk hdfk eudqfk lq wkh phujhg wuhoolv1 Li qr phujhv duh uhtxluhg +Q� � 4,/

wkhq Q� lv dvvxphg wr eh dq lqwhjhu1 Wkhvh dvvxpswlrqv sodfh frqvwudlqwv rq wkh doorzdeoh

frqvwhoodwlrq ghqvlw| dqg qxpehu ri dqwhqqdv1 Wdeoh 714 olvwv ydulrxv doorzhg frpelqdwlrqv

ri T dqg O iru vhyhudo frpprq frgh udwhv dorqj zlwk wkh fruuhvsrqglqj sdudphwhuv Q� dqg

QK= Dv fdq eh vhhq/ lqfuhdvlqj hlwkhu wkh frqvwhoodwlrq ghqvlw| ru wkh qxpehu ri dqwhqqdv

ohdgv wr d odujhu qxpehu ri elwv shu fkdqqho xvdjh/ l1h1/ ehwwhu vshfwuxp h�flhqf|1 Rq wkh

rwkhu kdqg/ lw ohdgv wr d vpdoohu qxpehu ri xvdjhv shu wudqvlwlrq/ hyhqwxdoo| uhtxlulqj wuhoolv

phujhv zkhq Q� ehfrphv iudfwlrqdo1

Dq lpsruwdqw surshuw| ri wkh sursrvhg wudqvplwwhu vwuxfwxuh lv wkdw dv wkh sdudphwhuQ�

ghfuhdvhv ehorz xqlw|/ wkh ohqjwk ri wkh vkruwhvw huuru hyhqw lq wkh phujhg wuhoolv ghfuhdvhv1

Wklv surshuw| lv looxvwudwhg lq Ilj1 716/ zklfk vkrzv vhyhudo huuru hyhqwv lq wkh phujhg wuhoolv

iru wkh vdph +5/4/6, frgh frqvlghuhg deryh1 Wkh fdvhv ri Q� @ 4/ �

2
/ dqg �

�
duh vkrzq1 Iru

h{dpsoh/ wklv frxog fruuhvsrqg wr wkh xvh ri TSVN prgxodwlrq zlwk rqh/ wzr/ dqg wkuhh

dqwhqqdv uhvshfwlyho|1

Wkh vkruwhvw huuru hyhqw lq wkh ruljlqdo wuhoolv lv ri ohqjwk wkuhh +phdvxuhg lq wudqvlwlrqv,1

Iru Q� @ 4@5/ wkh phujhg wuhoolv lv ixoo| frqqhfwhg/ lpso|lqj wkdw wkh vkruwhvw huuru hyhqw

lv ri ohqjwk wzr1 Iru Q� @ 4@6/ wkh phujhg wuhoolv frqwdlqv sdudooho wudqvlwlrqv/ lpso|lqj

wkdw wkh vkruwhvw huuru hyhqw lv rqo| ri ohqjwk rqh1 Lq jhqhudo/ iru d frgh zlwk frqvwudlqw
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(a)

(b)

(c)

Original Trellis Merged Trellis Error Events

(No merges
required)

Iljxuh 716= Vrph huuru hyhqwv lq wkh phujhg wuhoolvhv ri wkh +5> 4> 6, frgh iru +d, Q� @ 4/ +e,
Q� @

�

2
/ dqg +f, Q� @ �

�
=
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Wdeoh 714= Qxpehu ri elwv shu xvdjh QK dqg xvdjhv shu wudqvlwlrq Q� iru vhyhudo doorzhg
frpelqdwlrqv ri wkh SVN frqvwhoodwlrq vl}h T/ wkh qxpehu ri dqwhqqdv O/ dqg wkh frgh udwh
US1

US @ 4@6 US @ 4@5 US @ 5@6

T O QK Q� QK Q� QK Q�

5 4 426 6 425 5 526 6
5 ~ ~ 4 4 ~ ~
6 4 4 ~ ~ 5 4
7 ~ ~ 5 425 ~ ~

7 4 ~ ~ 4 4 ~ ~
5 ~ ~ 5 425 ~ ~
6 425 425 6 426 7 425
7 ~ ~ 7 427 ~ ~

; 4 4 4 ~ ~ 5 4
5 5 425 6 426 7 425
6 6 426 ~ ~ 9 426
7 7 427 9 429 ; 427

ohqjwk OS/ d ixoo| frqqhfwhg phujhg wuhoolv rffxuv li 4@Q� @ OS � 4/ dqg d phujhg wuhoolv

zlwk sdudooho wudqvlwlrqv rffxuv li 4@Q� @ OS1 Iru d odujh frqvwudlqw ohqjwk/ Q� kdv wr eh

txlwh vpdoo +odujh O dqg2ru T, ehiruh wkh phujhg wuhoolv frqwdlqv sdudooho wudqvlwlrqv dqg

wkh ohqjwk ri wkh vkruwhvw huuru hyhqw lv uhgxfhg wr rqh1

Wkh deryh ehkdylrxu kdv lpsruwdqw lpsolfdwlrqv iru shuirupdqfh1 Lq d idglqj hqylurq0

phqw/ wkh glyhuvlw| rughu rewdlqhg wkurxjk frglqj dqg lqwhuohdylqj lv uhodwhg wr wkh ohqjwk

ri wkh vkruwhvw huuru hyhqw= wkh orqjhu wklv huuru hyhqw/ wkh kljkhu wkh qxpehu ri lqghshq0

ghqw fkdqqho xvdjhv dfurvv wkh hyhqw/ dqg wkxv wkh kljkhu wkh rughu ri glyhuvlw|1 Wkxv/ iru d

�{hg frqvwudlqw ohqjwk frgh/ dv Q� ghfuhdvhv +gxh wr lqfuhdvlqj O ru T,/ wkh glyhuvlw| rughu

ghfuhdvhv gxh wr wkh huuru hyhqwv lq wkh phujhg wuhoolv ehfrplqj vkruwhu1 Wkh ghfuhdvh zlwk

wkh qxpehu ri dqwhqqdv lv xqxvxdo/ vlqfh lq wkh xsolqn zh duh xvhg wr vhhlqj wkh rssrvlwh1

Krzhyhu/ wklv ehkdylrxu pd| eh dwwulexwhg wr wkh idfw wkh dqwhqqd duud| lv ehlqj xvhg iru d

gl�huhqw sxusrvh1 Udwkhu wkdq iru glyhuvlw| frpelqlqj/ wkh dqwhqqd duud| lv xvhg wr surylgh

lqghshqghqw fkdqqhov rq zklfk wr wudqvplw vxffhvvlyh frgh v|perov lq rughu wr uhgxfh wkh

wudqvplvvlrq edqgzlgwk1 Wkxv/ dv Q� ghfuhdvhv/ d odujhu frqvwudlqw ohqjwk frgh pxvw eh

xvhg wr hqvxuh wkdw wkh ohqjwk ri wkh vkruwhvw huuru hyhqw lq wkh phujhg wuhoolv/ dqg khqfh

wkh glyhuvlw| rughu/ lv vx�flhqw1 Wkh frvw lv lqfuhdvhg ghfrglqj frpsoh{lw| gxh wr wkh odujhu

vwdwh vhw1
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Lw lv lqwhuhvwlqj wr qrwh wkdw d vshfldo fdvh ri wkh sursrvhg vwuxfwxuh dsshduv lq ^86`

zkhuh d udwh lqfuhdvh lv rewdlqhg iru d vlqjoh xvhu e| xvh ri pxowlsoh wudqvplw dqwhqqdv1

Wkh vshfldo fdvh frqvlghuv d udwh rqh kdoi frgh zlwk ESVN prgxodwlrq dqg wzr wudqvplw

dqwhqqdv1 Wklv uhvxowv lq QK @ 4 elw2xvdjh dqg Q� @ 4 yhfwru fkdqqho xvdjh shu wudqvlwlrq1

Ehfdxvh ri wkh fkrvhq sdudphwhuv/ wkh sureohp ri d vlqjoh fkdqqho xvdjh vsdqqlqj vhyhudo

wuhoolv wudqvlwlrqv grhv qrw dsshdu/ dqg lv wkxv qrw dgguhvvhg1 Ixuwkhupruh/ wkh shuirupdqfh

uhvxowv duh rewdlqhg e| vlpxodwlrq/ zkhuhdv lq wklv zrun/ d ixoo|0dqdo|wlfdo h{suhvvlrq iru

dyhudjh EHU lv ghulyhg/ iurp zklfk wkh deryh qryho glyhuvlw| ehkdylrxu pd| eh dvfhuwdlqhg1

e�� #iUL_ih W4T*i4i?|@|�L?

Dffruglqj wr wkh PDS ghflvlrq uxoh/ wkh ghfrghu fkrrvhv wkh vwdwh vhtxhqfh {� wkdw pd{0

lpl}hv wkh d srvwhulrul suredelolw| S +{� m u>J, zkhuh u lv wkh vhtxhqfh ri ghlqwhuohdyhg

uhfhlyhg vdpsohv/ dqg J lv wkh ghlqwhuohdyhg vhtxhqfh ri fkdqqho jdlq yhfwruv1 Lq wklv zrun/

lw lv dvvxphg wkdw wkh uhfhlyhu kdv shuihfw nqrzohgjh ri J1 Li Q� ? 4/ {� lv d vhtxhqfh

ri vwdwhv wkurxjk wkh phujhg wuhoolv1 Li Q� � 4/ {� lv d vhtxhqfh ri vwdwhv wkurxjk wkh

ruljlqdo +xq0phujhg, wuhoolv1 Dvvxplqj doo vwdwh vhtxhqfhv duh htxlsuredeoh/ wkh uhfhlyhu

pd| pd{lpl}h wkh iruzdug suredelolw| S +u m{�>J, lqvwhdg1 Htxlydohqwo| lw pd| plqlpl}h

� oqS +u m{�>J, = Ehfdxvh wkh vhtxhqfh ri qrlvh vdpsohv lv zklwh/ wkh ghvluhg suredelolw|

idfwruv dv d surgxfw/ dqg wkh orj0olnholkrrg ixqfwlrq pd| eh h{suhvvhg dv wkh vxppdwlrq

� oqS +u m{
�
>J, @ �

[

&

oqS ^u +n, m{�>j +n,` +71:,

Vlqfh u +n, lv frqglwlrqdoo| Jdxvvldq zlwk phdq DjA +n, f +n, dqg yduldqfh QJ/

oqS ^u +n, m{�>j +n,` @ �
4

5QJ

��u +n,�DjA +n,f� +n,
��2
� 5�QJ +71;,

zkhuh f� +n, lv wkh wudqvplw yhfwru fruuhvsrqglqj wr wkh dssursuldwh wudqvlwlrq lq wkh k|0

srwkhvl}hg vwdwh vhtxhqfh {�=

Qhjohfwlqj k|srwkhvlv lqghshqghqw whupv/ wkh fxpxodwlyh phwulf wr eh plqlpl}hg lv wkxv

�� @
S

&
�� +n, zkhuh wkh eudqfk phwulf �� +n, lv jlyhq e|

�� +n, @

�����u +n,�D

u[

,'�

j, +n, f�, +n,

�����

2

= +71<,
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Qrwh wkdw wkh lqqhu surgxfw jA +n,f� +n, lq +71;, kdv ehhq h{suhvvhg dv d vxppdwlrq ryhu

wkh O wudqvplw dqwhqqdv1 Wkh eudqfk phwulf lq +71<, kdv suhflvho| wkh vdph irup dv wkh mrlqw

ghwhfwlrq phwulf iru wkh xsolqn ghulyhg lq Fkdswhu 61 Frqvhtxhqwo|/ wkh preloh lpsolflwo|

shuirupv mrlqw ghwhfwlrq ri wkh frfkdqqho vljqdov iurp wkh O gl�huhqw wudqvplw dqwhqqdv

zlwklq wkh uhfhlyhu phwulf1 Dq dwwudfwlyh ihdwxuh ri wkh mrlqw ghwhfwlrq lv wkdw wkh frfkdq0

qho vljqdov duh v|qfkurql}hg e| v|pero/ vlqfh wkh edvh vwdwlrq frqwurov wkh vlpxowdqhrxv

wudqvplvvlrqv iurp wkh gl�huhqw dqwhqqdv1 Ixuwkhupruh/ wkh frfkdqqho vljqdov duh ri htxdo

dyhudjh srzhu1 Wkhvh revhuydwlrqv doorz wkh uhxvh ri vhohfwhg dqdo|wlfdo uhvxowv iurp Fkds0

whu 61

Xvlqj wkh fxpxodwlyh phwulf ��/ ghfrglqj pd| eh shuiruphg xvlqj wkh vwdqgdug Ylwhuel

dojrulwkp +YD,1 Wkh YD rshudwhv rq wkh phujhg wuhoolv lq wkh fdvh ri Q� ? 4/ ru wkh ruljlqdo

wuhoolv lq wkh fdvh ri Q� � 41 Lq erwk fdvhv/ n lqgh{hv fkdqqho xvdjhv1 Iru wkh iruphu wkhuh

lv rqo| rqh yhfwru fkdqqho xvdjh shu wudqvlwlrq lq wkh phujhg wuhoolv +e| ghvljq,/ dqg lq wkh

odwwhu/ wkhuh pd| eh rqh ru pruh xvdjhv1

e�e �ihuLh4@?Ui �?@*)t�t

Dv lq rwkhu vwxglhv wkdw frqvlghu wuhoolv ghfrglqj/ h1j1/ ^87`/ wkh EHU lv hvwlpdwhg dv

SK �
4

�

[

�

��S2�
+7143,

zkhuh �� lv wkh qxpehu ri elw0huuruv dvvrfldwhg zlwk wkh lwk huuru hyhqw/ dqg S2�
lv wkh sdlu0

zlvh huuru suredelolw| fruuhvsrqglqj wr wkdw hyhqw/ l1h1/ wkh suredelolw| wkdw wkh fxpxodwlyh

phwulf iru wkh lwk huuru hyhqw lv pruh idyrxudeoh wkdq wkdw iru wkh doo0}hur vwdwh vhtxhqfh1

Wkh yduldeoh � lv wkh qxpehu ri hqfrghu lqsxw elwv shu wuhoolv wudqvlwlrq= iru wkh fdvh ri

Q� ? 4/ � @ nS@Q�> iru wkh fdvh ri Q� � 4/ � @ nS= W|slfdoo| wkh lq�qlwh vxppdwlrq lq

+7143, lv wuxqfdwhg vxfk wkdw rqo| huuru hyhqwv zlwk ohqjwk ohvv wkdq ru htxdo wr d fhuwdlq

wkuhvkrog duh lqfoxghg1

Wkh EHU hvwlpdwh lq +7143, lv edvhg rq wkh dvvxpswlrq wkdw wkh sdluzlvh huuru hyhqwv

duh pxwxdoo| h{foxvlyh1 Wklv dvvxpswlrq lv lqydolg iru orz VQUv/ ohdglqj wr dq ryhuhvwlpdwh

ri EHU lq wklv uhjlrq1 Krzhyhu/ iru kljk VQUv/ wkh hvwlpdwh lv dv|pswrwlfdoo| dffxudwh

li d vx�flhqw qxpehu ri huuru hyhqwv duh lqfoxghg lq wkh vxppdwlrq1 D uhdvrqdeoh uxoh ri

wkxpe lv wr lqfoxgh doo huuru hyhqwv ri ohqjwk ohvv wkdq ru htxdo wr e5OSQ�f iru wkh fdvh ri

Q� ? 4> dqg ohqjwk ohvv wkdq ru htxdo wr 5OS iru wkh fdvh ri Q� � 41
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Wkh sdluzlvh huuru suredelolw| lq +7143, lv jlyhq e| S2� @ S ^G� ? 3` zkhuh G� @ ����f

dqg �f lv wkh fxpxodwlyh phwulf iru wkdw sruwlrq ri wkh doo0}hur vwdwh vhtxhqfh ri ohqjwk htxdo

wr wkh lwk huuru hyhqw= Qrwlqj wkdw iru wkh doo0}hur vwdwh vhtxhqfh ff +n, @ +4> 4> � � � > 4,/ wkh

udqgrp yduldeoh G� lv jlyhq e|

G� @
[

&

3
C
�����u +n,�D

u[
,'�

j, +n, f�, +n,

�����
2

�

�����u +n,�D

u[
,'�

j, +n,

�����
2
4
D = +7144,

zkhuh n lqgh{hv wkrvh fkdqqho xvdjhv ri wkh lwk huuru hyhqw iru zklfk f� +n, lv qrw htxdo wr

wkh doo0rqhv yhfwru1 Lq d vlplodu idvklrq wr wkh suhylrxv fkdswhu/ G� pd| eh h{suhvvhg dv wkh

vxp G� @
S

&
g�& zkhuh g�& @ }

_ +n,T� +n,} +n, lv d Khuplwldq txdgudwlf irup lq }hur0phdq

frpsoh{ Jdxvvldq udqgrp yduldeohv1 Wkh yhfwru } +n, lv gh�qhg dv

} +n, @ +u +n, > j� +n, > j2 +n, > � � � > ju +n,,
A +7145,

dqg wkh Khuplwldq pdwul{ T� +n, dv

T� +n, @ xW� +n,x
A

� +n,� xWf +n,x
A

f +n, +7146,

zkhuh wkh yhfwruv x� +n, dqg xf +n, duh jlyhq e|

x� +n, @ +4>�Df�� +n, >�Df�2 +n, > � � � >�Df�u +n,,
A

xf +n, @ +4>�D>�D> � � � >�D,A = +7147,

Vxevwlwxwlqj +7147, lqwr +7146, dqg h{sdqglqj jlyhv T� +n, @ I� +n, . I
_
�
+n, zkhuh

I� +n, @

5
999999997

3 D +4� f�� +n,, D +4� f�2 +n,, � � � D +4� f�u +n,,

3 3 D
2 +fW

��
+n, f�2 +n,� 4, � � � D

2 +fW
��
+n, f�u +n,� 4,

3 3 3 � � � D2 +fW
�2
+n, f�u +n,� 4,

111
111

111
1 1 1

111

3 3 3 � � � 3

6
::::::::8
=

+7148,

Wkh sdluzlvh huuru suredelolw| pd| eh hydoxdwhg hdvlo| xvlqj

S2�
@ O

3�

UU

�
4

v
�(�

+v,

�����
('f

+7149,

zkhuh �(�
+v, lv wkh wzr0vlghg Odsodfh wudqvirup ri wkh SGI ri G� +l1h1/ wkh fkdudfwhulvwlf

ixqfwlrq ri G�,/ dqg O
3�

UU
i�j ghqrwhv wkh lqyhuvh wzr0vlghg Odsodfh wudqvirup1
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Lq wklv zrun/ shuihfw lqwhuohdylqj lv dvvxphg/ lpso|lqj wkdw wkh fkdqqho jdlq yhfwruv

j +n, iurp rqh fkdqqho xvdjh wr wkh qh{w duh lqghshqghqw1 Frqvhtxhqwo|/ wkh g�&*v duh lqgh0

shqghqw/ dqg wkh fkdudfwhulvwlf ixqfwlrq ri G� idfwruv dv wkh surgxfw �(�
+v, @

T
&
!_�&

+v,

zkhuh !_�&
+v, lv wkh fkdudfwhulvwlf ixqfwlrq ri g�& ^43` jlyhq e|

!_�&
+v, @

4

ghw ^L. 5vUT� +n,`

@
4

+4 . v��&�, +4 . v��&2,
+714:,

zkhuh

U @
4

5
H

k
} +n,}_ +n, mff +n,

l

@ QJ

5
999999997

4 . O� �@D �@D � � � �@D

�@D �@D2 3 � � � 3

�@D 3 �@D2
� � � 3

111
111

111
1 1 1

111

�@D 3 3 � � � �@D2

6
::::::::8

+714;,

dqg L lv wkh +O. 4,� +O. 4, lghqwlw| pdwul{1 Uhfdoo wkdw wkh VQU � lv uhodwhg wr wkh VQU

shu lqirupdwlrq elw �K e| � @ QK�K= Wkh odwwhu htxdolw| ri +714:, iroorzv iurp wkh iruphu

vlqfh wkh udqn ri wkh pdwul{ 5UT
� +n, lv rqo| wzr> wkxv/ 5UT� +n, kdv rqo| wzr qrq0}hur

hljhqydoxhv ��&� dqg ��&2> rqh srvlwlyh dqg rqh qhjdwlyh1 Wklv idfw lv suryhg lq wkh suhylrxv

fkdswhu zklfk frqvlghuv pdwulfhv ri d vlplodu irup1

Wkh hljhqydoxhv duh eh irxqg e| h{suhvvlqj wkh fkdudfwhulvwlf sro|qrpldo ri wkh pdwul{

surgxfw 5UT
� +n, dv

ghw ^5UT� +n,� �L` @ �u3�
�
�2 . ��&��. ��&2

�
@ 3= +714<,

Dv h{sodlqhg lq wkh suhylrxv fkdswhu/ wkh frh�flhqwv ri wkh txdgudwlf sro|qrpldo duh jlyhq

e| ��&� @ �W�&� dqg ��&2 @ �
�

2
+��&�W�&� . W�&2, zkhuh W�&? @wudfhi^5UT� +n,`

?j = Nqrzlqj

wkh frh�flhqwv doorzv rqh wr fdofxodwh wkh hljhqydoxhv dv

��&� @
4

5

�
W�&� .

t
5W�&2 � W

2

�&�

�

@ 5QJ

�
d�&�.

t
d
2

�&
�. 5d�&�

�
+7153,
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dqg

��&2 @
4

5

�
W�&� �

t
5W�&2 � W

2

�&�

�

@ 5QJ

�
d�&��

t
d2
�&
�. 5d�&�

�
+7154,

zkhuh

d�& @
u[
,'�

+4�Uh ^f�, +n,`, = +7155,

Wkh odwwhu htxdolwlhv lq +7153, dqg +7154, duh irxqg e| oderxulrxv hydoxdwlrq ri wkh pd0

wul{ wudfhv zkloh xvlqj wkh idfw wkdw +Uh ^f�, +n,`,
2 . +Lp ^f�, +n,`,

2 @ 4 iru SVN1 Vlqfh wkh

lqwhuphgldwh uhvxowv duh odujh/ wkh| duh qrw suhvhqwhg khuh1

Xvlqj +714:,/ wkh fkdudfwhulvwlf ixqfwlrq ri G� pd| qrz eh h{suhvvhg lq whupv ri wkh

deryh hljhqydoxhv dv

�(�
+v, @
\

&

s�&�s�&2
+v� s�&�, +v� s�&2,

+7156,

zkhuh s�&� @ �4@��&� dqg s�&2 @ �4@��&2 ghqrwh wkh sroh orfdwlrqv1 Vlqfh ��&� lv srvlwlyh

dqg ��&2 lv qhjdwlyh/ s�&� olhv lq wkh ohiw kdoi sodqh +OKS,/ dqg s�&2 olhv lq wkh UKS iru doo n1

Vxevwlwxwlqj +7156, lqwr +7149, dqg lqyhuwlqj jlyhv wkh sdluzlvh huuru suredelolw| dv ghvluhg1

Wkh lqyhuvlrq pd| dozd|v eh dffrpsolvkhg xvlqj qxphulfdo frqwrxu lqwhjudwlrq> krzhyhu/

lq wklv zrun/ d qryho dqdo|wlfdo whfkqltxh edvhg rq uhvlgxhv lv xvhg ^88`1 Wklv whfkqltxh

frqvlghuv fkdudfwhulvwlf ixqfwlrqv ri wkh irup lq +7156,/ dqg dssolhv wr wkh jhqhudo fdvh ri d

frpelqdwlrq ri erwk glvwlqfw srohv dqg srohv zlwk duelwudu| pxowlsolflw|/ jlylqj d vroxwlrq

wkdw lv erwk h{dfw dqg qxphulfdoo| vwdeoh1

Uhfdoo wkdw lq +7156,/ n lqgh{hv wkrvh fkdqqho xvdjhv ri wkh lwk huuru hyhqw iru zklfk

f� +n, lv qrw htxdo wr wkh doo0rqhv yhfwru1 Ghqrwh wkh qxpehu ri vxfk fkdqqho xvdjhv dv N�1

Dqdorjrxv wr wkh uhvxowv ri wkh suhylrxv fkdswhu/ wkh sdluzlvh huuru suredelolw| iru wkh lwk

huuru hyhqw ydulhv dv|pswrwlfdoo| dv �3g� = Vlqfh wkh EHU lv d vxp ri wkh sdluzlvh huuru

suredelolwlhv/ wkh dv|pswrwlf EHU ydulhv dv �3g�c6�? zkhuh N�c6�? lv wkh vpdoohvw N� lq wkh

vhw ri doo huuru hyhqwv +w|slfdoo| fruuhvsrqglqj wr wkh vkruwhvw huuru hyhqw,1 Lq rwkhu zrugv/

wkh dv|pswrwlf rughu ri glyhuvlw| lv htxdo wr N�c6�?= Fohduo|/ wkh glyhuvlw| rughu lv vwurqjo|

ghshqghqw rq wkh frqvwudlqw ohqjwk ri wkh frgh= odujhu frqvwudlqw ohqjwkv uhvxow lq orqjhu

huuru hyhqwv zklfk uhvxow lq d odujhu N�c6�?1
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e�D +it�*|t

Lq wklv vhfwlrq wkh sursrvhg grzqolqn vfkhph lv ghprqvwudwhg xvlqj udwh rqh kdoi pd{lpxp

iuhh glvwdqfh frqyroxwlrqdo frghv ^;`1 Vxfk frghv pd| qrw eh rswlpdo lq whupv ri EHU> wkh|

duh xvhg vlpso| iru looxvwudwlyh sxusrvhv1 Dowkrxjk qrw frqvlghuhg khuh/ wuhoolv frghv pd|

eh d jrrg fkrlfh1 Zlwk wuhoolv frghv/ wkh vdph dqdo|vlv dv suhvhqwhg lq wklv fkdswhu dssolhv/

h{fhsw wkdw Q� lv dozd|v ohvv wkdq ru htxdo wr xqlw| iru doo frpelqdwlrqv ri T dqg O= Lq

doo wkh uhvxowv suhvhqwhg khuh/ wkh qxpehu ri dqwhqqdv O lv htxdo wr wkh qxpehu ri xvhuv P

vxfk wkdw wkh pxowlsoh xvhuv rffxs| wkh vdph edqgzlgwk dv d vlqjoh xvhu1 Wkh xvh ri pruh

dqwhqqdv wkdq wkh qxpehu ri xvhuv doorzv iru dq lqfuhdvh lq fdsdflw| iru hdfk xvhu/ exw wkh

frvw lv d orvv lq glyhuvlw| rughu frpsduhg wr wkh O @P fdvh gxh wr d vpdoohu Q�1

Ilj1 717 frpsduhv wkh hvwlpdwhg EHU xvlqj +7143, wr wkh EHU rewdlqhg e| vlpxodwlrq iru

d v|vwhp zlwk P @ 4/ 5/ dqg 7 xvhuv/ d frqvwudlqw ohqjwk �yh frgh/ dqg ESVN prgxodwlrq

+T @ 5,1 Fohduo|/ wkh hvwlpdwhg EHU lv dffxudwh iru doo EHUv ri lqwhuhvw1 Qrwh wkdw d

wkuhh0xvhu v|vwhp lv qrw frqvlghuhg/ vlqfh O @ 6/ T @ 5 lv qrw dq doorzhg frpelqdwlrq lq

Wdeoh 7141

Dv lv frpprq sudfwlfh/ wkh EHU lq wklv judsk lv sorwwhg djdlqvw wkh uhfhlyh VQU shu

lqirupdwlrq elw �K @ �@QK1 Wkh qxpehu ri elwv shu yhfwru fkdqqho xvdjh QK lv sursruwlrqdo

wr wkh qxpehu ri dqwhqqdv O� dqg wkxv wkh qxpehu ri xvhuv/ vlqfh O @P 1 Wklv frqyhqwlrq

pdnhv lw dsshdu wkdw wkh irxu0xvhu v|vwhp kdv d orzhu EHU wkdq erwk wkh wzr0xvhu dqg

vlqjoh0xvhu v|vwhpv1 Krzhyhu/ v|vwhpv zlwk gl�huhqw qxpehuv ri xvhuv vkrxog eh frpsduhg

rq wkh edvlv ri wkh vdph qxpehu ri lqirupdwlrq elwv shu xvhu QK@P 1 Wkxv/ wkh EHU ri wkh

vlqjoh0xvhu v|vwhp dw �K @ 9 gE vkrxog eh frpsduhg zlwk wkh EHU ri wkh wzr0xvhu v|vwhp

dw �K @ 6 gE dqg wkdw ri wkh irxu0xvhu v|vwhp dw �K @ 3 gE1 Htxlydohqwo|/ wkh EHU frxog

eh sorwwhg yv1P�K lqvwhdg ri �K= Vxfk d sorw dsshduv lq Ilj1 718 zklfk vkrzv wkdw wkh fxuyh

iru P xvhuv lv vlpso| wkh fruuhvsrqglqj fxuyh lq Ilj1 717 vkliwhg wr wkh uljkw e| 43 orj
�fP

gE � d 6 gE vkliw iru wzr xvhuv/ dqg d 9 gE vkliw iru irxu xvhuv1

Iurp hlwkhu Ilj1 717 ru Ilj1 718/ lw fdq eh vhhq wkdw wkh shuirupdqfh ghjudghv dv wkh

qxpehu ri xvhuv lqfuhdvhv1 Krzhyhu/ lw lv vwloo srvvleoh wr rewdlq jrrg shuirupdqfh iru doo

xvhuv dw uhdvrqdeo| orz VQUv xvlqj d vkruw frqvwudlqw ohqjwk frgh1 Wkh frvw ri dgglqj

dgglwlrqdo xvhuv lv d orvv lq glyhuvlw| rughu1 Dv wkh qxpehu ri xvhuv lqfuhdvhv/ Q� ghfuhdvhv

zklfk ghfuhdvhv wkh glyhuvlw| rughu dv h{sodlqhg lq Vhfwlrq 7151 Iru wkh h{dpsoh frgh xvhg

khuh/ wkh glyhuvlw| rughu iru P @ 4 lv vhyhq1 Ehfdxvh ESVN prgxodwlrq lv xvhg/ wklv lv
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Iljxuh 717= Hvwlpdwhg dqg vlpxodwhg EHU zlwk d +5/4/8, frgh dqg ESVN prgxodwlrq1

htxdo wr wkh iuhh glvwdqfh ri wkh frgh1 IruP @ 5> wkh glyhuvlw| rughu lv �yh/ dqg iruP @ 7

zkhuh wuhoolv phujlqj lv uhtxluhg +Q� @ �

2
,/ wkh glyhuvlw| rughu lv wkuhh1

Ilj1 719 vkrzv wkh yduldwlrq lq EHU zlwk wkh frqvwhoodwlrq ghqvlw| T iru erwk d wzr0xvhu

dqg d irxu0xvhu v|vwhp zlwk d frqvwudlqw ohqjwk vhyhq frgh1 Dv suhglfwhg/ wkh ghfuhdvh lq

Q� zlwk lqfuhdvlqj frqvwhoodwlrq ghqvlw| fdxvhv d uhgxfwlrq lq glyhuvlw| rughu1 Zlwk d ghqvh

frqvwhoodwlrq dqg d odujh qxpehu ri xvhuv/ wkh uhgxfwlrq fdq eh vljql�fdqw1 Iru wkh wzr0xvhu

v|vwhp/ wkh glyhuvlw| rughu lv htxdo �yh/ irxu/ dqg wkuhh iru ESVN +T @ 5,/ TSVN +T @ 7,/

dqg ;SVN +T @ ;, uhvshfwlyho|1 Iru wkh irxu0xvhu v|vwhp/ wkh glyhuvlw| rughu lv wkuhh/ wzr/

dqg wzr uhvshfwlyho|1 Rughu wzr glyhuvlw| iru wkh irxu0xvhu2;SVN v|vwhp lv frqvlvwhqw zlwk

wkh idfw wkdw wkh phujhg wuhoolv lv ixoo| frqqhfwhg/ zklfk rffxuv zkhq 4@Q� @ OS � 4 @ 9=

Ilj1 71: looxvwudwhv wkh frvw lq wrwdo wudqvplw srzhu wr vxssruw P xvhuv zlwk d frqvwhood0

wlrq ghqvlw| T= Wklv judsk lv jhqhudwhg e| sorwwlqj wkh shu0xvhu wudqvplw VQU �A lq +717,/



FKDSWHU 71 MRLQW GHWHFWLRQ LQ WKH GRZQOLQN :6

M =  1

M =  2

M =  4

B
E

R
  P

b

0 2 4 6 8
10

-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

SNR/(bit/user) MΓ b (dB)
10 12

Iljxuh 718= EHU sorwwhg djdlqvw wkh VQU2+elw2xvhu, P�K iru d +5/4/8, frgh dqg ESVN
prgxodwlrq1

fdofxodwhg xvlqj wkh uhfhlyh VQU2elw �K fruuhvsrqglqj wr d EHU ri 433�1 Hylghqwo|/ wkh

uhtxluhg wudqvplw srzhu shu xvhu lqfuhdvhv zlwk wkh qxpehu ri xvhuv/ dqg dv wkh frqvwhood0

wlrq ghqvlw| jurzv/ wkh lqfuhdvh ehfrphv idvwhu1 Krzhyhu/ revhuydwlrq ri wkh ESVN fxuyh

lqglfdwhv wkdw irxu xvhuv pd| eh vxssruwhg zlwk d wudqvplw srzhu rqo| 518 gE shu xvhu

juhdwhu wkdq lq d vlqjoh xvhu v|vwhp � qrw d odujh frvw frqvlghulqj wkh v|vwhp fdsdflw| jdlq

wkdw pd| eh uhdol}hg1

e�S �L?U*�t�L?t

Lq wklv fkdswhu/ d vlpsoh wudqvplwwhu vwuxfwxuh lv sursrvhg iru vxssruwlqj pxowlsoh lqwudfhoo

xvhuv lq wkh vdph wlph2iuhtxhqf| vorw lq wkh grzqolqn xvlqj d wudqvplw dqwhqqd duud| dw

wkh edvh vwdwlrq dqg mrlqw ghwhfwlrq dw wkh vlqjoh0dqwhqqd preloh uhfhlyhuv1 Wkh vwuxfwxuh lv
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Iljxuh 719= EHU zlwk d +5/4/:, frgh dqg ydulrxv prgxodwlrq w|shv1

edvhg xsrq pxowlsoh{lqj wkh xvhuv* elw vhtxhqfhv wrjhwkhu/ wkhq hpsor|lqj vwdqgdug frglqj

dqg lqwhuohdylqj ri wkh frpsrvlwh vhtxhqfh lq rughu wr vxsso| whpsrudo glyhuvlw|1 Wkh

edqgzlgwk uhtxluhg wr wudqvplw wkh kljk0udwh frghg vhtxhqfh lv uhgxfhg e| vlpxowdqhrxvo|

wudqvplwwlqj vhyhudo vxffhvvlyh frgh v|perov rq gl�huhqw dqwhqqdv1 Dw wkh preloh uhfhlyhuv/

vriw ghflvlrq ghfrglqj lv hpsor|hg xvlqj wkh Ylwhuel dojrulwkp zlwk d phwulf wkdw lpsolflwo|

shuirupv mrlqw ghwhfwlrq ri wkh frfkdqqho vljqdov wudqvplwwhg iurp wkh pxowlsoh dqwhqqdv1

Wkh vlpxowdqhrxv wudqvplvvlrq ri vxffhvvlyh frgh v|perov fdxvhv d vlqjoh fkdqqho xvdjh

wr vsdq vhyhudo wuhoolv wudqvlwlrqv1 Wr kdqgoh wklv xqxvxdo vlwxdwlrq lq erwk dqdo|vlv dqg

ghfrghu lpsohphqwdwlrq/ wkh frqfhsw ri d phujhg wuhoolv lv lqwurgxfhg lq zklfk wkh wuhoolv

lv prgl�hg vxfk wkdw d vlqjoh fkdqqho xvdjh vsdqv rqo| rqh wudqvlwlrq1 Xvlqj wkh phujhg

wuhoolv/ wkh rswlpdo ghfrghu lv lghqwl�hg/ dqg dq dqdo|wlfdo h{suhvvlrq iru wkh dyhudjh elw0

huuru udwh lv ghulyhg1 Xqxvxdo ehkdylrxu lv ghprqvwudwhg lq whupv ri glyhuvlw| rughu= dv
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Iljxuh 71:= Shu0xvhu wudqvplw VQU �A uhtxluhg wr dfklhyh d EHU ri 433� xvlqj d +5/4/:,
frgh1

wkh qxpehu ri dqwhqqdv lqfuhdvhv/ gxh wr dq lqfuhdvlqj qxpehu ri xvhuv/ wkh glyhuvlw| rughu

dfwxdoo| ghfuhdvhv gxh wr wkh vlpxowdqhrxv wudqvplvvlrq ri vxffhvvlyh frgh v|perov1

Hyhq zlwk wkh orvv lq glyhuvlw|/ wkh phwkrg surylghv d pdmru lqfuhdvh lq grzqolqn fd0

sdflw| zkloh pdlqwdlqlqj jrrg shuirupdqfh iru doo xvhuv dw orz vljqdo0wr0qrlvh udwlrv zlwk

prghudwh frpsxwdwlrqdo ordg1 Iru h{dpsoh/ xvlqj d udwh rqh kdoi/ frqvwudlqw ohqjwk vhyhq

frgh zlwk ESVN prgxodwlrq dqg irxu dqwhqqdv/ irxu xvhuv pd| eh vxssruwhg lq wkh vdph

edqgzlgwk dv d vlqjoh0xvhu dw d EHU ri 433� zlwk rqo| 518 gE2xvhu pruh wudqvplw srzhu

wkdq d vlqjoh0xvhu v|vwhp1



������� �

��������� ������� ���������

Lq wklv fkdswhu/ d sudfwlfdo pxowlxvhu fkdqqho hvwlpdwlrq whfkqltxh wkdw pd| eh xvhg zlwk

mrlqw ghwhfwlrq lv ghyhorshg1 Zkloh wkh whfkqltxh dssolhv wr wkh prvw jhqhudo vlwxdwlrq ri

iuhtxhqf|0vhohfwlyh idglqj dqg dv|qfkurqrxv xvhuv/ lw lqfoxghv wkh �dw0idglqj2v|qfkurqrxv

xvhu vlwxdwlrq frqvlghuhg lq Fkdswhuv 6 dqg 7 dv d vshfldo fdvh1

Wkh xvh ri slorw v|perov lv d zhoo0nqrzq phwkrg iru rewdlqlqj jrrg fkdqqho lpsxovh

uhvsrqvh hvwlpdwhv lq vlqjoh0xvhu v|vwhpv/ h1j1/ ^8:`~^94`1 Iru wkh fdvh ri pxowlxvhu v|vwhpv/

slorw0edvhg fkdqqho hvwlpdwlrq kdv ehhq vwxglhg h{whqvlyho| rqo| iru FGPD/ h1j1/ ^95` dqg

^96`/ zkhuh surfhvvlqj jdlq vxssuhvvhv lqwhuihuhqfh lq wkh fkdqqho hvwlpdwru1 Krzhyhu/ olwwoh

lv nqrzq derxw slorw0edvhg pxowlxvhu fkdqqho hvwlpdwlrq lq WGPD v|vwhpv1 Wkh vroh sulru

vwxg| dsshduv wr eh ^66`/ lq zklfk wkh fkdqqhov duh wuhdwhg dv wlph0lqyduldqw1

Lq wklv wkhvlv/ d slorw0edvhg PPVH whfkqltxh iru hvwlpdwlqj wkh fkdqqho lpsxovh uh0

vsrqvhv ri pxowlsoh frfkdqqho xvhuv lq d WGPD v|vwhp lv dgrswhg1 Wklv zrun pdnhv wzr

nh| frqwulexwlrqv zklfk dovr dsshdu lq ^98`� dqg ^97`= �uvw/ wkh dqdo|vlv dffrxqwv iru wlph

yduldwlrq ri wkh fkdqqhov zlwklq dqg ehwzhhq wkh wudlqlqj vhtxhqfhv1 Wklv ihdwxuh/ suhyl0

rxvo| qrw dgguhvvhg/ lv hvvhqwldo lq d pxowlxvhu hqylurqphqw zkhuh wkh wudlqlqj vhtxhqfhv duh

qhfhvvdulo| orqjhu wkdq lq d vlqjoh0xvhu hqylurqphqw ^66`/ uhvxowlqj lq wlph yduldwlrq gxulqj

wkh wudlqlqj shulrgv1

Vhfrqg/ wklv fkdswhu dgguhvvhv wkh ghvljq ri dssursuldwh wudlqlqj vhtxhqfhv1 Lq frqwudvw

wr wkh vlqjoh0xvhu fdvh/ iru zklfk lw lv riwhq srvvleoh wr vhohfw d vlqjoh wudlqlqj vhtxhqfh

zlwk shuihfw dxwrfruuhodwlrq surshuwlhv +dv grqh lq ^8;` dqg ^8<`,/ lw lv gl�fxow wr vhohfw

� U? �bbb W,,,� +iTh�?|i_c ��|� Tih4�tt�L?c uhL4 �hLU� W,,, W��<bbc V@?UL��ihc �@?@_@c a�?i S��fc

�bbb�

:9
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pxowlsoh wudlqlqj vhtxhqfhv ri duelwudu| ohqjwk zlwk erwk shuihfw dxwr0 dqg furvvfruuhodwlrq

surshuwlhv1 Wr ryhufrph wkhvh gl�fxowlhv/ uhdvrqdeoh vhohfwlrq fulwhuld duh suhvhqwhg iru

ghvljqlqj jrrg/ vxerswlpdo wudlqlqj vhtxhqfhv zlwk wudlqlqj v|perov frqvwudlqhg wr olh

zlwklq wkh prgxodwlrq doskdehw1

D�� 5�}?@* @?_ ��@??i* �L_i*t

Ilj1 814 vkrzv d gldjudp ri wkh wudqvplvvlrq ri P frfkdqqho vljqdov wkurxjk lqghshqghqwo|

idglqj/ glvshuvlyh fkdqqhov1 Hdfk fkdqqho lv uhsuhvhqwhg e| lwv wlph0yduldqw fkdqqho lpsxovh

uhvsrqvh j6 +� > w, zkhuh � uhsuhvhqwv wkh phpru| ri wkh lpsxovh uhvsrqvh/ dqg w uhsuhvhqwv

wlph yduldwlrq1 Wkh pwk xvhu*v wudqvplwwhg vljqdo lv jlyhq e|

v6 +w, @ D6
[

?

f6 +q,x +w� qW � �6, +814,

zkhuh f6 +q, lv d gdwd ru wudlqlqj v|pero iru wkhpwk xvhu qrupdol}hg vxfk wkdwH
k
mf6 +q,m2

l
@

4/ x +w, lv d urrw0Q|txlvw sxovh zlwk dxwrfruuhodwlrq ixqfwlrq { +�, @
U
x +w,x W +w� �,gw dqg

hqhuj| { +3, @ 4/ dqg D6 lv uhodwhg wr wkh dyhudjh wudqvplw srzhu S6 e| D6 @
s
5S61 Wkh

uhodwlyh ghod| �6 dsshduv lq +814, vlqfh wkh vljqdov duh frqvlghuhg wr eh dv|qfkurqrxv1

Σ Σ u*(− t)M
Cochannel

Signals

g1(τ ;t)

g2(τ ;t)

gM(τ ;t)sM(t)

s2(t)

s1(t)
z(t)

y(t) r(t) r(k)

t = kT/2

Iljxuh 814= Frfkdqqho vljqdo prgho1 Wkh P wlph0yduldqw/ glvshuvlyh fkdqqhov duh dvvxphg
wr idgh lqghshqghqwo|1

Wkh uhfhlyhg vljqdo | +w, frqvlvwv ri wkh vxp ri wkh P �owhuhg frfkdqqho vljqdov dqg dq

dgglwlyh zklwh Jdxvvldq qrlvh frpsrqhqw } +w, zlwk grxeoh0vlghg srzhu vshfwudo ghqvlw| QJ1

Dvvxplqj wkdw wkh wlph yduldwlrqv ri wkh fkdqqhov duh vorz hqrxjk vxfk wkdw j6 +� > w, grhv

qrw ydu| vljql�fdqwo| ryhu wkh phpru| ri wkh wudqvplw sxovh +d ihz v|perov,/ wkh rxwsxw ri
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wkh pdwfkhg �owhu x
W +�w, lv

u +w, @
�[

6'�

D6

[

?

f6 +q,

]
"

3"

j6 +� > w,{ +w� qW � � � �6,g� . q +w,

@
�[
6'�

[
?

f6 +q,k6 +w� qW > w, . q +w, +815,

zkhuh k6 +� > w, lv wkh pwk xvhu*v frpsrvlwh lpsxovh uhvsrqvh jlyhq e|

k6 +� > w, @ D6j6 +� � �6> w,� { +�, = +816,

Wkh rshudwru � ghqrwhv frqyroxwlrq1 Qrwlfh wkdw wkh uhodwlyh ghod| �6 lv qrz frqvlghuhg wr

eh sduw ri wkh fkdqqho lpsxovh uhvsrqvh1 Lq +815,/ q +w, lv wkh qrlvh frpsrqhqw ri wkh pdwfkhg

�owhu rxwsxw1 Vlqfh } +w, lv zklwh/ wkh dxwrfruuhodwlrq ixqfwlrq ri q +w, lv !? +�, @ QJ{ +�,1

D���� ��@??i* 5|@|�t|�Ut

Lq wklv wkhvlv/ dqPPVH hvwlpdwlrq whfkqltxh lv dgrswhg zklfk ohdgv qdwxudoo| wr frqvlghulqj

wlph yduldwlrq ri wkh fkdqqhov zlwklq dqg ehwzhhq wudlqlqj shulrgv1 PPVH hvwlpdwlrq ri

wkh xvhuv* fkdqqhov uhtxluhv nqrzohgjh ri wkh vhfrqg rughu vwdwlvwlfv ri k6 +� > w, vxppdul}hg

e| wkh fruuhodwlrq ixqfwlrq

U�6
+��> �2> �, @

4

5
H ^k6 +��> w,k

W

6
+�2> w� �,`

@ D2

6

]
"

3"

]
"

3"

4

5
H ^j6 +�� � �6> w, j

W

6
+�2 � �6> w� �,`

�{ +�� � ��,{ +�2 � �2,g��g�2= +817,

Dvvxplqj d zlgh vhqvh vwdwlrqdu| xqfruuhodwhg vfdwwhulqj +ZVVXV, fkdqqho dv zhoo dv d

vhsdudeoh vfdwwhulqj ixqfwlrq/ wkh fruuhodwlrq ixqfwlrq uhgxfhv wr

U�6 +��> �2> �, @ D2

6

U}6 +�,

�2
}6

�

]
"

3"

J6 +�,{ +�� � �,{W +�2 � �,g�= +818,

Lq wklv h{suhvvlrq/ U}6 +�, lv wkh whpsrudo dxwrfruuhodwlrq ixqfwlrq ri wkh fkdqqho1 Iru

h{dpsoh/ zlwk lvrwurslf vfdwwhulqj/ U}6 +�, @ �2}6Mf +5�i(6�, > zkhuh Mf +�, lv wkh Ehvvho

ixqfwlrq ri wkh �uvw nlqg dqg i(6 lv wkh pd{lpxp Grssohu vkliw1 Wkh ixqfwlrq J6 +�, lv

jlyhq e|

J6 +�, @
4

5
H
k
mj6 +� � �6> w,m

2

l

@

]
"

3"

S}6 +� � �6, i6 +�6,g�6 +819,
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zkhuh i6 +�6, lv wkh SGI ri wkh uhodwlyh ghod| �6 +riwhq xqlirup ryhu ^�W@5> W@5`, dqg

S}6 +�, lv wkh srzhu0ghod| sur�oh +SGS, ri wkh fkdqqho1 Rqh frpprq h{dpsoh lv wkh

h{srqhqwldo SGS S}6 +�, @
�
�2}6@�o6r6

�
h{s ^��@�o6r6 ` > zkhuh �o6r6 lv wkh urrw0phdq0

vtxduh +UPV, ghod| vsuhdg1 Dqrwkhu lv wkh vlqjoh0vslnh sur�oh iru �dw idglqj jlyhq e|

S}6 +�, @ �2}6� +�, zkhuh � +�, lv wkh Gludf ghowd ixqfwlrq1 Revhuylqj +819,/ J6 +�, lv jlyhq

e| wkh frqyroxwlrq ri wkh SGS dqg SGI ri �6= Ehfdxvh wkh xqfhuwdlqw| lq wlplqj lv riwhq

pxfk odujhu wkdq wkh UPV ghod| vsuhdg/ wkh vkdsh ri J6 +�, > dqg wkxv wkh shuirupdqfh ri

wkh PPVH hvwlpdwru/ lv qrw yhu| vhqvlwlyh wr �o6r6 =

Hylghqwo|/ U�6 +��> �2> �, grhv qrw ghshqg rq �6 lwvhoi � rqo| rq lwv SGI1 Lq rwkhu

zrugv/ h{solflw wlplqj uhfryhu| lv xqqhfhvvdu|> wkh uhodwlyh ghod|v duh vlpso| hvwlpdwhg dv

sduw ri wkh fkdqqhov1 Krzhyhu/ li wkh uhodwlyh ghod|v kdsshq wr eh nqrzq/ wkh SGI ri �6

ehfrphv dqg lpsxovh dqg J6 +�, @ S}6 +� � �6, =

D���2 5�+ #i�?�|�L?

Wkh VQU ri wkh pwk xvhu lv gh�qhg dv �6 @ Hr6@QJ/ zkhuh Hr6 lv wkh dyhudjh uhfhlyhg

hqhuj| shu v|pero iurp wkdw xvhu/ jlyhq e|

Hr6 @

] A

2

3

A

2

4

5
H

k
mj6 +� > w,� v6 +w,m2

l
gw

@

]
"

3"

S}6 +�,

] A*2

3A*2
H

k
mv6 +w� �,m2

l
gwg�= +81:,

Djdlq/ d ZVVXV fkdqqho kdv ehhq dvvxphg1 Wkh lqqhu lqwhjudo ri wkh odwwhu h{suhvvlrq lv

vlpso| htxdo wr wzlfh wkh dyhudjh srzhu lq hv6 +w, = Ixuwkhupruh/ vlqfh wkh duhd xqghu S}6 +�,

lv �2
}6
> wkh pwk xvhu*v VQU lv vlpso|

�6 @
5S6�

2

}6

QJ

@
D2

6
�2
}6

QJ

= +81;,

D���� ��@??i* ViU|Lht

Vdpsohv ri wkh pdwfkhg �owhu rxwsxw u +w, duh wdnhq dw wlphv w @ nW@5 |lhoglqj wkh glvfuhwh0

wlph vhtxhqfh

u +n, @
�[

6'�

f
A

6 +n,k6 +n, . q +n, > n @ � � � >�5>�4> 3> 4> 5> � � � +81<,
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zkhuh wkh v|pero yhfwru f6 +n, lv jlyhq e|

f6 +n, @

;A?
A=

k
f6
��
&

2

�
� O�

�
3 � � � f6

��
&

2

��
3 � � � f6

��
&

2

�
�O2

�
3
l
A

>k
3 f6

��
&

2

�
� O�

�
� � � 3 f6

��
&

2

��
� � � 3 f6

��
&

2

�
� O2

� lA
>

n hyhq

n rgg
+8143,

dqg pwk xvhu*v fkdqqho yhfwru � wr eh hvwlpdwhg � lv

k6 +n, @

5
99999999999999997

k6
�
O�W >

&A

2

�

k6
��
O� .

�

2

�
W > &A

2

�
111

k6
�
3> &A

2

�

k6
�
A

2
> &A

2

�
111

k6
�
O2W >

&A

2

�

k6
��
O2 .

�

2

�
W > &A

2

�

6
::::::::::::::::8

+8144,

zkhuh O� dqg O2 duh lqwhjhuv1 Fohduo|/ k6 +n, frqvlvwv ri vdpsohv ri k6 +� > w, dw W@50vsdfhg

ghod|v hydoxdwhg dw wlph w @ &A

2
= Lw lv dvvxphg wkdw k6 +� > w, lv jhqhudoo| qrq0fdxvdo vxfk

wkdw O� � 3 dqg O2 � 3=

Wkh vhfrqg rughu vwdwlvwlfv ri k6 +n, duh vxppdul}hg e| wkh dxwrfruuhodwlrq pdwul{

U�6
+m, @ �

2
H

k
k6 +n,k_

6 +n � m,
l
= Xvlqj +818,/ wkh x> ywk hohphqw ri wklv pdwul{ lv

iU�6
+m,j�c� @ U�6

�
xW

5
>
yW

5
>
mW

5

�
+8145,

zkhuh x> y 5 i5O�> � � � > 3> � � � 5O2 . 4j = Hylghqwo|/ wkh wds jdlqv +hohphqwv ri k6 +n,, duh fru0

uhodwhg hyhq wkrxjk d ZVVXV fkdqqho kdv ehhq dvvxphg ^93`1 Wklv lv gxh wr wkh frqyroxwlrq

ri j6 +� � �6> w, zlwk wkh sxovh dxwrfruuhodwlrq ixqfwlrq { +�, dv vkrzq lq +816,1

Revhuylqj +8144,/ wkh ohqjwk ri k6 +n, lv 5 +OS . 4, zkhuh OS @ O2 � O�= Wr pdlq0

wdlq frpsxwdwlrqdo frpsoh{lw| dv orz dv srvvleoh/ lw lv ghvludeoh wr fkrrvh O� dqg O2 dv

vpdoo dv srvvleoh/ nhhslqj rqo| wkrvh fkdqqho wdsv zlwk vljql�fdqw yduldqfh1 Vlqfh wkh lp0

sxovh uhvsrqvh k6 +� > w, ghfd|v wr }hur iru odujh m� m/ wkh vxp ri wkh wds yduldqfhv/ jlyhq e|

wudfh^U�6 +3,` > vdwxudwhv iru odujh OS=

Dv d jxlgh iru wkh vhohfwlrq ri wkh plqlpxp OS uhtxluhg/ Ilj1 815 vkrzv d sorw ri

wudfh^U�6
+3,` yv1OS iru vhyhudo frpelqdwlrqv ri UPV ghod| vsuhdg dqg sxovh uroor� �

wkh wzr idfwruv wkdw gluhfwo| lq�xhqfh wkh gxudwlrq ri k6 +� > w, = Lq wklv judsk/ J6 +�, lq
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+819, lv fdofxodwhg xvlqj wkh h{srqhqwldo SGS dqg d xqlirup glvwulexwlrq ri �6 ryhu wkh

lqwhuydo ^�W@5> W@5` = Hylghqwo|/ OS @ 7 lv vx�flhqw iru fdswxulqj prvw ri wkh hqhuj| lq wkh

lpsxovh uhvsrqvh iru �o6r � 3=7W 1

2 3 4 5 6 7 8

1.7

1.72

1.74

1.76

1.78

1.8

1.82

1.84

Channel Memory (Lc)

S
um

 o
f t

ap
 v

ar
ia

nc
es

α  =  0.35

α  =  0.5

Flat fading
Freq selective fading ( τ rms =  0.2T)
Freq selective fading ( τ rms =  0.4T)

Iljxuh 815= Vxp ri fkdqqho wds yduldqfhv yv1 wkh fkdqqho phpru| ohqjwk OS iru �dw dqg
iuhtxhqf|0vhohfwlyh idglqj frqglwlrqv1 Wkh yduldeoh � lv wkh uroor� sdudphwhu ri wkh urrw0
Q|txlvw wudqvplw sxovh x +w,1

D�2 aL�?| ��@??i* ,t|�4@|�L?

D�2�� Bi?ih@* 5|h�U|�hi Lu ,t|�4@|Lh

PPVH hvwlpdwlrq ri wkh xvhuv* fkdqqhov uholhv xsrq wkh shulrglf lqvhuwlrq ri d xqltxh

wudlqlqj vhtxhqfh lqwr hdfk xvhu*v gdwd vhtxhqfh1 Wkh ghvljq ri wkh wudlqlqj vhtxhqfhv lv

glvfxvvhg lq Vhfwlrq 8161 Xqltxh wudlqlqj vhtxhqfhv duh uhtxluhg iru hdfk xvhu vr wkdw wkh
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frfkdqqho vljqdov pd| eh glvwlqjxlvkhg +h1j1/ vhh ^66`,1 Wklv lv lq frqwudvw wr FGPD v|vwhpv

zkhuh vsuhdglqj frghv duh xvhg wr glvwlqjxlvk xvhuv dqg vxssuhvv lqwhuihuhqfh lq wkh fkdqqho

hvwlpdwru1

Lw lv dvvxphg wkdw wkh dv|qfkurqrxv xvhuv duh vorw0v|qfkurqrxv vxfk wkdw wkhlu wudlqlqj

vhtxhqfhv duh lqvhuwhg dw wkh vdph wlph/ dowkrxjk gl�huhqw sursdjdwlrq ghod|v pdnh wkhlu

duulydov v|pero0dv|qfkurqrxv dv glvfxvvhg suhylrxvo|1 Wkh uhfhlyhg vdpsohv gxulqj wkh

wudlqlqj shulrgv duh wkhq xvhg wr ghulyh hvwlpdwhv ri wkh fkdqqhov zklfk duh lqwhusrodwhg

ehwzhhq wudlqlqj shulrgv1 Lq wklv zd|/ wlph yduldwlrqv ri wkh fkdqqhov duh wudfnhg1 Wkh

iudph vwuxfwxuh/ dorqj zlwk wkh v|pero dqg iudph lqgh{lqj frqyhqwlrqv xvhg wkurxjkrxw

wklv fkdswhu/ lv vkrzq lq Ilj1 8161 Lq wklv vwuxfwxuh/ wkh ohqjwk ri hdfk iudph lv Q v|perov/

dqg wkh ohqjwk ri hdfk wudlqlqj vhtxhqfh lv Q| v|perov1 Qrwh wkdw q lqgh{hv v|perov/ dqg

n lqgh{hv vdpsohv> wkxv/ q @ en@5f1 Wr surylgh ghwdlo/ d vlqjoh wudlqlqj shulrg dqg wkh

wzr dgmdfhqw gdwd eorfnv duh vkrzq lq h{sorghg ylhz1 Wkh h{sorghg ylhz vkrzv wkh }hurwk

iudph zklfk vwduwv dw wkh ehjlqqlqj ri wkh wudlqlqj shulrg dqg h{whqgv wr wkh hqg ri wkh

vxevhtxhqw gdwd eorfn1 Wkh hvwlpdwlrq lqwhuydo h{whqgv iurp plg0iudph wr plg0iudph hlwkhu

vlgh ri wkh wudlqlqj shulrg1

Vlqfh wkh xvhuv* fkdqqhov duh wr eh hvwlpdwhg mrlqwo|/ wkh ohqjwk05P +OS . 4, yhfwru k +n,

lv gh�qhg dv wkh frqfdwhqdwlrq ri wkh P xvhuv* lqglylgxdo fkdqqho yhfwruv=

k +n, @
k
k
A

�
+n, k

A

2
+n, � � � k

A

�
+n,

l
A

= +8146,

Wkh dxwrfruuhodwlrq pdwul{ ri wkh mrlqw fkdqqho yhfwru lv U� +m, @ �

2
H
�
k +n,k_ +n . m,

�
=

Ehfdxvh wkh xvhuv* fkdqqhov idgh lqghshqghqwo|/ U� +m, lv eorfn gldjrqdo dqg lv jlyhq e|

U� +m, @

5
999997

U��
+m, 3 � � � 3

3 U�2
+m, � � � 3

111
111

1 1 1
111

3 3 � � � U��
+m,

6
:::::8

+8147,

zkhuh U�6
+m, lv gh�qhg lq +8145,1

Frqvlghu wkh PPVH hvwlpdwlrq ri k +n, lq wkh hvwlpdwlrq lqwhuydo e�Q@5f � O2 . 4 �

q � eQ@5f � O2 vkrzq lq Ilj1 8161 Wkh fkdqqho hvwlpdwru xvhv wkh uhfhlyhg vdpsohv iurp

wkh wudlqlqj eorfnv ri hdfk ri wkh 5T.4 iudphv fhqwhuhg derxw iudph03 wr irup lwv hvwlpdwh1

Wkhvh vdpsohv duh frqwdlqhg lq wkh yhfwru

} @
k
u
A +�T, � � � u

A +3, � � � u
A +T,

l
A

+8148,
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Data DataDataData

Length Nt training

Length N frame

Length L2
precursor

Length |L1|
postcursor

Usable received
samples

Symbol
sequence

Frame 0

Estimation interval

Symbol
index

Received
sequence

 −N/2  −L2+1n: −L2 0
 Nt−Lc−1

 Nt−L2−1

cm(n)

r(k)

r(0)

Train Train Train

 N/2  −L2

Data

Data

Data

Data

Iljxuh 816= Iudph vwuxfwxuh dqg lqgh{lqj frqyhqwlrqv1

zkhuh

u +t, @
k
u +5tQ, u +5tQ . 4, � � � u +5tQ . 5+Q| � OS,� 4,

lA
=

+8149,

Wkh ohqjwk05 +Q| � OS, yhfwru u +t, frqwdlqv d vxevhw ri wkh uhfhlyhg vdpsohv gxulqj wkh twk

wudlqlqj eorfn fdoohg wkh _xvdeoh vdpsohv1% Iru h{dpsoh/ Ilj1 816 vkrzv wkh xvdeoh vdpsohv

iru wkh }hurwk iudph +t @ 3,1 Zlwk xvh ri wklv vxevhw/ u +t, ghshqgv rqo| rq wudlqlqj v|perov

� qrw rq xqnqrzq gdwd v|perov � gxh wr wkh ohqjwk0O2 suhfxuvru dqg wkh ohqjwk0mO�m

srvwfxuvru lqvhuwhg lq hdfk wudlqlqj vhtxhqfh1

Vlqfh } frqwdlqv vdpsohv ri d edqgolplwhg surfhvv vdpsohg dw d udwh juhdwhu wkdq wkh
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Q|txlvw udwh/ wkh fryduldqfh pdwul{ ri }/ jlyhq e|U3 @
�

2
H

�
}}

_
�
> ehfrphv loo0frqglwlrqhg dv

Q| lqfuhdvhv +gxh wr dq lqfuhdvlqj qxpehu ri xvhuv,1 Wklv vxjjhvwv wkh xvh ri udqn uhgxfwlrq

wr uhpryh ghshqghqflhv lq } dv zhoo dv wr dyrlg h{solflw lqyhuvlrq ri U31 Dffruglqjo|/

hljhqghfrpsrvlwlrq lv xvhg wr zulwh wkh fryduldqfh pdwul{ ri } dv

U3 @
k
P� P2

l% �� 3

3 �2

&%
P

_
�

P
_
2

&
= +814:,

Wkh gldjrqdo pdwul{ �� frqwdlqv wkh grplqdqw hljhqydoxhv ri U3> dqg �2 frqwdlqv wkrvh

hljhqydoxhv wkdw idoo ehorz vrph yhu| vpdoo wkuhvkrog/ h1j1/ 433b�4@ / zkhuh �4@ lv wkh

pd{lpxp hljhqydoxh ri U31 Wkh qrq0vtxduh pdwulfhv P� dqg P2 frqwdlq wkh qrupdol}hg

hljhqyhfwruv/ duudqjhg dv froxpqv/ fruuhvsrqglqj wr wkh hljhqydoxhv lq �� dqg �2 uhvshf0

wlyho|1 Qrz/ edvh wkh hvwlpdwh ri k +n, rq wkh uhgxfhg glphqvlrqdolw| yhfwru z @ P
_
�
}

+lqvwhdg ri } lwvhoi, zklfk kdv fryduldqfh pdwul{ U� @P
_
�
U3P� @ ��1

Wkh rswlpdo +PPVH, hvwlpdwh ri k +n, edvhg rq z lv jlyhq e| wkh frqglwlrqdo phdq

y +n, @ H ^k +n, mz`1 Vlqfh k +n, dqg z duh mrlqwo| Jdxvvldq/ wkh frqglwlrqdo phdq lv olqhdu

lq z/ dqg lv jlyhq e|

y +n, @

�
4

5
H

k
k +n,z_

l�
U
3�

�
z

@ S +n,Ur
3
} +814;,

zkhuh S +n, @ �
2
H

�
k +n,}_

�
dqg Ur

3 @P��
3�
� P

_
�= Wkh odwwhu txdqwlw| lv uhfrjql}hg dv wkh

svhxgrlqyhuvh/ ru Prruh0Shqurvh jhqhudol}hg lqyhuvh/ ri U3 ^:`1 Qrwh wkdw iru vkruw wudlqlqj

vhtxhqfhv +vpdoo Q|,/ U3 pd| qrw eh loo0frqglwlrqhg> lq wklv fdvh Ur3 @ U3�
3

= Hylghqwo|/

wkh frqglwlrqdo phdq ghshqgv xsrq n/ jlylqj d gl�huhqw lqwhusrodwlrq pdwul{ S +n,Ur
3 iru

hdfk srvlwlrq zlwklq wkh hvwlpdwlrq lqwhuydo1 Krzhyhu/ uhfdoo wkdw k +n, lv ZVV dqg u +n, lv

f|forvwdwlrqdu|> wkxv/ lw lv vx�flhqw wr fdofxodwh wkh lqwhusrodwlrq pdwul{ iru hdfk srvlwlrq

lq rqo| wkh hvwlpdwlrq lqwhuydo vkrzq lq Ilj1 8161 Wkh vdph pdwul{ uhshdwv lq vxevhtxhqw

iudphv1

D�2�2 "�@*�|) Lu ��@??i* ,t|�4@|it

Ohw ey +n, @ X +n,} ghqrwh dq duelwudu|/ qrw qhfhvvdulo| rswlpdo/ hvwlpdwh ri k +n, zlwk

dvvrfldwhg fkdqqho hvwlpdwlrq huuru

h +n, @ k +n,� ey +n, = +814<,
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Wkh hvwlpdwlrq huuru fryduldqfh pdwul{ lv wkhq

Ui +n, @ U� +3,�U
_

e�c�
+n,�U

e�c� +n, .Ue� +n,

@ U� +3,�X +n,S_ +n,�S +n,X_ +n, .X +n,U3X
_ +n, +8153,

zkhuh U
e�
+n, lv wkh fryduldqfh pdwul{ ri ey +n, dqg U

e�c� +n, lv wkh furvv0fryduldqfh pdwul{

ri ey +n, dqg k +n,1 Iru wkh rswlpdo fkdqqho hvwlpdwh/ ey +n, @ y +n,/ X +n, @ S +n,Ur3 dqg

wkh huuru fryduldqfh pdwul{ lv

U
JR|
i +n, @ U� +3,�S +n,Ur3 S

_ +n, = +8154,

Lq wklv zrun/ rqh phdvxuh ri fkdqqho hvwlpdwlrq txdolw| iru wkh pwk xvhu lv wkh vxp ri

wds huuru yduldqfhv/ qrupdol}hg e| wkh vxp ri wkh wds yduldqfhv/ wkdw lv/

�
2

e6
+n, @

wudfh ^Ui6 +n,`

wudfh ^U�6 +3,`
+8155,

zkhuh Ui6 +n, lv wkh pwk eorfn dorqj wkh pdlq gldjrqdo ri Ui +n,1

Dqrwkhu phdvxuh ri fkdqqho hvwlpdwlrq txdolw| lv wkh vhw ri fruuhodwlrq frh�flhqwv eh0

wzhhq fruuhvsrqglqj wdsv ri wkh hvwlpdwhg fkdqqho yhfwru ek6 +n, dqg wkh wuxh fkdqqho yhfwru

k6 +n, = Dv vkrzq lq wkh dqdo|vlv ri mrlqw ghwhfwlrq lq Fkdswhu 6/ wkh fkdqqho hvwlpdwlrq

fruuhodwlrq frh�flhqwv duh d pdmru ghwhuplqdwh ri shuirupdqfh1 Vlqfh hdfk ri wkh 5 +OS . 4,

fkdqqho wdsv kdv lwv rzq fruuhodwlrq frh�flhqw/ wkh iroorzlqj dyhudjh lv gh�qhg=

�6 +n, @
4

5 +OS . 4,

[
�

�
U

e�6c�6
+n,
�

�c�t
iU

e�6
+n,j

�c�

t
iU�6 +3,j�c�

+8156,

zkhuh m lqgh{hv wkh lqglylgxdo fkdqqho wdsv/ dqg i�j�c� ghqrwhv wkh gldjrqdo hohphqwv ri wkh

eudfnhwhg pdwul{1 Lq wklv h{suhvvlrq/ U
e�6

+n, dqg U
e�6c�6

+n, duh wkh pwk eorfnv dorqj

wkh pdlq gldjrqdov ri U
e� +n, dqg U

e�c� +n, uhvshfwlyho|1 Dowkrxjk erwk �2
e6

+n, dqg �6 +n,

ghshqg rq n> lw lv irxqg wkdw yhu| olwwoh yduldwlrq rffxuv dfurvv wkh iudph1 Qrwh wkdw iru

shuihfw fkdqqho hvwlpdwlrq/ �2

e6
+n, @ 3 dqg �6 +n, @ 4=

D�2�� #i|@�*t Lu �T|�4@* ,t|�4@|Lh

Lq wklv vhfwlrq wkh rswlpdo hvwlpdwru lq +814;, lv h{dplqhg lq pruh ghwdlo dqg wkh uhtxluhg

pdwulfhv duh rewdlqhg1 Lw lv frqyhqlhqw wr �uvw lqwurgxfh wkh iroorzlqj gdwd pdwul{=

D @
k
D� D2 � � � D�

l
+8157,
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zkhuh wkh pwk vxepdwul{ ri D lv jlyhq e|

D6 @

5
999997

f
A
6 +3,

f
A
6 +4,
111

f
A
6 +5 +Q| � OS,� 4,

6
:::::8
= +8158,

dqg f6 +�, lv jlyhq lq +8143,1 Gxh wr wkh suhfxuvru dqg srvwfxuvru lqvhuwhg gxulqj hdfk

wudlqlqj shulrg/ D6 frqvlvwv rqo| ri v|perov iurp wkh pwk xvhu*v wudlqlqj vhtxhqfh/ dqg qr

xqnqrzq v|perov iurp wkh dgmdfhqw gdwd vhtxhqfhv1 Xvlqj +81<,/ +8146,/ +8157,/ dqg +8158,/

wkh mwk frpsrqhqw ri u +t, fdq eh zulwwhq dv

u +5tQ . m, @ d�k +5tQ . m, . q +5tQ . m, +8159,

zkhuh d� lv wkh mwk urz ri wkh gdwd pdwul{ D dqg m 5 i3> 4> � � � > 5 +Q| �OS,� 4j1 Zlwk

wklv h{suhvvlrq lq kdqg/ wkh hohphqwv ri wkh pdwulfhv S +n, dqg U3 lq +814;, pd| eh hdvlo|

ghwhuplqhg1

Xvlqj +8148,/

S +n, @
k

�

2
H

�
k +n, u_ +�T,

�
� � �

�

2
H

�
k +n, u_ +T,

� l
+815:,

zkhuh S +n, lv ri glphqvlrq 5P +OS . 4,�5 +5T. 4, +Q| �OS, =Qrz xvlqj +8149, dqg +8159,/

dqg dvvxplqj wkh qrlvh dqg fkdqqho idglqj surfhvv duh xqfruuhodwhg/ wkh mwk froxpq ri wkh

twk vxepdwul{ ri S +n, lv�
4

5
H
k
k +n, u_ +t,

l�
�

@ U� +n � 5tQ � m, d
_
� +815;,

zkhuh t 5 i�T> � � � >Tj1

Xvlqj +8148, djdlq/

U3 @

5
997

�

2
H
�
u +�T, u_ +�T,

�
� � �

�

2
H
�
u +�T, u_ +T,

�
111

1 1 1
111

�

2
H
�
u +T, u_ +�T,

�
� � �

�

2
H
�
u +T, u_ +T,

�

6
::8 +815<,

zkhuh U3 lv ri glphqvlrq 5 +5T. 4, +Q| � OS, � 5 +5T. 4, +Q| � OS,1 Xvlqj +8149, dqg

+8159, djdlq/ wkh l> mwk hohphqw ri wkh t> swk vxepdwul{ ri U3 lv�
4

5
H
k
u +t, u_ +s,

l�
�c�

@ d�U� +5 +t � s,Q . l� m,d_� . !? +5 +t � s,Q . l� m,

+8163,
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zkhuh t> s 5 i�T> � � � > Tj dqg l> m 5 i3> 4> � � � > 5 +Q| �OS,� 4j1 !? +m, @ QJ{
�

�A

2

�
lv wkh

dxwrfruuhodwlrq ixqfwlrq ri wkh +frorxuhg, qrlvh vhtxhqfh1

Revhuylqj +815:,~+8163,/ rqh fdq vhh wkdw wkh rswlpdo lqwhusrodwlrq pdwul{ S +n,Ur3

ghshqgv rqo| rq wkh gdwd pdwul{ D> wkh fkdqqho dxwrfruuhodwlrq pdwul{ U� +m,/ dqg wkh

qrlvh dxwrfruuhodwlrq ixqfwlrq !? +m,1 Iru d jlyhq vfdwwhulqj hqylurqphqw/ wkh odwwhu wzr

ghshqg rq wkh Grssohu idgh udwh i(6 / wkh UPV ghod| vsuhdg �o6r6 / dqg wkh VQU �6 iru

hdfk xvhu1 Wkhvh sdudphwhuv pd| qrw eh nqrzq dw ghvljq wlph/ dqg pd| eh gl�huhqw iru

hdfk xvhu1 Krzhyhu/ lq d vlplodu idvklrq wr ^8:` zklfk frqvlghuv wkh fdvh ri d vlqjoh xvhu

dqg �dw idglqj/ d zruvw0fdvh ghvljq phwkrgrorj| pd| eh dgrswhg zkhuhe| wkh lqwhusrodwru

lv ghvljqhg dvvxplqj zruvw0fdvh idglqj frqglwlrqv dqg d w|slfdo rshudwlqj VQU1 Wklv lv

glvfxvvhg ixuwkhu lq Vhfwlrq 817171

D�2�e 5TiU�@* �@tit

Iru wkh vshfldo fdvh ri d vlqjoh xvhu/ wkh pruh jhqhudo uhvxowv ri wkh suhfhglqj vhfwlrqv

surylgh dq h{whqvlrq wr wkrvh frqwdlqhg lq ^8;`/ vlqfh wkh frorxudwlrq ri wkh vdpsohg qrlvh

vhtxhqfh dqg wkh fruuhodwlrq ehwzhhq fkdqqho wdsv kdv ehhq frqvlghuhg zklfk lv ljqruhg lq

^8;`1 Dv zloo eh vkrzq lq Vhfwlrq 81717/ wkh frqvlghudwlrq ri wkhvh h�hfwv ohdgv wr d vljql�fdqw

uhgxfwlrq lq hvwlpdwlrq huuru1

Iru wkh vshfldo fdvh ri �dw0Ud|ohljk idglqj dqg v|pero v|qfkurqrxv xvhuv frqvlghuhg

lq Fkdswhuv 6 dqg 7/ wkh suhfhglqj dqdo|vlv vlpsol�hv frqvlghudeo|1 Lq wklv fdvh/ rqo| rqh

vdpsoh shu v|pero lv uhtxluhg/ zklfk phdqv wkdw wkh v|pero dqg vdpsoh lqglfhv +q dqg n

lq Ilj1 816, duh wkh vdph1 Zlwk v|pero v|qfkurqrxv xvhuv/ �6 @ 3 lq +814,1 Wkxv/ zlwk �dw0

idglqj/ wkh frpsrvlwh fkdqqho lpsxovh uhvsrqvh lq +816, ehfrphv k6 +� > w, @ D6j6 +w,{ +�,

zkhuh j6 +w, lv wkh frpsoh{ jdlq ri wkh fkdqqho1 Diwhu v|pero0udwh vdpsolqj/ wkh mrlqw

fkdqqho yhfwru wr eh hvwlpdwhg ehfrphv

k +n, @
k
D�j� +n, D2j2 +n, � � � D�j� +n,

lA
+8164,
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zklfk frqvlvwv ri rqo| rqh wds shu xvhu/ l1h1/ wkh xvhuv frpsoh{ fkdqqho jdlqv1 Wkh dxwrfru0

uhodwlrq pdwul{ ri wkh mrlqw fkdqqho yhfwru lv wkxv

U� +m, @

5
999997

U��
+m, 3 � � � 3

3 U�2
+m, � � � 3

111
111

1 1 1
111

3 3 � � � U��
+m,

6
:::::8
= +8165,

Vlqfh wkh SGS ri wkh fkdqqho lv vlpso| S}6 +�, @ �2}6� +� ,/ wkh vfdohu0ydoxhg fruuhodwlrq

ixqfwlrq U�6 +m, lq +8165, lv jlyhq e| U�6 +m, @ D2
6U}6 +mW, zkhuh U}6 +�, lv wkh whpsrudo

dxwrfruuhodwlrq ixqfwlrq ri wkh fkdqqho1

Vlqfh wkh vdpsohg fkdqqho lv phpru|ohvv/ qr suhfxuvru ru srvwfxuvru lv qhhghg lq wkh

wudlqlqj vhtxhqfhv/ l1h1/ O� @ O2 @ 3/ uhvxowlqj lq d plqlpxp wudlqlqj vhtxhqfh ohqjwk ri

Q| @P= Wkh gdwd pdwul{ lq +8157, wkhq ehfrphv

D @
k
w� w2 � � � w�

l
+8166,

zkhuh wkh ohqjwk0Q| yhfwru w6 lv wkh wudlqlqj vhtxhqfh iru wkhpwk xvhu1 Dv vkrzq lq Vhfwlrq

816/ wkh rswlpdo gdwd pdwul{ iru wkh fdvh riP @ 4> 5/ ru 7 lv jlyhq e| wkh Kdgdpdug pdwul{

ri rughu P uhvxowlqj lq ruwkrjrqdo wudlqlqj vhtxhqfhv1

Wkh rswlpdo +PPVH, hvwlpdwh ri wkh mrlqw fkdqqho yhfwru lv vwloo y +n, @ S +n,Ur3 }

zkhuh wkh edvlv yhfwru } lv jlyhq e| +8148,1 Krzhyhu/ ehfdxvh vdpsolqj rffxuv dw wkh

v|pero udwh/ wkh xvdeoh uhfhlyhg vdpsohv gxulqj wkh twk wudlqlqj shulrg +iruphuo| jlyhq e|

+8149,, duh qrz

u +t, @
k
u +tQ, u +tQ . 4, � � � u +tQ .Q| � 4,

lA
= +8167,

Wkxv/ wkh mwk froxpq ri wkh twk vxepdwul{ ri S +n, ehfrphv�
4

5
H

k
k +n, u_ +t,

l�
�

@ U� +n � tQ � m,d_� +8168,

zkhuh m 5 i3> 4> � � � >Q| � 4j = Wkh l> mwk hohphqw ri wkh t> swk vxepdwul{ ri U3 ehfrphv�
4

5
H

k
u +t, u_ +s,

l�
�c�

@ d�U� ++t � s,Q . l� m,d_� .QJ� +t> s> l> m,

+8169,

zkhuh t> s 5 i�T> � � � >Tj dqg l> m 5 i3> 4> � � � >Q| � 4j > dqg

� +t> s> l> m, @

+
4>

3>

t @ s dqg l @ m

rwkhuzlvh
= +816:,
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Qrwh wkdw iru wkh vshfldo fdvh ri d vlqjoh xvhu +P @ 4, zlwk d vlqjoh slorw v|pero +Q| @ 4,/

+8168, dqg +8169, jlyh lghqwlfdo lqwhusrodwru frh�flhqwv wr wkrvh ghulyhg lq ^8:`1

Iru wkh rswlpdo fkdqqho hvwlpdwh/ wkh �uvw phdvxuh ri fkdqqho hvwlpdwlrq txdolw| gh�qhg

lq +8155, ehfrphv

�
2

e6
+n, @

q
U

JR|
i +n,

r
6c6

U�6 +3,
+816;,

zkhuh wkh qxphudwru lv wkh p>pwk hohphqw ri wkh rswlpdo hvwlpdwlrq huuru fryduldqfh pd0

wul{ gh�qhg lq +8154,1 Iru wkh fdvh ri P @ 4> 5/ ru 7 xvhuv zkhuh wkh wudlqlqj vhtxhqfhv duh

ruwkrjrqdo/ UJR|
i +n, lv gldjrqdo/ phdqlqj wkdw wkh xvhuv* fkdqqho hvwlpdwlrq huuruv duh px0

wxdoo| xqfruuhodwhg1 Zlwk qrq0ruwkrjrqdo wudlqlqj vhtxhqfhv/ UJR|
i +n, lv vwurqjo| gldjrqdo

surylglqj wkdw wkh wudlqlqj vhtxhqfhv duh ghvljqhg zlwk jrrg furvvfruuhodwlrq surshuwlhv1

Wkh vhfrqg txdolw| phdvxuh/ qdpho| wkh fkdqqho hvwlpdwlrq fruuhodwlrq frh�flhqw gh�qhg

lq +8156,/ ehfrphv

�6 +n, @

yxxw
q
S +n,Ur3 S_ +n,

r
6c6

U�6 +3,
+816<,

iru wkh rswlpdo fkdqqho hvwlpdwh1 Qrwlfh wkdw dq dyhudjh lv qr orqjhu uhtxluhg vlqfh wkh

fkdqqho iru hdfk xvhu frqvlvwv ri rqo| rqh wds1

D�� Ah@�?�?} 5i^�i?Ui #it�}?

Rswlpdo vhohfwlrq ri wkh xvhuv* wudlqlqj vhtxhqfhv uhtxluhv whvwlqj doo srvvleoh frpelqdwlrqv

ri P ohqjwk0Q| v|pero vhtxhqfhv lq rughu wr plqlpl}h hdfk xvhu*v fkdqqho hvwlpdwlrq huuru

�
2

e6
+n, gh�qhg lq +8155,1 Iru vhyhudo xvhuv dqg sudfwlfdo wudlqlqj vhtxhqfh ohqjwkv/ wkh uh0

vxowlqj vhdufk vsdfh lv surklelwlyho| odujh> ixuwkhupruh/ wkh dprxqw ri frpsxwdwlrq uhtxluhg

wr whvw hdfk fdqglgdwh vhtxhqfh lv kljk1 Lq rughu wr ryhufrph wkhvh gl�fxowlhv/ d vlpsol0

�hg/ vxerswlpdo vhdufk vwudwhj| lv ghyhorshg ehorz zklfk qrw rqo| |lhogv jrrg wudlqlqj

vhtxhqfhv/ exw r�huv pruh lqvljkw wkdq dq h{kdxvwlyh frpsxwhu vhdufk1

Lq wkh ghyhorsphqw ri wklv vxerswlpdo vhdufk vwudwhj|/ vhyhudo dvvxpswlrqv duh pdgh=

�uvw/ wkh xvhuv* fkdqqhov duh dvvxphg wr ydu| vorzo| hqrxjk wkdw wkh| pd| eh frqvlghuhg

frqvwdqw ryhu wkh gxudwlrq ri hdfk wudlqlqj shulrg> vhfrqg/ wkh pdwul{ U3 lq +814;, lv

dvvxphg wr eh qrq0vlqjxodu/ vr wkdw Ur3 @ U
3�
3

> dqg wklug/ wkh qrlvh vhtxhqfh q +n, lv
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dvvxphg wr eh zklwh1 Xqghu wkhvh dvvxpswlrqv/ +814;, pd| eh h{suhvvhg lq dq dowhuqdwh

irup doorzlqj iru d vlpsol�hg vhohfwlrq fulwhulrq1 Lw pxvw eh hpskdvl}hg/ krzhyhu/ wkdw

wkhvh dvvxpswlrqv duh pdgh iru wkh sxusrvhv ri wudlqlqj vhtxhqfh ghvljq rqo|1 Wkh uhvxowlqj

vhtxhqfhv duh wkhq xvhg wr fdofxodwh wkh rswlpdo fkdqqho hvwlpdwh yhfwru y +n, xvlqj +814;,/

+815:,/ dqg +815<, zklfk gr qrw ghshqg rq wkh vlpsoli|lqj dvvxpswlrqv1

Xvlqj wkh vorz wlph yduldwlrq dvvxpswlrq/ wkh fkdqqho yhfwru k +5tQ . m, lq +8159, pd|

eh dssur{lpdwhg e| k +5tQ, iru doo m= Wkxv/ wkh uhfhlyhg yhfwru u +t, pd| eh zulwwhq dv

u +t, @ Dk +5tQ, . q +t, +8173,

zkhuh q +t, lv wkh yhfwru ri qrlvh vdpsohv lq wkh twk wudlqlqj shulrg zklfk kdv fryduldqfh

pdwul{ U? @ QJL xqghu wkh dvvxpswlrq ri zklwh qrlvh1

Xvlqj wkh deryh h{suhvvlrq iru u +t,/ wkh twk vxepdwul{ ri S +n, pd| eh uhzulwwhq dv

4

5
H

k
k +n, u_ +�T,

l
@ U� +n � 5tQ,D_= +8174,

Wkh t> swk vxepdwul{ ri U3 pd| eh uhzulwwhq dv

4

5
H

k
u +t, u_ +s,

l
@ DU� +5 +t � s,Q,D_ .QJL� +t � s, +8175,

zkhuh � +o, @ 4 li o @ 3 dqg }hur rwkhuzlvh1 E| xvlqj wkhvh vlpsol�hg h{suhvvlrqv wr irup

wkh pdwulfhv S +n, dqg U3/ dqg wkhq e| xvlqj wkh pdwul{ lqyhuvlrq ohppd wzlfh wr uhzulwh

wkh surgxfw S +n,U3�
3
} lq +814;, +vhh dsshqgl{ lq ^8;` iru wkh vlqjoh0xvhu fdvh,/ wkh fkdqqho

hvwlpdwh yhfwru y +n, pd| eh h{suhvvhg dv

y +n, @Z +n,

5
997

�
D

_
D
�3�

D
_
u +�T,

111
�
D

_
D
�3�
D
_
u +T,

6
::8 +8176,

zkhuh

Z +n, @ ^U� +n . 5TQ, � � � U� +n � 5TQ,` �

3
EEC

5
997

U� +3, � � � U� +�7TQ,
111

1 1 1
111

U� +7TQ, � � � U� +3,

6
::8.

5
997
QJ

�
D

_
D
�3�

� � � 3

1

1

1

1

1

1

1

1

1

3 � � � QJ

�
D_
D
�3�

6
::8

4
FFD

3�

= +8177,
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Qrwlfh wkdw wkh whup
�
D

_
D
�3�
D
_
u +t, / eku7 +t, lq +8176, lv wkh ohdvw0vtxduhv +OV,

hvwlpdwh ri wkh fkdqqho yhfwru k +5tQ, gxulqj wkh twk wudlqlqj shulrg/ zlwk hvwlpdwlrq huuru

hu7 +t, @
�
D

_
D
�3�
D

_
q +t, > dqg dvvrfldwhg huuru fryduldqfh pdwul{

U
u7

i
@ QJ

�
D

_
D

�3�
= +8178,

Fohduo|/ Uu7
i

lv wkh vdph iru hdfk wudlqlqj eorfn1 Wkh fkdqqho hvwlpdwh y +n, lv wkhq dq

lqwhusrodwlrq +xvlqj Z +n,, ri wkh OV hvwlpdwhv pdgh gxulqj wkh 5T . 4 wudlqlqj shulrgv

fhqwhuhg derxw iudph031 Lq ^66`/ OV hvwlpdwlrq ri wkh xvhuv* fkdqqhov lq hdfk ri wkh wudlqlqj

shulrgv lv dovr shuiruphg> krzhyhu/ vlqfh wkh fkdqqhov duh dvvxphg wr eh wlph0lqyduldqw/ qr

lqwhusrodwlrq ehwzhhq wudlqlqj shulrgv lv shuiruphg1 Ixuwkhupruh/ ^66` grhv qrw dgguhvv wkh

ghvljq ri dssursuldwh wudlqlqj vhtxhqfhv1

Htxdwlrqv +8176, dqg +8177, lpphgldwho| vxjjhvw wkdw wkh wudlqlqj vhtxhqfhv kdyh d

plqlpxp uhtxluhg ohqjwk1 Lq rughu wr irup wkh OV hvwlpdwhv/ wkh pdwul{ D_
D pxvw eh

qrq0vlqjxodu1 Wklv rffxuv li wkh 5 +Q| � OS,� 5P +OS . 4, pdwul{ D lv ri ixoo froxpq udqn/

zklfk fdq rqo| rffxu li wkh qxpehu ri urzv ri D lv juhdwhu wkdq ru htxdo wr wkh qxpehu ri

froxpqv1 Frqvhtxhqwo|/ wkh plqlpxp wudlqlqj vhtxhqfh ohqjwk lv Q| @P +OS . 4, . OS1

Htxdwlrq +8176, dovr vxjjhvwv d vlpsol�hg fulwhulrq iru ghvljqlqj jrrg wudlqlqj vhtxhqfhv1

Udwkhu wkdq fkrrvlqj wkh vhtxhqfhv wr plqlpl}h �2
e6

+n, lq +8155, iru hdfk xvhu +wkh rswlpdo

fulwhulrq,/ lq wklv zrun/ wkh vhtxhqfhv duh fkrvhq wr plqlpl}h wudfh
�
U
u7
i

�
� dq hdvlhu wdvn1

Wklv lv uhdvrqdeoh/ vlqfh rqh zrxog h{shfw wkdw plqlpl}lqj wkh huuru yduldqfh ri wkh dftxluhg

OV hvwlpdwhv gxulqj hdfk wudlqlqj eorfn zrxog dovr ohdg wr d orz lqwhusrodwlrq huuru ehwzhhq

wudlqlqj eorfnv1 Qrwh/ krzhyhu/ wkdw wkh vdph plqlpxp vhtxhqfh ohqjwk dssolhv wr erwk

wkh rswlpdo dqg vlpsol�hg fulwhuld/ h{fhsw wkdw iru wkh rswlpdo fulwhulrq/ d udqn gh�flhqf|

lq D fdxvhv �2
e6

+n, wr eh h{fhvvlyho| kljk udwkhu wkdq fdxvlqj dq h{solflw vlqjxodulw| dv iru

wkh vlpsol�hg fulwhulrq1

Plqlpl}dwlrq ri wudfh
�
U

u7

i

�
lv pdgh hdvlhu e| gh�qlqj wkh +Q| �OS,�P +OS . 4, pdwul{

E iruphg e| ghohwlqj wkh rgg qxpehuhg urzv ri D dqg uhprylqj wkh }hurv iurp wkh hyhq

qxpehuhg urzv1 Qr lqirupdwlrq lv orvw khuh/ vlqfh/ revhuylqj +8143, dqg +8158,/ rqh fdq vhh

wkdw dq hyhq qxpehuhg urz ri D dqg lwv dvvrfldwhg rgg qxpehuhg urz frqwdlq wkh vdph

v|perov lqwhuvshuvhg zlwk }hurv1 Wkh rgg qxpehuhg urz lv mxvw d uljkw vkliw e| rqh srvlwlrq

ri wkh hyhq qxpehuhg urz1 Dv d frqvhtxhqfh/ wkh hyhq dqg rgg qxpehuhg urzv duh olqhduo|

lqghshqghqw vxfk wkdw li E lv ri ixoo froxpq udqn/ wkhq vr lv D1 Ixuwkhupruh/ gxh wr wkh

vsduvh qdwxuh ri D> rqh fdq vkrz wkdw wudfh
�
U

u7

i

�
@ 5QJwudfh

�
J
3�

�
> zkhuh wkh Judp
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pdwul{ J lv jlyhq e|

J @ E_
E @

5
999997

E
_
�
E� E

_
�
E2 � � � E

_
�
E�

E
_
2
E� E

_
2
E2 � � � E

_
2
E�

1

1

1

1

1

1

1

1

1

1

1

1

E
_
�
E� E

_
�
E2 � � � E

_
�
E�

6
:::::8

= +8179,

Hylghqwo|/ vhohfwlrq ri wkh xvhuv* wudlqlqj vhtxhqfhv lv dffrpsolvkhg vlpso| e| plqlpl}lqj

wudfh
�
J3�

�
1 Dowkrxjk wkh suhfhglqj dqdo|vlv kdv ehhq vlpsol�hg e| dvvxplqj wkdw wkh

vdpsohg qrlvh vhtxhqfh lv zklwh/ lw lv irxqg wkdw wkh wudlqlqj vhtxhqfhv wkdw plqlpl}h

wudfh
�
J3�

�
dovr plqlpl}h wkh OV hvwlpdwlrq huuru yduldqfh iru wkh fdvh ri qrlvh frorxudwlrq

gxh wr wkh pdwfkhg �owhu1

Lq ^99` iru wkh fdvh ri d vlqjoh xvhu +P @ 4,/ lw lv vkrzq wkdw wudfh
�
J
3�

�
lv plqlpl}hg e|

fkrrvlqj d vlqjoh wudlqlqj vhtxhqfh vxfk wkdw J @ E_
�
E� lv gldjrqdo1 Wklv lpsolhv wkdw wkh

wudlqlqj vhtxhqfh pxvw kdyh shuihfw dxwrfruuhodwlrq surshuwlhv/ wkdw lv/ }hur dxwrfruuhodwlrq

iru doo odjv h{fhsw }hur1 Wkh ghvljq ri vxfk d vhtxhqfh ri duelwudu| ohqjwk lv qrw gl�fxow>

iru h{dpsoh/ vhh ^9:`1

Lq wkh pxowlxvhu fdvh/ rq wkh rwkhu kdqg/ d gldjrqdoJ pdwul{ lpsolhv wkdw wkhP gl�hu0

hqw vhtxhqfhv kdyh qrw rqo| shuihfw dxwrfruuhodwlrq surshuwlhv/ exw shuihfw furvvfruuhodwlrq

surshuwlhv dv zhoo � wkdw lv/ }hur furvvfruuhodwlrq iru doo odjv1 Wklv lv jhqhudoo| yhu| gl�fxow

wr dfklhyh iru duelwudu| P dqg OS li wkh wudlqlqj v|perov duh frqvwudlqhg wr olh zlwklq wkh

prgxodwlrq doskdehw1 Lq wklv zrun/ ESVN wudlqlqj vhtxhqfhv duh vhohfwhg vxfk wkdw wkh r�0

gldjrqdo hohphqwv ri J +dxwrfruuhodwlrq ydoxhv iru qrq}hur odjv dqg furvvfruuhodwlrq ydoxhv

iru doo odjv, doo idoo ehorz d fhuwdlq wkuhvkrog/ zklfk lv fkrvhq wr eh dv orz dv srvvleoh iru d

jlyhq P dqg OS1 Vlqfh wkh gldjrqdo hohphqwv ri J duh doo htxdo wr Q| �OS> wklv surfhgxuh

pdnhv J vwurqjo| gldjrqdo1

Wudlqlqj vhtxhqfh ghvljq lv pdgh vrphzkdw hdvlhu li wkh �uvw OS v|perov ri hdfk xvhu*v

vhtxhqfh duh frqvwudlqhg wr eh wkh vdph dv wkh odvw OS v|perov1 Zlwk wklv frqvwudlqw/ wkh

pwk xvhu*v +prgl�hg, gdwd pdwul{ lv

E6 @
k
e6 W3�e6 � � � W

3uSe6

l
+817:,

zkhuh e6 lv d ohqjwk0+Q| � OS, froxpq yhfwru/ dqg wkh rshudwru W ,
e6 ghqrwhv d flufxodu

vkliw ri e6 e| o srvlwlrqv1 Wkh vkliw lv xs li o lv srvlwlyh/ dqg grzq li o lv qhjdwlyh1 Qrwh

wkdw wkh pwk xvhu*v wudlqlqj vhtxhqfh lv wkh frqfdwhqdwlrq ri wkh odvw OS v|perov ri e6 dqg
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e6 lwvhoi1 Wkh p>qwk vxepdwul{ ri J fdq eh qrz eh zulwwhq dv

E
_
6
E? @

5
999997

�M?cM6 +3, �M?cM6 +4, � � � �M?cM6 +OS,

�M?cM6 +�4, �M?cM6 +3, � � � �M?cM6 +OS � 4,
111

111
1 1 1

111

�M?cM6 +�OS, �M?cM6 +�OS . 4, � � � �M?cM6 +3,

6
:::::8 +817;,

zkhuh � c) +o, lv wkh shulrglf furvvfruuhodwlrq ixqfwlrq ri wkh froxpq yhfwruv { dqg | ^9;`

gh�qhg dv

� c) +o, @
G
{> W ,|

H
@
�
W ,|

�_

{1 +817<,

Wkh ghvljq ri wkh wudlqlqj vhtxhqfhv qrz lqyroyhv vhohfwlqj d vhw ri P gl�huhqw e6*v wkdw

vdwlvi| wkuhh fulwhuld= l, m�M6cM6
+o,m lv ohvv wkdq wkh wkuhvkrog iru o 5 i4> 5> � � � > OSj iru doo

p> ll, m�M?cM6 +o,m lv ohvv wkdq wkh wkuhvkrog iru o 5 i�OS> � � � > 3> � � � > OSj iru doo p 9@ q> dqg

lll, E lv ixoo froxpq udqn1 Vlqfh wkh qxpehu ri frpelqdwlrqv ri P gl�huhqw e6*v lv kxjh iru

vhyhudo xvhuv dqg w|slfdo fkdqqho phpru| ohqjwkv/ d vhtxhqwldo vhdufk lv xvhg/ udwkhu wkdq

dq h{kdxvwlyh rqh/ wr exlog xs d vhw ri P wudlqlqj vhtxhqfhv rqh0e|0rqh wkdw vdwlvi| wkh

wkuhh fulwhuld1

Wdeoh 814 vkrzv wkh uhvxowv ri d frpsxwhu vhdufk iru plqlpxp ohqjwk elqdu| wudlqlqj

vhtxhqfhv wkdw phhw wkhvh fulwhuld1 Iru frpsdfwqhvv/ wkh wudlqlqj vhtxhqfhv duh olvwhg lq

kh{dghflpdo irup1 Wkh prvw vljql�fdqw elw fruuhvsrqgv wr wkh �uvw v|pero wr eh wudqvplwwhg

lq wkh wudlqlqj vhtxhqfh/ wkdw lv/ f6 +�O2,/ dqg wkh ohdvw vljql�fdqw elw wr wkh odvw v|pero/

wkdw lv/ f6 +Q| �O2 � 4,1 ESVN v|perov duh ghulyhg iurp wkh elwv ri wkh wudlqlqj vhtxhqfhv

xvlqj wkh pdsslqj i3> 4j $ i�4>.4j1 Qrwh wkdw iru wkh fdvh ri P @ 4/ OS @ 4 zkhuh wkh

ehvw wudlqlqj vhtxhqfh lv 334/ wkh frqvwudlqw ri �uvw dqg odvw v|perov ehlqj htxdo lv oliwhg lq

rughu wr dyrlg d vlqjxodu Judp pdwul{1

Wkh wdeoh dovr olvwv wkh wkuhvkrog xvhg iru wkh r�0gldjrqdo hohphqwv ri J1 Iru hdfk fdvh/

wkh wkuhvkrog lv �uvw vhw wr }hur/ dqg wkhq lqfuhdvhg xqwlo d ixoo vhw ri wudlqlqj vhtxhqfhv lv

irxqg1 D ydoxh ri }hur lqglfdwhv wkdw J lv gldjrqdo/ lpso|lqj wkdw wkhP wudlqlqj vhtxhqfhv

kdyh shuihfw dxwr dqg furvvfruuhodwlrq surshuwlhv1 Wklv rffxuv zkhq Q| � OS @ 4> 5> ru 71

Lw lv lqwhuhvwlqj wr qrwh wkdw wkh uhvxowlqj gdwd pdwul{ E lv htxlydohqw wr wkh Kdgdpdug

pdwul{ ri rughu 4/5/ ru 7 uhvshfwlyho| zklfk lv nqrzq wr kdyh ruwkrjrqdo froxpqv uhvxowlqj

lq d gldjrqdo Judp pdwul{1

Dowkrxjk uhvxowv duh vkrzq rqo| iru elqdu| wudlqlqj vhtxhqfhv/ wkh vhdufk whfkqltxh

suhvhqwhg lq wklv zrun dssolhv wr wkh pruh jhqhudo fdvh ri qrqelqdu| vhtxhqfhv/ h1j1/ TSVN/
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Wdeoh 814= Plqlpxp ohqjwk elqdu| wudlqlqj vhtxhqfhv +lqfoxglqj suh dqg srvwfxuvruv, irxqg
e| vhtxhqwldo vhdufk1 Wkh vhtxhqfhv duh lq kh{dghflpdo irup dqg pxvw eh }hur0sdgghg wr
wkh ohiw wr pdnh0xs wkh ixoo ohqjwk Q|1

P OS Q| Wkuhvkrog Wudlqlqj Vhtxhqfh+v,

4 3 4 3 4
4 6 3 4
5 8 4 <
6 : 3 44
7 < 4 54

5 3 5 3 3/4
4 8 3 44/7
5 ; 5 74/F:
6 44 5 63E/444
7 47 5 5F3E/794

6 3 6 4 3/4/5
4 : 5 74/7/7E
5 44 6 53</95I/9<I
6 48 7 6386/8398/63EE
7 4< 8 4;386/8;4;E/;694

7 3 7 3 3/6/8/9
4 < 7 434/7/43E/53
5 47 7 433</637:/539D/645I
6 4< 7 63386/83668/438;4/:3EGI
7 57 7 E3365E/635GF6/G398:G/H4839H

;0SVN/ dqg 490TDP1 Krzhyhu/ h{shulphqwdwlrq zlwk TSVN vhtxhqfhv vkrzhg wkdw zkloh

wkh vhdufk vsdfh lv odujhu/ wkh dxwr0 dqg furvvfruuhodwlrq surshuwlhv ri wkh uhvxowlqj vhtxhqfhv

duh qr ehwwhu wkdq iru wkh elqdu| vhtxhqfhv olvwhg lq Wdeoh 8141

D�e #it�}? Wtt�it @?_ �ihuLh4@?Ui

Lq wklv vhfwlrq/ vhyhudo ghvljq lvvxhv duh wuhdwhg/ qdpho| wkh fkrlfh ri lqwhusrodwru rughu/

fkrlfh ri iudph ohqjwk/ dqg h�flhqf|1 Wkh shuirupdqfh ri wkh mrlqw fkdqqho hvwlpdwlrq

vfkhph lv wkhq lqyhvwljdwhg/ xvlqj wkh fkdqqho hvwlpdwlrq txdolw| phdvxuhv �
2
e6

+n, dqg

�6 +n, gh�qhg lq +8155, dqg +8156, uhvshfwlyho|1 Xqohvv rwkhuzlvh vshfl�hg/ wkh rswlpdo

lqwhusrodwru XJR| +n, @ S +n,Ur3 lv xvhg vr wkdw Ui +n, lq +8153, lv htxdo wr UJR|
i +n, =

Iuhtxhqf| vhohfwlyh idglqj lv frqvlghuhg xvlqj ydulrxv ydoxhv ri Grssohu vsuhdg i(6 dqg

UPV ghod| vsuhdg �o6r6 1 Wkh srzhu ghod| sur�oh lv dvvxphg wr eh h{srqhqwldo/ dqg wkh



FKDSWHU 81 PXOWLXVHU FKDQQHO HVWLPDWLRQ <8

uhodwlyh ghod| �6 lv dvvxphg wr eh glvwulexwhg xqlirupo| rq wkh lqwhuydo ^�W@5> W@5`1 Dovr/

�2}6 lv vhw wr 425 uhvxowlqj lq wkh pwk xvhu*v VQU ehlqj �6 @ S6@QJ= Xqohvv rwkhuzlvh

vshfl�hg/ wkh urrw0udlvhg frvlqh wudqvplw sxovh x +w, kdv 83( h{fhvv edqgzlgwk1 Ixuwkhu0

pruh/ dffruglqj wr Ilj1 815/ wkh sdudphwhu OS lv vhw wr 7 zlwk O� @ �5 dqg O2 @ 5= Wkh

wudlqlqj vhtxhqfhv olvwhg lq Wdeoh 814 duh xvhg lq doo fdvhv1 Uhfdoo wkdw wkhvh vhtxhqfhv duh

ri wkh plqlpxp ohqjwk Q| @P +OS . 4, .OS1

D�e�� W?|ihTL*@|Lh �h_ih

Ilj1 817 vkrzv d sorw ri fkdqqho hvwlpdwlrq huuru yv1 lqwhusrodwru rughu/ gh�qhg dv 5T.41 Dv

fdq eh vhhq/ wkh xvh ri pruh wkdq derxw qlqh wudlqlqj eorfnv +T @ 7, wr irup wkh hvwlpdwh ri

k +n, grhv qrw vljql�fdqwo| ghfuhdvh wkh fkdqqho hvwlpdwlrq huuru1 Wklv ehkdylrxu zdv irxqg

wr eh uhsuhvhqwdwlyh ri d odujh ydulhw| ri idglqj dqg VQU frqglwlrqv1 Lw lv dovr frqvlvwhqw

zlwk wkdw revhuyhg lq ^8:` iru wkh fdvh ri d vlqjoh xvhu dqg �dw idglqj1 Qrwh wkdw xvhu 5

h{shulhqfhv voljkwo| ehwwhu shuirupdqfh wkdq xvhu 4 vlqfh wkh wudlqlqj vhtxhqfh iru xvhu 5

kdsshqv wr kdyh voljkwo| ehwwhu dxwrfruuhodwlrq surshuwlhv1

D�e�2 6h@4i wi?}|�

Ilj1 818 vkrzv d sorw ri fkdqqho hvwlpdwlrq huuru yv1 iudph ohqjwk Q 1 Iru d �{hg Grssohu

vsuhdg/ dv Q lv lqfuhdvhg eh|rqg d fulwlfdo ydoxh/ wkh fkdqqho hvwlpdwlrq huuru lqfuhdvhv

vkduso|/ gxh wr wkh idfw wkdw wkh idglqj fkdqqhov duh qrw vdpsohg riwhq hqrxjk wr doorz

surshu lqwhusrodwlrq1 Fohduo|/ dv wkh Grssohu vsuhdg lqfuhdvhv/ wkh idglqj fkdqqhov pxvw

eh vdpsohg dw d kljkhu udwh +vkruwhu iudph ohqjwk,= iru i(6W @ 3=3358> 3=338> dqg 3134/

wkh fulwlfdo iudph ohqjwkv duh dssur{lpdwho| 4;3/ <3/ dqg 78 v|perov uhvshfwlyho|1 Wkhvh

ydoxhv fruuhvsrqg forvho| wr wkh lqyhuvh ri wkh Q|txlvw udwh 5i(6W 1 Djdlq/ wklv ehkdylrxu

lv frqvlvwhqw zlwk wkdw revhuyhg lq ^8:`1

D�e�� ,�U�i?U)

Wkh wudqvplvvlrq h�flhqf| � ru wkurxjksxw � h{shulhqfhg e| dq| xvhu lv jlyhq e| wkh udwlr

ri wkh qxpehu ri gdwd v|perov shu iudph +Q�Q|, wr wkh iudph ohqjwk Q 1 Dv wkh qxpehu ri

xvhuv lqfuhdvhv/ vr grhv wkh uhtxluhg ohqjwk ri wudlqlqj vhtxhqfh/ fdxvlqj wkh xvhu h�flhqf|

wr gurs1 Xvlqj wkh plqlpxp wudlqlqj vhtxhqfh ohqjwk irxqg hduolhu/ wkh xvhu h�flhqf|

lv �� @ +Q �P +OS . 4,� OS, @Q 1 Ilj1 819 vkrzv d sorw ri xvhu h�flhqf| yv1 qxpehu ri
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Iljxuh 817= Fkdqqho hvwlpdwlrq huuru yv1 lqwhusrodwru rughu iru wzr htxlsrzhu xvhuv dw dq
VQU ri 63 gE1 Wkh iudph ohqjwk lv Q @ 5Q| @ 5; v|perov1

xvhuv iru wkh fulwlfdo ydoxhv ri Q irxqg deryh1 Wklv sorw looxvwudwhv vljql�fdqwo| uhgxfhg

h�flhqf| iru vkruw iudph ohqjwkv dqg d odujh qxpehu ri xvhuv1 Lq wkh h{wuhph ri idvw idglqj

+i(6W @ 3=34, zlwk irxu xvhuv dqg d iudph ohqjwk ri Q @ 78> wkh xvhu h�flhqf| gursv iurp

lwv ydoxh ri ;3( fruuhvsrqglqj wr d vlqjoh xvhu wr d ydoxh qhdu 83(1 Krzhyhu/ zlwk UZF/

v|vwhp fdsdflw| lv hqkdqfhg wkurxjk mrlqw ghwhfwlrq e| doorzlqj 7 xvhuv wr vkduh wkh vdph

iuhtxhqf|2wlph vorw zklfk r�vhwv wklv uhgxfwlrq lq xvhu h�flhqf|1 Wkhuhiruh/ lw lv xvhixo wr

gh�qh v|vwhp h�flhqf| dv �r @P�� zklfk lv dovr sorwwhg rq Ilj1 8191 Hylghqwo|/ dq rswlpdo

ydoxh ri P h{lvwv1 Wklv rswlpdo ydoxh dqg wkh fruuhvsrqglqj rswlpdo �r erwk lqfuhdvh iru

vorzhu idglqj zkhuh wkh iudph ohqjwk fdq eh pxfk juhdwhu wkdq iru idvw idglqj1
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Iljxuh 818= Fkdqqho hvwlpdwlrq huuru yv1 iudph ohqjwk iru wzr htxlsrzhu xvhuv dw dq VQU ri
63 gE zlwk lqwhusrodwru rughu qlqh1 Wkh idglqj lv iuhtxhqf| vhohfwlyh zlwk �o6r6@W @ 3=5
iru hdfk xvhu1

D�e�e �ihuLh4@?Ui

Ilj1 81: vkrzv d sorw ri fkdqqho hvwlpdwlrq huuru yv1 qxpehu ri xvhuv1 Wkh hvwlpdwlrq huuru

dfwxdoo| ghfuhdvhv zlwk hdfk dgglwlrqdo xvhu/ zklfk lv gxh wr orqjhu wudlqlqj vhtxhqfhv

dv hdfk dgglwlrqdo xvhu lv dgghg1 Djdlq/ hdfk xvhu kdv d voljkwo| gl�huhqw hvwlpdwlrq huuru

yduldqfh gxh wr wkh idfw wkdw xvhuv* wudlqlqj vhtxhqfhv kdyh voljkwo| gl�huhqw dxwrfruuhodwlrq

surshuwlhv1

Lq dgglwlrq wr wkh frqvlghudwlrq ri pxowlsoh xvhuv/ wkh dqdo|vlv suhvhqwhg lq wklv wkhvlv

surylghv dq h{whqvlrq wr wkh vlqjoh0xvhu uhvxowv ri ^8;` e| dffrxqwlqj iru frorxudwlrq ri

wkh vdpsohg qrlvh vhtxhqfh dqg fruuhodwlrq ehwzhhq wkh fkdqqho wdsv1 Ilj1 81; vkrzv wkh

hvwlpdwlrq jdlq dfklhyhg e| frqvlghulqj wkhvh wzr h�hfwv1 Wklv judsk sorwv wkh hvwlpdwlrq
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Iljxuh 819= Xvhu dqg v|vwhp h�flhqf| iru wkh fulwlfdo iudph ohqjwkv irxqg lq wkh suhylrxv
�jxuh1

huuru yduldqfh �2e6 +n, dqg rqh plqxv wkh dyhudjh fruuhodwlrq frh�flhqw +4 � �6 +n,, iru

erwk wkh rswlpdo lqwhusrodwru XJR| +n, @ S +n,Ur3 dqg wkh vxerswlpdo lqwhusrodwru X +n, @

S
� +n,U

�r
3 1 Wkh pdwulfhv S� +n, dqgU

�

3
duh rewdlqhg e| prgli|lqj S +n, dqgU3 dv iroorzv=

wkh r�0gldjrqdo hohphqwv riU� +�, lq +815;, dqg +8163, duh vhw wr }hur/ dqg wkh dxwrfruuhodwlrq

ixqfwlrq ri wkh vdpsohg qrlvh vhtxhqfh lq +8163, lv uhgh�qhg vr wkdw !? +m, @ QJ iru m @ 3 dqg

}hur rwkhuzlvh1 Revhuylqj wkh hvwlpdwlrq huuru fxuyhv/ rqh fdq vhh wkdw iru prghudwh VQU/

xs wr d 9 gE jdlq lq hvwlpdwlrq huuru pd| eh dfklhyhg e| frqvlghulqj wkh qrlvh frorxudwlrq

dqg wkh lqwhu0wds fruuhodwlrqv1 Dq hyhq d odujhu lpsuryhphqw lv revhuyhg lq wkh fruuhodwlrq

frh�flhqw1 Lw vkrxog eh qrwhg wkdw wklv ehqh�w frphv dw olwwoh ru qr frvw lq frpsxwdwlrqdo

ordg zkhq shuiruplqj wkh fkdqqho hvwlpdwlrq1

Wklv sorw dovr ghprqvwudwhv wkdw wkh dv|pswrwlf fkdqqho hvwlpdwlrq huuru ydulhv lqyhuvho|
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Iljxuh 81:= Fkdqqho hvwlpdwlrq huuru yv1 qxpehu ri htxlsrzhu xvhuv iru iudph ohqjwkQ @ 83
dqg lqwhusrodwru rughu qlqh1 Wkh idglqj lv iuhtxhqf| vhohfwlyh zlwk �o6r6@W @ 3=5 dqg
i(6W @ 3=338 iru hdfk xvhu1

zlwk VQU/ dv h{shfwhg1 Vlploduo|/ wkh fkdqqho hvwlpdwh dqg wkh wuxh fkdqqho ehfrph lqfuhdv0

lqjo| fruuhodwhg zlwk lqfuhdvlqj VQU1 Iru h{dpsoh/ dw dq VQU ri 73 gE/ xvh ri wkh rswlpdo

lqwhusrodwru uhvxowv lq dq dyhudjh fruuhodwlrq frh�flhqw ri dssur{lpdwho| �6 +n, @ 3=<<<:

� d kljk ghjuhh ri fruuhodwlrq1 Wklv ehkdylrxu lv uhvsrqvleoh iru wkh holplqdwlrq ri wkh huuru

�rru iru mrlqw ghwhfwlrq revhuyhg lq Fkdswhu 6 zkhq xvlqj slorw0edvhg fkdqqho hvwlpdwlrq1

Wkh deryh judskv kdyh doo looxvwudwhg wkh shuirupdqfh iru htxlsrzhu vljqdov1 Krzhyhu/

lq qrupdo v|vwhp rshudwlrq/ rqh fdq h{shfw srzhu gl�huhqfhv dprqj wkh xvhuv1 Hyhq lq

wklv fdvh/ wkh devroxwh hvwlpdwlrq huuru yduldqfh/ jlyhq e| wudfh^Ui6
+n,` +vhh +8154,,/ lv

dssur{lpdwho| htxdo iru doo xvhuv/ vlqfh wkh hvwlpdwlrq huuru lv surgxfhg sulpdulo| e| wkh

uhfhlyhu qrlvh q +w, =Rq wkh rwkhu kdqg/ wkh uhodwlyh hvwlpdwlrq huuru yduldqfh �2

e6
+n, > gh�qhg

lq +8155,/ lv qrupdol}hg e| wkh vxp ri fkdqqho wds yduldqfhv1 Wkh wds yduldqfhv/ lq wxuq/
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Iljxuh 81;= Fkdqqho hvwlpdwlrq huuru dqg dyhudjh fruuhodwlrq frh�flhqw iru rswlpdo dqg
vxerswlpdo lqwhusrodwruv zlwk wzr htxlsrzhu xvhuv/ iudph ohqjwk Q @ 83/ dqg lqwhusrodwru
rughu qlqh1 Wkh idglqj lv iuhtxhqf| vhohfwlyh zlwk �o6r6@W @ 3=5 dqg i(6W @ 3=338 iru
hdfk xvhu1

duh sursruwlrqdo wr D2

6 @ 5S6 +vhh +818,,1 Wkhuhiruh/ dw d jlyhq qrlvh ohyho/ wkh uhodwlyh

huuru yduldqfh lv forvh wr lqyhuvho| sursruwlrqdo wr vljqdo srzhu/ jlylqj vwurqjhu xvhuv ehwwhu

uhodwlyh huuru uhvxowv wkdq zhdnhu xvhuv1

Ilj1 81< vkrzv wkh uhodwlyh hvwlpdwlrq huuru yduldqfh dqg dyhudjh fruuhodwlrq frh�flhqw

iru wkh fdvh ri wzr xvhuv zlwk d srzhu gl�huhqfh ri 43 gE/ l1h1 S� @ 4 dqg S2 @ 3=41 Iru

uhihuhqfh/ wkh shuirupdqfh ri wkh htxlsrzhu fdvh +S� @ S2 @ 4, lv vkrzq rq wkh vdph judsk1

Qrwh wkdw hdfk xvhu*v fxuyhv duh sorwwhg djdlqvw wkh xvhu*v rzq VQU/ gh�qhg lq +81;,1 Dv d

uhvxow/ wkh fxuyhv duh forvho| vsdfhg zklfk looxvwudwhv wkh dssur{lpdwh lqyhuvh ghshqghqfh

rq vljqdo srzhu/ dv glvfxvvhg deryh1 Lq d w|slfdo rshudwlqj vfhqdulr/ doo xvhuv duh ghwhfwhg dw

d frpprq uhfhlyhu qrlvh ohyho QJ= Frqvhtxhqwo|/ wkh zhdn dqg vwurqj xvhuv rshudwh dw VQU

ydoxhv wkdw duh 43 gE dsduw/ dqg wkh krul}rqwdo d{lv pxvw eh lqwhusuhwhg lq wklv oljkw1 Iru
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h{dpsoh/ li wkh vwurqj xvhu lv dw 63 gE VQU/ wkhq wkh zhdn xvhu lv dw 53 gE zlwk d uhodwlyh

hvwlpdwlrq huuru yduldqfh urxjko| 43 gE juhdwhu wkdq wkdw ri wkh vwurqj xvhu1 Vlploduo|/ wkh

dyhudjh fruuhodwlrq frh�flhqw iru wkh vwurqjhu xvhu lv vljql�fdqwo| ehwwhu +forvhu wr xqlw|,

wkdq iru wkh zhdnhu xvhu1
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Iljxuh 81<= Fkdqqho hvwlpdwlrq huuru dqg dyhudjh fruuhodwlrq frh�flhqw zlwk wzr
qrqhtxlsrzhu xvhuv/ iudph ohqjwk Q @ 83/ dqg lqwhusrodwru rughu qlqh1 Wkh idglqj lv
iuhtxhqf| vhohfwlyh zlwk �o6r6@W @ 3=5 dqg i(6W @ 3=338 iru hdfk xvhu1

Lq doo ri wkh uhvxowv suhvhqwhg khuh/ lw lv dvvxphg wkdw wkh lqwhusrodwru lv ghvljqhg dv0

vxplqj shuihfw nqrzohgjh ri wkh Grssohu idgh udwh i(6 / wkh UPV ghod| vsuhdg �o6r6 / dqg

wkh VQU �6 iru hdfk xvhu1 Lq d sudfwlfdo vlwxdwlrq/ wkhvh sdudphwhuv pd| qrw eh nqrzq

dw ghvljq wlph dqg pd| eh gl�huhqw iru hdfk xvhu1 Ixuwkhupruh/ wkh| pd| fkdqjh dv wkh

vfdwwhulqj hqylurqphqw fkdqjhv1 Dv phqwlrqhg suhylrxvo|/ wklv pd| eh kdqgohg e| dgrsw0

lqj d zruvw0fdvh ghvljq phwkrgrorj|1 Wklv dssurdfk zdv lqyhvwljdwhg khuh e| ghvljqlqj dq

lqwhusrodwru xvlqj zruvw0fdvh ydoxhv ri i(6 dqg �o6r6 +htxdo iru doo xvhuv, dqg d w|slfdo
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rshudwlqj VQU �6 +djdlq/ htxdo iru doo xvhuv,1 Wkh shuirupdqfh ri wklv �{hg lqwhusrodwru

zdv wkhq lqyhvwljdwhg lq dq hqylurqphqw zlwk gl�huhqw fkdqqho dqg VQU frqglwlrqv1

Qrw vxusulvlqjo|/ lw zdv irxqg wkdw ehwwhu shuirupdqfh pd| eh rewdlqhg e| rswlpl}lqj

wkh lqwhusrodwru wr pdwfk wkh dfwxdo idglqj dqg VQU frqglwlrqv1 Pruh lpsruwdqwo|/ krzhyhu/

lw zdv irxqg wkdw wkh shuirupdqfh lv qhlwkhu ghjudghg qru lpsuryhg li wkh dfwxdo fkdqqho

frqglwlrqv duh ehwwhu wkdq wkrvh ghvljqhg iru +orzhu i(6 dqg �o6r6 wkdq wkh ghvljq ydoxhv,

dqg li wkh dfwxdo VQUv duh gl�huhqw iurp wkh ghvljq ydoxh1 Li wkh dfwxdo fkdqqho frqglwlrqv

duh zruvh wkdq wkrvh ghvljqhg iru/ vljql�fdqw ghjudgdwlrq lq shuirupdqfh rffxuv1

D�D �L?U*�t�L?t

Lq wklv fkdswhu/ d slorw0edvhg PPVH whfkqltxh kdv ehhq ghyhorshg iru mrlqwo| hvwlpdwlqj wkh

fkdqqho lpsxovh uhvsrqvhv ri pxowlsoh frfkdqqho vljqdov1 Wklv zrun pdnhv wzr nh| frqwulex0

wlrqv= �uvw/ lw dffrxqwv iru wlph yduldwlrq ri wkh fkdqqhov erwk zlwklq dqg ehwzhhq wudlqlqj

shulrgv1 Wkh iruphu lv hvvhqwldo lq d pxowlxvhu hqylurqphqw zkhuh wkh wudlqlqj vhtxhqfhv duh

qhfhvvdulo| orqjhu wkdq lq d vlqjoh0xvhu hqylurqphqw/ uhvxowlqj lq vljql�fdqw yduldwlrq gxulqj

wudlqlqj1 Vhfrqg/ d vlpsoh vwudwhj| iru wkh vhohfwlrq ri dssursuldwh wudlqlqj vhtxhqfhv iru

wkh pxowlsoh frfkdqqho xvhuv lv ghyhorshg1 Wkh vhohfwlrq vwudwhj| lv ghprqvwudwhg iru wkh

vshfldo fdvh ri ESVN vhtxhqfhv1

Vhyhudo ghvljq lvvxhv duh frqvlghuhg lqfoxglqj wkh fkrlfh ri lqwhusrodwru rughu/ wkh fkrlfh

ri iudph ohqjwk/ dqg h�flhqf|1 Uhvxowv vkrz wkdw wkh shu0xvhu wkurxjksxw ghfuhdvhv zlwk

hdfk dgglwlrqdo xvhu/ vlqfh wkh plqlpxp ohqjwk ri wkh wudlqlqj vhtxhqfhv jurzv olqhduo| zlwk

wkh qxpehu ri xvhuv1 Krzhyhu/ v|vwhp h�flhqf| lqfuhdvhv/ gxh wr pxowlsoh xvhuv vkdulqj wkh

vdph wlph2iuhtxhqf| vorw1

Shuirupdqfh uhvxowv duh suhvhqwhg/ dqg lw lv vkrzq wkdw wkh fkdqqho hvwlpdwlrq huuru gh0

fuhdvhv zlwk hdfk dgglwlrqdo xvhu gxh wr lqfuhdvlqj wudlqlqj vhtxhqfh ohqjwkv1 Ixuwkhupruh/

lw lv vkrzq wkdw iru qrqhtxlsrzhu xvhuv/ wkh devroxwh fkdqqho hvwlpdwlrq huuru yduldqfh iru

doo xvhuv lv dssur{lpdwho| htxdo/ luuhvshfwlyh ri srzhu gl�huhqfhv/ exw wkh ghjuhh ri fruuh0

odwlrq ehwzhhq wkh fkdqqho hvwlpdwh dqg wkh wuxh fkdqqho lv kljkhu iru wkh vwurqjhu xvhuv

wkdq wkh zhdnhu xvhuv1
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Lq suhylrxv fkdswhuv/ mrlqw ghwhfwlrq lq erwk wkh xsolqn dqg grzqolqn kdv ehhq lqyhvwljdwhg

iru vlqjoh0fhoo v|vwhpv rqo|1 Lq rwkhu zrugv/ wkh h�hfwv ri FFL iurp frfkdqqho fhoov lq d

pxowl0fhoo v|vwhp kdv ehhq ljqruhg1 Lq wklv fkdswhu/ wkh lqwhufhoo FFL lv dffrxqwhg iru dqg

ryhudoo v|vwhp fdsdflw| xvlqj mrlqw ghwhfwlrq lv hydoxdwhg1

Wkh jrdo lq xvlqj mrlqw ghwhfwlrq lv wr dfklhyh d v|vwhp fdsdflw| lqfuhdvh e| doorzlqj

vhyhudo lqwudfhoo xvhuv wr vkduh wkh vdph iuhtxhqf|2wlph vorw1 Krzhyhu/ hdfk frfkdqqho

fhoo dovr doorzv uhxvh zlwklq fhoo/ fdxvlqj dq lqfuhdvh lq wkh ryhudoo ohyho ri lqwhufhoo FFL

frpsduhg wr frqyhqwlrqdo WGPD v|vwhpv zlwk rqo| rqh xvhu2vorw1 Wklv qhfhvvlwdwhv dq

lqfuhdvh lq uhxvh glvwdqfh dqg2ru dq lqfuhdvh lq wkh qxpehu ri dqwhqqdv wr frpedw wkh

dgglwlrqdo FFL1 Wkh qdwxudo txhvwlrqv wkdw dulvh duh wkh iroorzlqj= krz gr wkh qxpehu

ri xvhuv shu vhfwru/ wkh uhxvh glvwdqfh/ dqg wkh qxpehu ri dqwhqqdv wudgh r� djdlqvw hdfk

rwkhu lq ghwhuplqlqj v|vwhp fdsdflw|/ dqg krz pxfk lv fdsdflw| dfwxdoo| lqfuhdvhg xvlqj

mrlqw ghwhfwlrqB Ixuwkhupruh/ krz grhv wkh fdsdflw| lqfuhdvh zlwk mrlqw ghwhfwlrq frpsduh

wr wkdw xvlqj fodvvlfdo PPVH dqwhqqd frpelqlqjB

Wkhvh lqwhuhvwlqj txhvwlrqv duh dqvzhuhg lq wklv sduw ri wkh wkhvlv1 Lq grlqj vr/ wkh �uvw

dqdo|vlv dqg wkh �uvw frpsdulvrq ri wkh h�hfwv ri mrlqw ghwhfwlrq dqg PPVH frpelqlqj

rq v|vwhp fdsdflw| lv suhvhqwhg1 Wkh dqdo|vlv dffrxqwv iru vkdgrzlqj dqg wkh udqgrp

orfdwlrq ri xvhuv lq frfkdqqho fhoov1 Iru wkh odwwhu/ d qryho/ ixoo|0dqdo|wlfdo whfkqltxh lv

ghyhorshg iru fdofxodwlqj wkh vsdwldo dyhudjh ri xvhu orfdwlrqv qhfhvvdu| iru wkh frpsxwdwlrq

436
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ri rxwdjh suredelolw|1 Wklv phwkrg dyrlgv wlph0frqvxplqj Prqwh0Fduor vlpxodwlrq xvhg

lq sdvw fdsdflw| vwxglhv/ h1j1/ ^9<`~^:5`1 Ixuwkhupruh/ lw surylghv pruh lqvljkw wkdq wkdw

rewdlqdeoh iurp d vlpxodwlrq0edvhg vwxg|1 Dq dwwudfwlyh ihdwxuh ri wkh whfkqltxh lv wkdw lw

grhv qrw uho| xsrq d uljlg kh{djrqdo fhoo od|rxw/ wkxv hqdeolqj wkh vwxg| ri pruh jhqhudol}hg

v|vwhpv lq zklfk wkh frfkdqqho fhoov duh ri duelwudu| vl}h dqg orfdwlrq/ dqg wkh fhoo vhfwruv

duh ri duelwudu| zlgwk dqg rulhqwdwlrq1

Wkh dqdo|vlv vkrzv wkdw mrlqw ghwhfwlrq surgxfhv d vljql�fdqw lqfuhdvh lq fdsdflw|/ dqg

wkdw fdsdflw| lv vriw0olplwhg/ vlplodu wr FGPD1 Lq vwulnlqj frqwudvw/ lw lv vkrzq wkdw wkh

dowhuqdwlyh ri PPVH frpelqlqj surgxfhv rqo| d prghvw lqfuhdvh lq fdsdflw| dqg sxwv d

kdug olplw rq wkh qxpehu ri xvhuv shu vhfwru/ eh|rqg zklfk fdsdflw| vxusulvlqjo| ghfuhdvhv1

Wkh deryh qryho frqwulexwlrqv dovr dsshdu lq sduw lq ^:7`� dqg ^:8`2/ dqg lq ixoo lq ^:9` dqg

^::`1

S�� 5)t|i4 �L_i*

Lw pxvw eh vwdwhg dw wkh rxwvhw wkdw wkh hydoxdwlrq ri v|vwhp fdsdflw| lq wklv wkhvlv lv irfxvhg

rq wkh xsolqn> krzhyhu/ vlplodu prghov dqg dqdo|vlv pd| eh dssolhg wr wkh grzqolqn zlwk

vxlwdeoh prgl�fdwlrqv1 Lq dvvhvvlqj xsolqn fdsdflw|/ wkh frpprq fhooxodu od|rxw vkrzq lq

Ilj1 914 lv xvhg1 Wkh od|rxw frqvlvwv ri htxl0vl}h flufxodu fhoov zlwk wkh fhoo fhqwuhv orfdwhg lq

wkh vdph srvlwlrqv dv wkrvh lq d vwdqgdug kh{djrqdo od|rxw zlwk xqlw0udglxv kh{djrqv/ foxvwhu

vl}h F/ dqg uhxvh glvwdqfh G @
s
6F1 Wkh doorzhg foxvwhu vl}hv duh jlyhq e| F @ m2.mn.n2

zkhuh wkh lqwhjhuv m dqg n duh wkh vkliw sdudphwhuv ri wkh kh{djrqdo od|rxw ^5`1 Wkh udglxv ri

hdfk flufxodu fhoo lv vfdohg vxfk wkdw lwv duhd lv wkh vdph dv d xqlw0udglxv kh{djrq/ uhvxowlqj

lq U @
t
6
s
6@5�=

Lq Ilj1 914/ wkh kdwfkhg duhdv uhsuhvhqw frfkdqqho vhfwruv1 Wkh �uvw wkuhh wlhuv ri frfkdq0

qho fhoov duh frqvlghuhg/ uhvxowlqj lq d wrwdo ri 69 frfkdqqho vhfwruv1 Krzhyhu/ dvvxplqj wkh

dqwhqqdv dw wkh edvh vwdwlrq lq wkh fhqwudo fhoo +fhoo 3, kdyh dq lghdo 453� ehdp sdwwhuq/

lqwhuihuhqfh lv uhfhlyhg dw wkh edvh iurp rqo| 46 ri wkh frfkdqqho vhfwruv � 5 lq wkh �uvw

wlhu +qxpehuhg 4~5,/ 8 lq wkh vhfrqg wlhu +qxpehuhg 6~:,/ dqg 9 lq wkh wklug wlhu +qxp0

ehuhg ;~46,1 Wkh qxpehu ri ghvluhg xvhuv lq wkh fhqwudo fhoo lv P> dqg lw lv dvvxphg wkdw

�
U? �bbb W,,,� +iTh�?|i_c ��|� Tih4�tt�L?c uhL4 �hLU� W,,, VA�<bb�6@**c �4t|ih_@4c A�i �i|�ih�

*@?_tc 5iT|i4Mih �bbb�
2 U? �bbb W,,,� +iTh�?|i_c ��|� Tih4�tt�L?c uhL4 �hLU� W,,, VA�<bb�6@**c �4t|ih_@4c A�i �i|�ih�

*@?_tc 5iT|i4Mih �bbb�
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Iljxuh 914= Wkuhh0wlhu kh{djrqdo od|rxw ri htxl0vl}h flufxodu fhoov zlwk uhxvh glvwdqfh G @s
6F dqg lghdo 453� vhfwrul}dwlrq1 Doo frfkdqqho vhfwruv duh srsxodwhg zlwkP dfwlyh xvhuv/

uhvxowlqj lq d wrwdo ri 46P lqwhuihuhuv1

hdfk frfkdqqho vhfwru frqwdlqv wkh vdph qxpehu ri dfwlyh xvhuv/ uhvxowlqj lq d wrwdo ri 46P

lqwhuihuhuv1 Fohduo|/ doorzlqj vhyhudo lqwudfhoo frfkdqqho xvhuv lqfuhdvhv wkh ryhudoo ohyho ri

lqwhuihuhqfh frpsduhg wr d vwdqgdug WGPD v|vwhp lq zklfk P @ 4=

Wkh kh{djrqdo fhoo od|rxw lq Ilj1 914 lv d vshfldo fdvh ri wkh pruh jhqhudo od|rxw vkrzq

lq Ilj1 915 lq zklfk wkh fhqwudo fhoo dqg rqh uhsuhvhqwdwlyh frfkdqqho fhoo lv vkrzq1 Wkh iro0

orzlqj sdudphwhuv wkdw ghvfuleh wkh prgho duh doo duelwudu|= wkh lqwhu0edvh vwdwlrq glvwdqfh

G�> wkh fhoo udgll U6 dqg U�> wkh vhfwru zlgwkv �6 dqg ��/ dqg wkh vhfwru rulhqwdwlrqv �6

dqg ��1 E| frqyhqwlrq/ wkh vhfwru rulhqwdwlrqv duh gh�qhg lq d frxqwhu0forfnzlvh vhqvh> wkxv/

�6 dqg �� lq Ilj1 915 duh erwk qhjdwlyh1 Qrwh wkdw wkh ghvluhg xvhuv duh lqgh{hg e| p> dqg

wkh lqwhuihuhuv e| l= Wklv prgho jrhv eh|rqg wkh uljlg kh{djrqdo fhoo od|rxw xvhg lq suhylrxv

fdsdflw| vwxglhv/ h1j1/ ^9<`/ ^:3`/ dqg ^:6`/ e| prgholqj dgglwlrqdo uhdolvp wkurxjk wkh deryh
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duelwudu| sdudphwhuv1

Di

di rirm

Rm
Ri

Central cell Cochannel cell

x

y

θm

∆ m

θ i

∆ i

Iljxuh 915= Jhrphwu| ri jhqhudol}hg fhoo od|rxw1

Lq Ilj1915/ wkh ghvluhg xvhu lv orfdwhg dw d udqgrp glvwdqfh u6 iurp lwv rzq edvh1 Wkh

lqwhuihulqj xvhu lv dovr orfdwhg udqgrpo| zlwk d glvwdqfh ri u� wr lwv rzq edvh dqg d glvwdqfh

ri g� wr wkh edvh lq wkh fhqwudo fhoo1 Dv lq rwkhu fdsdflw| vwxglhv/ h1j1/ ^:3` dqg ^:4`/ hdfk

preloh lv dvvxphg wr frppxqlfdwh zlwk wkh jhrjudsklfdoo| forvhvw edvh vwdwlrq1 Li d preloh

yhqwxuhv rxwvlgh wkh flufxodu fhoo erxqgdulhv/ lw lv kdqghg r� wr dqrwkhu edvh vwdwlrq dqg lv

qr orqjhu wudfnhg> wkxv/ dw doo wlphv/ u6 � U6 dqg u� � U�=

Wkh dqdo|vlv suhvhqwhg lq wklv wkhvlv fruuhvsrqgv wr wkh deryh jhqhudol}hg od|rxw> dv

d uhvxow/ lw pd| eh dssolhg wr d zlgh ydulhw| ri v|vwhpv1 Krzhyhu/ wkh fdsdflw| uhvxowv

suhvhqwhg odwhu duh wdloruhg wr wkh kh{djrqdo od|rxw lq Ilj1 914 e| ohwwlqj U6 @ U� @t
6
s
6@5� dqg �6 @ �� @ 453 � iru doo ghvluhg dqg lqwhuihulqj xvhuv/ ohwwlqj �6 @ � 63 �

iru doo ghvluhg xvhuv/ dqg dssursuldwho| vhwwlqj wkh sdudphwhuv G� dqg �� ghshqglqj rq wkh

fhoo lq zklfk wkh lwk lqwhuihuhu lv orfdwhg1 Wdeoh 914 olvwv wkh ydoxhv iru wkhvh wzr sdudphwhuv

iru hdfk ri wkh 46 frfkdqqho vhfwruv lq wkh kh{djrqdo od|rxw1 Wkh glvwdqfh G� lv h{suhvvhg

lq whupv ri wkh uhxvh glvwdqfh G @
s
6F=
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Wdeoh 914= Fhoo glvwdqfh dqg vhfwru rulhqwdwlrq sdudphwhuv iru wkh vwdqgdug kh{djrqdo fhoo
od|rxw zlwk 453 ghjuhh vhfwrul}dwlrq1

Fhoo lqgh{ Wlhu Glvwdqfh G� Rulhqwdwlrq ��

4 4 G �63 �

5 4 G �<3 �

6 5
s
6G 3 �

7 5 5G �63 �

8 5
s
6G �93 �

9 5 5G �<3 �

: 5
s
6G �453 �

; 6
s
:G �43 �

< 6 6G �63 �

43 6
s
:G �83 �

44 6
s
:G �:3 �

45 6 6G �<3 �

46 6
s
:G �443 �

S�2 5�}?@* �L_i*t

Wkh vljqdo wudqvplwwhg iurp wkh pwk ghvluhg xvhu lq wkh fhqwudo fhoo lv

v6 +w, @
s
5Hr6

[

?

f6 +q, s +w� qW , +914,

zkhuh f6 +q, lv d v|pero iurp wkh SVN v|pero vhtxhqfh f6/ Hr6 lv wkh dyhudjh wudqvplwwhg

hqhuj| shu v|pero/ s +w, lv d urrw0Q|txlvw sxovh qrupdol}hg wr xqlw hqhuj|/ zlwk uroor�

sdudphwhu � dqg dxwrfruuhodwlrq ixqfwlrq t +w, @ s +w, � sW +�w, +� ghqrwhv frqyroxwlrq,/

dqg W lv wkh v|pero shulrg1 Iru frqyhqlhqfh/ wkh gdwd v|perov duh qrupdol}hg vxfk wkdw

H
k
mf6 +n,m2

l
@ 4= Wkh vljqdo v� +w, iurp wkh lwk lqwhuihuhu kdv wkh vdph irup h{fhsw wkh

vxevfulsw cp* lq wkh deryh lv uhsodfhg e| wkh vxevfulsw cl*1

Wkh wudqvplwwhg vljqdov iurp erwk wkh ghvluhg dqg lqwhuihulqj prelohv xqghujr wkuhh

h�hfwv/ qdpho| orj0qrupdo vkdgrzlqj/ sdwk orvv/ dqg iuhtxhqf|0�dw Ud|ohljk idglqj1 Wkh

h�hfwv ri orj0qrupdo vkdgrzlqj dqg sdwk orvv duh prghohg e| d udqgrp dwwhqxdwlrq +jdlq,

ri { gE vxshulpsrvhg rq d sdwk orvv ri �43 orj
�f g gE1 Khuh { lv d }hur phdq Jdxvvldq UY

zlwk vwdqgdug ghyldwlrq �% +lq xqlwv ri gE,/ g lv wkh glvwdqfh iurp wkh preloh wr wkh edvh lq

wkh fhqwudo fhoo/ dqg � lv wkh sdwk orvv frh�flhqw1 Iru w|slfdo fhooxodu v|vwhpv/ �% lv xvxdoo|

ehwzhhq 9 dqg ; gE ^9<`/ dqg � lv ehwzhhq 6 dqg 7 ^:3`1 Iuhtxhqf|0�dw Ud|ohljk idglqj lv
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prghohg e| wkh }hur phdq frpsoh{ Jdxvvldq udqgrp jdlq surfhvv j +w,1 Dffruglqjo|/ wkh

uhfhlyhg vljqdo rq wkh owk dqwhqqd iurp wkh pwk ghvluhg xvhu lv

|,6 +w, @ 43%6*2fu3�6*26 j,6 +w, v6 +w, +915,

dqg wkdw iurp wkh lwk lqwhuihulqj xvhu lv

|,� +w, @ 43%�*2fg
3��*2
� j,� +w, v� +w� ��, = +916,

Wkh glvwdqfhv u6 dqg g� duh vkrzq lq Ilj1 9151 Xqolnh wkh ghvluhg xvhuv* vljqdov/ wkh lqwhuihu0

lqj xvhuv* vljqdov duh pruh jhqhudoo| dvvxphg wr duulyh dv|qfkurqrxvo|1 Wkh dv|qfkurqrxv

qdwxuh ri wkh lqwhuihuhqfh lv prghohg e| wkh udqgrp uhodwlyh ghod| �� lq +916,1

Dv ehiruh/ wkh uhfhlyhu frqvlvwv ri dq duud| ri O dqwhqqd hohphqwv iroorzhg e| d edqn

ri pdwfkhg �owhuv/ wkh rxwsxwv ri zklfk duh vdpsohg v|qfkurqrxvo| dw wkh v|pero udwh +vhh

Ilj1 515 lq Fkdswhu 5,1 Xvlqj +915,/ wkh vdpsohg rxwsxw gxh wr wkh pwk ghvluhg xvhu lv

ghvfulehg e| wkh ohqjwk0O yhfwru

u6 +n, @
s
5Hr643

%6*2f
u
3�6*2
6 j6 +n, f6 +n, +917,

zkhuh wkh hohphqwv ri wkh fkdqqho jdlq yhfwru j6 +n, duh l1l1g1 frpsoh{ Jdxvvldq UYv zlwk

yduldqfh �
2

}6 = Xvlqj +916,/ wkh vdpsohg rxwsxw gxh wr wkh lwk lqwhuihulqj xvhu lv

u� +n, @
s

5Hr�43
%�*2fg

3��*2
� j� +n,

[

?

f� +q, t ++n � q,W � ��, +918,

zkhuh wkh hohphqwv ri wkh fkdqqho jdlq yhfwru j� +n, duh dovr l1l1g1 frpsoh{ Jdxvvldq UYv/

h{fhsw zlwk yduldqfh �2}� =

Lq wklv zrun/ lw lv dvvxphg wkdw wkh edvh vwdwlrq lq wkh fhqwudo fhoo frqwurov wkh wudqvplw

srzhu ri wkh ghvluhg xvhuv lq vxfk d zd| wr h{dfwo| frpshqvdwh iru vkdgrzlqj dqg sdwk orvv1

Frqvhtxhqwo|/ wkh dyhudjh srzhu ri hdfk uhfhlyhg vljqdo lv frqvwdqw uhjdugohvv ri vkdgrzlqj

dqg srvlwlrq/ wkdw lv/

]
A*2

3A*2

4

5
H

k
m|,6 +w,m2

l
gw @ +5Hr6@W , 43

%6*�fu3�66 �
2

}6
@ SJ +919,

zkhuh SJ lv wkh uhvxowlqj frqvwdqw uhfhlyhg srzhu +wkh vdph iru doo p,1 Khuh vwdwlvwlfdo

dyhudjlqj lv shuiruphg dfurvv wkh idglqj hqvhpeoh zklfk lv iroorzhg e| wlph dyhudjlqj ryhu

rqh v|pero shulrg vlqfh wkh uhfhlyhg vljqdo lv d f|forvwdwlrqdu| surfhvv1



FKDSWHU 91 V\VWHP FDSDFLW\ ZLWK MRLQW GHWHFWLRQ 43<

Wkh edvh vwdwlrq lq hdfk frfkdqqho fhoo shuirupv wkh vdph srzhu frqwuro ixqfwlrq iru

xvhuv lq wkrvh fhoov/ h{fhsw wkdw wkh sdwk orvv lv ghwhuplqhg e| wkh glvwdqfh u� iurp wkh

lqwhuihulqj xvhu wr lwv rzq edvh udwkhu wkdq wkh glvwdqfh g� wr wkh edvh lq wkh fhqwudo fhoo1

Ixuwkhupruh/ wkh vkdgrzlqj lv ghvfulehg e| d gl�huhqw }hur phdq Jdxvvldq udqgrp yduldeoh

|� +lqghshqghqw ri {�, zlwk vwdqgdug ghyldwlrq �+�
1 Frqvhtxhqwo|/ wkh srzhu frqwuro odz iru

lqwhuihulqj prelohv lv

+5Hr�@W , 43
+�*�fu3��

� �2}� @ SJ= +91:,

Vxevwlwxwlqj wkh srzhu frqwuro odzv lqwr +917, dqg +918, jlyhv

u6 +n, @

s
SJW

�}6

j6 +n, f6 +n, +91;,

dqg

u� +n, @

s
SJW

�}�

43��*2f
�
u�

g�

���*2

j� +n,
[
?

f� +q, t ++n � q,W � ��, +91<,

zkhuh wkh vkdgrzlqj yduldeoh lq +91<, lv jlyhq e| z� @ {� � |�/ zklfk kdv yduldqfh �2��
@

�2%�
. �2+� =

Wkh frpsrvlwh vljqdo dw wkh rxwsxw ri wkh pdwfkhg �owhu edqn lv qrz

u +n, @
�[

6'�

u6 +n, . } +n, = +9143,

Wkh lqwhuihuhqfh0soxv0qrlvh yhfwru } +n, lv jlyhq e| wkh vxp

} +n, @
�[

�'�

u� +n, . q +n, = +9144,

zkhuhQ lv wkh qxpehu ri lqwhuihuhuv1 Wkh hohphqwv ri wkh qrlvh yhfwru q +n, duh l1l1g1 frpsoh{

Jdxvvldq UYv zlwk yduldqfh QJ= Lw lv lpsruwdqw wr uhdol}h wkdw vlqfh wkh qrlvh yhfwru q +n,

dqg wkh fkdqqho jdlq yhfwruv j� +n, duh Jdxvvldq/ } +n, lv frqglwlrqdoo| Jdxvvldq � wkdw lv/

Jdxvvldq zkhq frqglwlrqhg rq wkh udqgrp vkdgrzlqj/ orfdwlrq/ v|pero vhtxhqfhv/ dqg uho0

dwlyh ghod|v ri wkh lqwhuihulqj xvhuv ghvfulehg e| wkh UYv z�> u�> g�/ f�/ dqg ��1 Ixuwkhupruh/

gxh wr lqghshqghqw idglqj dfurvv wkh dqwhqqd duud|/ wkh hohphqwv ri } +n, duh l1l1g1zlwk

frqglwlrqdo yduldqfh �2
5 =

Lq Fkdswhu 6/ wkh shuirupdqfh ri mrlqw ghwhfwlrq dqg PPVH frpelqlqj lv lqyhvwljdwhg

xvlqj d vljqdo prgho vlplodu lq irup wr +9143,/ qdpho| d vxp ri ghvluhg Ud|ohljk idghg
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frfkdqqho vljqdov soxv d Jdxvvldq glvwxuedqfh yhfwru1 Lq wkdw dqdo|vlv/ d vlqjoh0fhoo v|vwhp

lv frqvlghuhg phdqlqj wkdw wkh glvwxuedqfh yhfwru } +n, lv frpsulvhg ri qrlvh rqo|/ l1h1/ qr

lqwhuihuhqfh1 Wkh uhvxowlqj v|pero0huuru udwh lv wkxv d ixqfwlrq ri wkh shu0dqwhqqd VQU

�6 @ S6@�
2

5
/ zkhuh S6 @ �

2
H
k
mu,6 +n,m2

l
lv wkh yduldqfh ri wkh owk frpsrqhqw ri u6 +n,

dqg �2
5 @ QJ=

Lq wkh pxowl0fhoo v|vwhp frqvlghuhg khuh/ wkh glvwxuedqfh yhfwru } +n, lv frpsulvhg ri qrlvh

dqg lqwhuihuhqfh/ exw lw lv vwloo Jdxvvldq zkhq frqglwlrqhg rq z�> u�> g�/ f�/ dqg ��1 Frqvh0

txhqwo|/ wkh dqdo|wlfdo h{suhvvlrq iru dyhudjh v|pero0huuru udwh +VHU, ghulyhg lq Fkdswhu

6 uhpdlqv wkh vdph lq wkh frqwh{w ri d pxowl0fhoo v|vwhp> krzhyhu/ wkh VHU ehfrphv d

frqglwlrqdo VHU1 Wkh frqglwlrqdo VHU lv vwloo d ixqfwlrq ri �6 @ S6@�
2

5 h{fhsw wkdw wkh

yduldqfh ri wkh glvwxuedqfh lv qrz

�25 @ SJW

�[

�'�

43��*�f

�
u�
g�

���

�����
[
?

f� +q, t ++n � q,W � ��,

�
�
�
�
�

2

.QJ= +9145,

Wkh udwlr �6 lv qrz wkh shu0dqwhqqd vljqdo0wr0lqwhuihuhqfh0soxv0qrlvh udwlr +VLQU,/ lqvwhdg

ri mxvw VQU1

Gxh wr srzhu frqwuro/ wkh uhfhlyhg srzhu S6 @ SJW lv frqvwdqw dqg wkh vdph iru doo

ghvluhg xvhuv lq wkh fhqwudo fhoo/ uhvxowlqj lq wkh vdph VLQU iru doo ghvluhg xvhuv1 Xvlqj

+9145,/ wkh frpprq VLQU lv wkxv

� @
SJW

�25
@

4
S�

�'� 43
��*�f

�
o�
_�

���
m
S

? f� +q, t ++n � q,W � ��,m
2 . �3�� +9146,

zkhuh �� @ SJW@QJ lv wkh frqvwdqw uhfhlyhg VQU1

S�� ��|@}i �hLM@M�*�|)

Fohduo|/ wkh VLQU � dqg wkxv wkh frqglwlrqdo v|pero0huuru udwh Sr +�, � lv d udqgrp

yduldeoh wkdw ghshqgv rq wkh UYv z�> u�> g�/ f�/ dqg ��1 Iru d jlyhq v|vwhp uhdol}dwlrq/ li wkh

v|pero0huuru udwh lv deryh d fhuwdlq wkuhvkrog/ dq rxwdjh hyhqw lv vdlg wr kdyh rffxuuhg1 Wkh

suredelolw| ri wklv hyhqw lv ghqrwhg SJ�| @ S ^Sr +�, A Src|` zkhuh Src| lv wkh wkuhvkrog �

w|slfdoo| 4332 ru 433�= V|vwhp fdsdflw| lv xvxdoo| gh�qhg lq whupv ri wkh rxwdjh suredelolw|

SJ�|= Vlqfh Sr +�, ghfuhdvhv prqrwrqlfdoo| zlwk lqfuhdvlqj �/ rxwdjh suredelolw| lv htxlydohqw
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wr

SJ�| @ S ^� ? �|`

@ S
�
�3�
U
A �3�

|
� �

3�

�

�
+9147,

zkhuh �| lv wkh VLQU wkdw fruuhvsrqgv wr wkh wkuhvkrog Src|= Lq wkh odwwhu htxdolw|/ wkh

txdqwlw| �3�
U lv wkh lqwhuihuhqfh0wr0vljqdo udwlr +LVU, jlyhq e|

�3�
U

@
�[

�'�

43��*�f

�
u�

g�

���

�����
[
?

f� +q, t ++n � q,W � ��,

�����
2

= +9148,

Wkh wkuhvkrog VLQU �| ghshqgv rq wkh ghwhfwlrq whfkqltxh +h1j1/ mrlqw ghwhfwlrq ru

PPVH frpelqlqj,/ wkh qxpehu ri dqwhqqdv/ dqg wkh qxpehu ri xvhuv1 Iru mrlqw ghwhfwlrq/

lw pd| eh irxqg e| qxphulfdoo| vroylqj wkh qrqolqhdu htxdwlrq Sr +�|, @ Src| iru �|= Iru

PPVH frpelqj/ lw pxvw eh ghwhuplqhg wkurxjk vlpxodwlrq1 Wdeoh 915 vkrzv wkh wkuhvkrog

VLQUv iru MG dqg PPVH irxqg xvlqj wkh uhvxowv ri Fkdswhu 6 iru wkh fdvh ri htxlsrzhu

xvhuv +gxh wr shuihfw srzhu frqwuro,/ ESVN prgxodwlrq/ dqg shuihfw FVL1 Wkh wkuhvkrog

VHU lv Src| @ 433�= Vhyhudo hqwulhv duh plvvlqj iurp wkh PPVH vlgh vlqfh wkh qxpehu

ri xvhuv lv olplwhg wr wkh qxpehu ri dqwhqqdv1 Iru erwk MG dqg PPVH/ �| ghfuhdvhv dv

dgglwlrqdo dqwhqqdv duh xvhg/ lqglfdwlqj dq lqfuhdvlqjo| kljkhu wrohudqfh wr lqwhuihuhqfh1 Dv

wkh qxpehu ri xvhuv lqfuhdvhv/ �| lqfuhdvhv vorzo| iru MG/ exw yhu| txlfno| iru PPVH1 Wklv

lv gxh wr wkh idfw wkdw O0irog glyhuvlw| lv dozd|v pdlqwdlqhg zlwk MG/ zkhuhdv zlwk PPVH/

hdfk dgglwlrqdo xvhu uhgxfhv wkh rughu ri glyhuvlw| e| rqh iru doo xvhuv1 Dv zloo eh vkrzq/

wkhvh gl�huhqfhv kdyh surirxqg h�hfwv rq v|vwhp fdsdflw|1

Wdeoh 915= Wkuhvkrog VLQUv +lq gE, iru MG dqg PPVH frpelqlqj zlwk P xvhuv dqg O

dqwhqqdv1
O +MG, O +PPVH,

P 5 6 7 5 6 7

4 4414 9188 7136 4414 9188 7136
5 4419 91;3 714; 5414 4313 9136
6 4515 :13; 7167 ~ 4;1: <147
7 451< :16; 7184 ~ ~ 4919
8 4619 :1:5 71:3 ~ ~ ~
9 4717 ;13; 71<3 ~ ~ ~
: 4816 ;17< 8145 ~ ~ ~
; 4915 ;1<6 8169 ~ ~ ~
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Vlqfh �| dqg �� duh frqvwdqwv/ rqh fdq vhh iurp +9147, wkdw dq h{dfw dvvhvvphqw ri rxw0

djh suredelolw| uhtxluhv nqrzohgjh ri wkh frpsohphqwdu| fxpxodwlyh glvwulexwlrq ixqfwlrq

+FFGI, ri wkh LVU �3�U 1 Xqiruwxqdwho|/ �3�U lv vxp ri udqgrpo| zhljkwhg orj0qrupdo UYv

iru zklfk wkh glvwulexwlrq lv xqnqrzq1 Lq pdq| fdsdflw| vwxglhv/ krzhyhu/ wkh glvwulexwlrq

lv dssur{lpdwhg e| d frqyhqlhqw wzr0sdudphwhu glvwulexwlrq/ h1j1/ orj0qrupdo ^9<`/^:;`/ dqg

^:<` ru Jdxvvldq ^:3`1 Lq wklv zrun/ wkh glvwulexwlrq lv dssur{lpdwhg dv orj0qrupdo zklfk

ohdgv wr d forvhg0irup h{suhvvlrq iru rxwdjh suredelolw|1 Dv zloo eh vkrzq lq Vhfwlrq 918/

wkh dffxudf| ri wklv dssur{lpdwlrq lv yhu| jrrg1

Wkh forvhg0irup h{suhvvlrq iru rxwdjh suredelolw| lv rewdlqhg dv iroorzv1 Iluvw gh�qh d

orj0qrupdo udqgrp yduldeoh y @ 43%*�f/ zkhuh { lv Jdxvvldq zlwk phdq �% dqg vwdqgdug

ghyldwlrq �%1 Uhvshfwlyho|/ wkh SGI dqg wkh FFGI ri y duh

iT +y, @
4

s
5��y

h
3

�

2j2
*?

2

�
�

>

�
+9149,

dqg

IT +y, @

]
"

�
iT +w,gw @ T

�
4

�
oq

�
y

�

��
+914:,

zkhuh � @ 43>%*�f dqg � @ ^oq +43, @43`�% ^:<`/ dqg T +y, lv wkh Jdxvvldq T0ixqfwlrq1

Ixuwkhupruh/ wkh �uvw wzr prphqwv ri y duh H ^y` @ �hj
2*2 dqg H

�
y2

�
@ �2h2j

2

1

Qh{w dssur{lpdwh �3�U dv orj0qrupdo/ l1h1/ �3�U � y/ zklfk uhvxowv lq

SJ�| � T

%
4

�
oq

#
�3�
|
� �3�

�

�

$&
= +914;,

Wkh wzr sdudphwhuv � dqg � pd| eh rewdlqhg e| htxdwlqj wkh �uvw wzr prphqwv ri �3�
U

zlwk wkh �uvw wzr prphqwv ri y dqg wkhq vroylqj iru � dqg �= Wklv lv nqrzq dv Zlonlqvrq*v

phwkrg ^:;`1 Wkh uhvxow lv

� @

�
H
�
�3�
U

��2t
H
�
�32
U

�

� @

yxxwoq

#
H
�
�32
U

�
�
H
�
�3�
U

��2
$
= +914<,

Fohduo|/ wkh dqdo|wlfdo fdofxodwlrq ri SJ�| uhtxluhv frpsxwdwlrq ri wkh �uvw wzr prphqwv ri

wkh LVU1 Lq wkh qh{w vhfwlrq/ ixoo|0dqdo|wlfdo h{suhvvlrqv duh ghulyhg iru wkh prphqwv1
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S�e �L4i?|t Lu W5+

Revhuylqj +9148,/ rqh fdq vhh wkdw �3�
U

lv d vxp ri Q lqghshqghqw udqgrp yduldeohv1 Frq0

vhtxhqwo|/ lwv �uvw wzr prphqwv duh

H
�
�
3�

U

�
@

�[
�'�

H ^}�`

H
�
�32U

�
@

�[
�'�

H
�
}2�
�
. 5

�3�[
�'�

�[
�'�n�

H ^}�`H ^}� ` +9153,

zkhuh }� lv wkh lwk whup lq wkh vxppdwlrq ri +9148,1 Hylghqwo|/ wkh fdofxodwlrq ri wkh qwk

prphqw ri �3�U uhtxluhv wkh fdofxodwlrq ri H ^}?� ` iru q @ 4 dqg 5 iru hdfk lqwhuihuhu1

Gxh wr wkh idfw wkdw wkh lqglylgxdo udqgrp yduldeohv lq }� duh xqfruuhodwhg/ H ^}?� ` idfwruv

lqwr wkuhh vhsdudwh h{shfwdwlrqv dv iroorzv

H ^}?� ` @ H

k
43?��*�f

l
H

��
u�

g�

�?���
H

5
7
������
[
�

f� +m, t ++n � m,W � ��,

�
�
�
�
�
�

2?6
8 =

+9154,

Wkh h{shfwdwlrq ryhu wkh vkdgrzlqj hqvhpeoh lv hdvlo| shuiruphg xvlqj wkh prphqwv ri d

orj0qrupdo udqgrp yduldeoh glvfxvvhg suhylrxvo|1 Wkh uhvxow lv

H

k
43?��*�f

l
@ h{s

%
4

5
q2

�
oq 43

43
���

�2
&
= +9155,

Wkh wzr uhpdlqlqj dyhudjhv duh d vsdwldo dyhudjh dqg dq dyhudjh ryhu wkh v|pero dqg ghod|

hqvhpeohv1 Wkhvh duh fdofxodwhg lq wkh iroorzlqj wzr vxevhfwlrqv1

S�e�� 5T@|�@* ��ih@}i

Vlqfh vsdwldo dyhudjlqj lv nh| wr fdsdflw| vwxglhv/ wkh iroorzlqj ixqfwlrq fdoohg wkh _srvlwlrq

prphqw% lv gh�qhg=

�R

�
U�

�>��> ��
�
/ H

��
u�
g�

�R�
+9156,

zkhuh U�

� / U�@G�= Revhuylqj Ilj1 915/ wkh h{shfwdwlrq lv fdofxodwhg e| zhljkwlqj wkh txdq0

wlw| +u�@g�,
R e| wkh suredelolw| wkdw d preloh rffxslhv dq lq�qlwhvlpdo duhd g{g| dw +{> |,

dqg wkhq lqwhjudwlqj wkh uhvxow ryhu wkh vhfwru gh�qhg e| wkh dqjxodu zlgwk �� dqg rulhqwd0

wlrq ��1 Dvvxplqj d xqlirup glvwulexwlrq ri orfdwlrq/ wkh suredelolw| wkdw wkh xvhu rffxslhv
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wkh lq�qlwhvlpdo duhd lv vlpso| g{g|!
�
�

2
��U

2

�

�
zkhuh wkh eudfnhwhg txdqwlw| lv wkh duhd ri

wkh vhfwru1

Lq wkh frruglqdwh v|vwhp ri Ilj1 915/ wkh glvwdqfh ehwzhhq wkh lqwhuihuhu dqg lwv rzq

edvh lv u� @
s
{2 . |2/ dqg wkh glvwdqfh ehwzhhq wkh lqwhuihuhu dqg wkh fhqwudo edvh lv

g� @
t
+G� . {,2 . |21 Frqvhtxhqwo|/ wkh srvlwlrq prphqw lv jlyhq e|

�R

�
U�

�
>��> ��

�
@

4
�

2
��U�2

�

]]
7�

�
x2 . y2

+4 . x,2 . y2

�R*2

gxgy +9157,

zkhuh wkh wudqvirupdwlrq x @ {@G� dqg y @ |@G� lv hpsor|hg wr pdnh doo yduldeohv glphq0

vlrqohvv txdqwlwlhv1 Wkh uhjlrq ri lqwhjudwlrq lv ghqrwhg V� dqg lv gh�qhg e| wkh wudqviruphg

vhfwru erxqgdulhv1 Wkh wudqvirupdwlrq kljkoljkwv wkh idfw wkh srvlwlrq prphqw lv d ixqfwlrq

ri wkh udwlr U�

� @ U�@G� dqg qrw U� dqg G� lqglylgxdoo|1 Wkh uhflsurfdo ri U
�

� lv lqwhusuhwhg

dv wkh qrupdol}hg uhxvh glvwdqfh1

Wr wkh dxwkru*v nqrzohgjh/ qr forvhg irup vroxwlrq ri +9157, h{lvwv1 Wklv h{sodlqv zk| lq

pdq| fdsdflw| vwxglhv/ h1j1/ ^9<` dqg ^:3`/ vsdwldo dyhudjlqj lv shuiruphg e| wlph0frqvxplqj

Prqwh Fduor vlpxodwlrq1 Lq wklv zrun/ d vlpsoh/ dqg yluwxdoo| kdupohvv/ jhrphwulf dssur{l0

pdwlrq lv pdgh wkdw doorzv wkh ghulydwlrq ri d forvhg0irup dqdo|wlfdo vroxwlrq ri wkh grxeoh

lqwhjudo/ wkhuhe| dyrlglqj orqj vlpxodwlrq uxqv1 Wkh jhrphwulf dssur{lpdwlrq lv edvhg rq

wkh revhuydwlrq wkdw iru vx�flhqwo| vpdoo U�

� +glvwdqw frfkdqqho fhoov,/ g� � G�.{ zklfk uh0

vxowv lq wkh iroorzlqj h{suhvvlrq iru wkh dssur{lpdwh srvlwlrq prphqw diwhu wudqvirupdwlrq

wr glphqvlrqohvv txdqwlwlhv=

�R

�
U�

�>��> ��
�
�

4
�

2
��U

�2

�

]]
7�

�
x2 . y2

�R*2

+4 . x,R
gxgy +9158,

Wr hvwdeolvk wkh olplwv ri wkh lqwhjudo/ wkh vhfwru V� lv h{suhvvhg dv wkh xqlrq ri vhyhudo

_vxe0vhfwruv% iru zklfk wkh olplwv duh pruh hdvlo| ghwhuplqhg1 Dq h{dpsoh lv vkrzq lq

Ilj1 916+d,1 Gxh wr v|pphwulhv lq wkh lqwhjudqg ri +9158,/ d uhodwlyho| vlpsoh jhqhudol}dwlrq

ri wklv ghfrpsrvlwlrq surfhvv h{lvwv iru vhfwruv ri duelwudu| zlgwk dqg rulhqwdwlrq1 Qrwlfh

wkdw wkh lqwhjudqg lv dq hyhq ixqfwlrq ri y> frqvhtxhqwo|/ wkh lqwhjudo ryhu dq| uhjlrq ehorz

wkh x0d{lv +h1j1/ uhjlrq V��, pd| eh hydoxdwhg ryhu wkh uh�hfwlrq ri wkdw uhjlrq wkurxjk wkh

x0d{lv1 Wkxv/ lq jhqhudo/ wkh lqwhjudo lq +9158, pd| eh zulwwhq dv d vxp ri lqwhjudov ryhu

rqo| wzr edvlf vxe0vhfwruv V8 +U> �, dqg V� +U> �, vkrzq lq Ilj1 916+e,1 Iru h{dpsoh/ wkh

lqwhjudo ryhu wkh vhfwru V� lq Ilj1 916+d, pd| eh zulwwhq dv wkh vxp ri wkh lqwhjudov ryhu
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V8 +U�

�
>�@5, > V� +U�

�> �� .��, > dqg V8 +U�

�> m��m, = Wkh devroxwh ydoxh ri �� lv xvhg lq wkh

odwwhu vlqfh/ lq wklv fdvh/ �� lv qhjdwlyh1

θ i

∆ i

θ i + ∆ i

θ i

= + +u

v

u

v

u

v

u

v

(b)

(a)

π≤θ<π
22

0 π≤θ<

π/2

R < 1 R < 1

u

v

22 uRv −=

R

2

θ
1

SF (R,θ)

u

v
22 uRv −=

θ

−R

2 1

SN (R,θ)
θtanuv =

θcosR

θtanuv =

θcosR

Si Si 1 Si 2 Si 3

iR ′

iR ′
iR ′

iR ′

Iljxuh 916= +d, H{dpsoh ri wkh ghfrpsrvlwlrq ri d vhfwru lqwr vxe0vhfwruv1 +e, Gh�qlwlrq ri
wkh wzr edvlf vxe0vhfwruv V8 +U> �, dqg V� +U> �, xvhg iru wkh frpsxwdwlrq ri wkh srvlwlrq
prphqw iru d vhfwru ri duelwdu| zlgwk dqg rulhqwdwlrq1

Wkh lqwhjudo ryhu V8 +U�

�> �, lv ghqrwhg IR +U
�

�> �, dqg lv whuphg wkh _idu0vlgh lqwhjudo/%

vlqfh wkh vxe0vhfwru lv orfdwhg rq wkh idu0vlgh ri wkh frfkdqqho fhoo zlwk uhvshfw wr wkh

fhqwudo fhoo1 Wkh lqwhjudo ryhu V� +U�

�> �, lv ghqrwhg QR +U
�

�> �, dqg lv whuphg wkh _qhdu0vlgh

lqwhjudo1% Xvlqj wklv qrwdwlrq/ wkh srvlwlrq prphqw iru wkh vhfwru V� vkrzq lq Ilj1 916+d, lv
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jlyhq e|

�R

�
U�

�>��> ��
�
@

4
�

2
��U�2
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�
IR

�
U�

�> �@5
�
.QR

�
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�
. IR

�
U�

�> m��m
��
=

+9159,

Forvhg0irup dqdo|wlfdo vroxwlrqv iru IR +U
�

�> �, dqg QR +U
�

�> �, iru lqwhjhu ydoxhv ri s duh

surylghg lq Dsshqglfhv D dqg E/ uhvshfwlyho|1 Qrwh wkdw wkh uhvwulfwlrq wr lqwhjhu ydoxhv ri

s lpsolhv wkdw wkh sdwk orvv frh�flhqw �� wdnhv rq lqwhjhu ydoxhv1 Iru qrq0lqwhjhu ydoxhv ri

��/ wkh srvlwlrq prphqw pd| eh rewdlqhg e| lqwhusrodwlrq ri wkh qhduhvw lqwhjhu0s ydoxhv ri

�R +U
�

�>��> ��,1

Lq rughu wr ghprqvwudwh wkh dffxudf| ri wkh jhrphwulf dssur{lpdwlrq/ wkh h{dfw dqg

dssur{lpdwh srvlwlrq prphqwv duh frpsduhg lq Ilj1 917/ zkhuh wkh h{dfw srvlwlrq prphqw

lv ghwhuplqhg wkurxjk qxphulfdo lqwhjudwlrq ri +9157,1 Dv h{shfwhg/ wkh dffxudf| ri wkh

dssur{lpdwlrq lpsuryhv dv wkh uhxvh glvwdqfh lqfuhdvhv1 Pruh lpsruwdqwo|/ iru w|slfdo uhxvh

glvwdqfhv +h1j1/ G�@U� A 6 ru 7,/ wkh dssur{lpdwlrq uhvxowv lq yhu| jrrg dffxudf|1

Ilj1 918 vkrzv wkh ghshqghqfh ri wkh srvlwlrq prphqw rq vhfwru zlgwk dqg rulhqwdwlrq1

Hylghqwo|/ wkh srvlwlrq prphqw dfklhyhv lwv plqlpxp ydoxh +fruuhvsrqglqj wr plqlpxp

lqwhuihuhqfh, zkhq wkh vhfwru srlqwv gluhfwo| dzd| iurp wkh fhqwudo edvh vwdwlrq1 Wklv rffxuv

iru dq rulhqwdwlrq ri �� @ �93 � iru d vhfwru ri zlgwk �� @ 453 �/ dqg iru dq rulhqwdwlrq

ri �� @ �63 � iru d vhfwru ri zlgwk �� @ 93 �1 Dv h{shfwhg/ wkh srvlwlrq prphqw grhv qrw

ghshqg rq rulhqwdwlrq iru 693 ghjuhh vhfwruv1 Ixuwkhupruh/ wkh srvlwlrq prphqw ehfrphv

ohvv vhqvlwlyh wr vhfwru rulhqwdwlrq dv wkh uhxvh glvwdqfh lqfuhdvhv1

Dv glvfxvvhg lq Vhfwlrq 914/ d vwdqgdug kh{djrqdo fhoo od|rxw lv xvhg wr vwxg| wkh xsolqn

fdsdflw| zlwk mrlqw ghwhfwlrq1 Fduhixo revhuydwlrq ri wkh kh{djrqdo od|rxw lq Ilj1 914 uh0

yhdov wkdw vrph vhfwruv uhvlgh frpsohwho| rq wkh idu0vlgh ri wkh fhoo/ zkloh sruwlrqv ri rwkhuv

uhvlgh rq erwk wkh idu0vlgh dqg qhdu vlgh1 Frqvhtxhqwo|/ zlwk wklv od|rxw/ d gl�huhqw frp0

elqdwlrq ri wkh idu0vlgh dqg qhdu0vlgh lqwhjudov lv uhtxluhg wr fdofxodwh wkh srvlwlrq prphqw

�R +U
�

�>��> ��, iru hdfk fhoo1 Iru fhoov 6 dqg ; wkh srvlwlrq prphqw lv

�R

�
U�
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Iru fhoov 4~5/ 7~9/ dqg <~45 wkh srvlwlrq prphqw lv
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Iljxuh 917= Frpsdulvrq ri h{dfw dqg dssur{lpdwh srvlwlrq prphqwv iru d vhfwru ri zlgwk

�� @ 453� dqg rulhqwdwlrq �� @ �43
�1

dqg iru fhoov : dqg 46 lw lv
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+915<,

Lq doo fdvhv/ �� @ 453 � dqg U�

� @ U�@G� zkhuh U� @
t
6
s
6@5�1 Wkh sdudphwhuv G� dqg ��

iru hdfk fhoo duh olvwhg lq Wdeoh 9141
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Iljxuh 918= Ghshqghqfh ri srvlwlrq prphqw rq vhfwru zlgwk dqg rulhqwdwlrq1

S�e�2 #@|@%#i*@) ��ih@}i

Wkh uhpdlqlqj dyhudjh wr eh fdofxodwhg lv wkh dyhudjh ryhu wkh gdwd dqg ghod| hqvhpeohv/

qdpho|


� +q, @ H

5
7
������
[
�

f� +m, t ++n � m,W � ��,

������

2?6
8

@ H

5
7
�����
[
&

f� +n, t +nW . ��,

�����
2?
6
8 = +9163,

Wkh odwwhu htxdolw| iroorzv iurp wkh iruphu vlqfh d xqlirup glvwulexwlrq ri ghod| �� lv dvvxphg

zklfk pdnhv 
� +q, lqghshqghqw ri wlph1 Wkh lqgh{ n lq wkh odwwhu lv xqghuvwrrg wr vsdq

+�4>4, = Uhfdoo wkdw wkh gdwd v|pero f� +n, lv gudzq iurp d xqlw0udglxv SVN frqvwhoodwlrq

zlwk T @ 5?K srlqwv zkhuh qK lv wkh qxpehu ri elwv shu v|pero1
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Iru q @ 4> +9163, lv h{sdqghg dv d grxeoh vxppdwlrq qrwlqj wkdw f� +n, dqg �� duh

xqfruuhodwhg=


� +4, @
[

&

[

,

H ^f� +n, f
W

� +o,`H ^t +nW . ��, t +oW . ��,` = +9164,

Vlqfh wkh gdwd vhtxhqfh f� lv dvvxphg wr eh zklwh/ wkh rqo| qrq}hur whupv rffxu zkhq n @ o=

Wkxv/ dvvxplqj wkh SGI ri �� lv xqlirup ryhu
�
�
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2
>
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2
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� +4, lv jlyhq e|
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t2 +�,g� +9165,

Wkh lqwhjudo lq wkh odwwhu htxdolw| pd| eh hydoxdwhg dqdo|wlfdoo| lq wkh iuhtxhqf| grpdlq

xvlqj Sduvhydo*v wkhruhp1 Wkh uhvxow lv d ixqfwlrq ri wkh sxovh uroor� sdudphwhu �=

Iru q @ 5> +9163, lv h{sdqghg dv d txdguxsoh vxppdwlrq dv iroorzv


� +5, @
[

&

[

,

[

6

[

?

H ^f� +n, f
W

� +o, f� +p, fW� +q,`

�H ^t +nW . ��, t +oW . ��, t +pW . ��, t +qW . ��,` = +9166,

Iru ESVN +qK @ 4, zkhuh wkh gdwd v|perov duh uhdo/ wkh rqo| qrq}hur whupv lq wkh vxp0

pdwlrq rffxu iru wkh iroorzlqj irxu pxwxdoo| h{foxvlyh fdvhv= +d, n @ o @ p @ q> +e, n @ o

dqg p @ q dqg p 9@ n/ +f, n @ p dqg o @ q dqg o 9@ n> dqg +g, n @ q dqg o @ p dqg o 9@ n=

Iru SVN zlwk qK � 5 zkhuh wkh gdwd v|perov duh frpsoh{/ wkh whupv fruuhvsrqglqj wr fdvh

+f, duh }hur vlqfh H
�
f2
�
+n,
�
@ H

�
fW2
�
+n,
�
@ 3= Dffrxqwlqj iru wkh irxu fdvhv/ 
� +5, pd| eh

uhgxfhg wr wkh iroorzlqj


� +5, @

;A?
A=

�
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S
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t
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t
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U A
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t
2 +nW . �, t2 +pW . �,g�> qK � 5

=

+9167,

Djdlq/ wkh SGI ri �� lv dvvxphg wr eh xqlirup ryhu
�
�

A

2
> A

2

�
= Wkh �uvw whup lq hdfk

h{suhvvlrq dffrxqwv iru fdvh +d,/ dqg wkh vhfrqg whup froohfwlyho| dffrxqwv iru fdvhv +e,/ +f,/

dqg +g,1 Qrwlfh wkdw iru SVN zlwk qK � 5/ wkh idfwru pxowlso|lqj wkh grxeoh vxppdwlrq lv

5 udwkhu wkdq 6/ vlqfh wkh whupv fruuhvsrqglqj wr fdvh +f, duh }hur1

Wkh lqwhjudov lq +9167, duh prvw hdvlo| fdofxodwhg qxphulfdoo|1 Uhvruwlqj wr qxphulfdo

lqwhjudwlrq lv qrw xqdwwudfwlyh vlqfh 
� +q, pd| eh suhfrpsxwhg dqg vwruhg iru odwhu xvh1
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Pruhryhu/ vlqfh doo lqwhuihuhuv xvh wkh vdph prgxodwlrq irupdw/ 
� +q, qhhg rqo| eh frp0

sxwhg rqfh dqg wkh vdph ydoxh xvhg iru doo l1 Ydoxhv ri wkh gdwd2ghod| dyhudjhv iru wzr

gl�huhqw sxovh uroor� ydoxhv duh olvwhg lq Wdeoh 9161

Wdeoh 916= Gdwd2Ghod| dyhudjh 
� +q, iru SVN prgxodwlrq zlwk qK elwv shu v|pero1
� @ 3=68 � @ 3=8

q qK @ 4 qK � 5 qK @ 4 qK � 5

4 31<458 31<458 31;:83 31;:83
5 4154:3 41359: 41398: 31<4<8

S�e�� 5�44@h) Lu AiU�?�^�i

Lq vxppdu|/ rxwdjh suredelolw| lv fdofxodwhg wkurxjk wkh prphqwv ri LVU dv iroorzv=

41 Iru q @ 4> 5 dqg l @ 4 = = =Q fdofxodwh dqg vwruh H ^}?� ` xvlqj +9154,1 Wklv uhtxluhv

+d, fdofxodwlrq ri wkh vkdgrzlqj dyhudjh xvlqj +9155,

+e, fdofxodwlrq ri wkh srvlwlrq prphqw �R +U
�

�>��> ��, zlwk s @ q��= Wklv uhtxluhv

h{suhvvlqj wkh vhfwru V� dv wkh xqlrq ri wkh wzr edvlf vxevhfwruv V8 +U> �, dqg

V� +U> �, dv glvfxvvhg lq Vhfwlrq 917141 Iru wkh vwdqgdug kh{djrqdo od|rxw lq

Ilj1 914/ wkh dssursuldwh xqlrq ri vxevhfwruv iru hdfk fhoo lv jlyhq dw wkh hqg ri

Vhfwlrq 917141 Forvhg0irup dqdo|wlfdo h{suhvvlrqv iru wkh lqwhjudo ryhu V8 +U> �,

+wkh idu0vlgh lqwhjudo, dqg ryhu V� +U> �, +wkh qhdu0vlgh lqwhjudo, duh surylghg lq

Dsshqgl{ D dqg E/ uhvshfwlyho|1

+f, fdofxodwlrq ri wkh gdwd2ghod| dyhudjh 
� +q,1 Suhfdofxodwhg ydoxhv iru wzr gl�hu0

hqw sxovh uroor� ydoxhv duh olvwhg lq Wdeoh 9161

51 Fdofxodwh wkh �uvw wzr prphqwv ri wkh LVU xvlqj +9153, zlwk wkh vwruhg ydoxhv ri

H ^}?� ` =

61 Fdofxodwh dqg vwruh � dqg � xvlqj +914<,1

71 Fdofxodwh rxwdjh suredelolw| xvlqj +914;, zlwk wkh vwruhg ydoxhv ri � dqg �=
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S�D +it�*|t

Lq doo ri wkh uhvxowv suhvhqwhg lq wklv vhfwlrq/ wkh vwdqgdug kh{djrqdo od|rxw zlwk foxvwhu

vl}h F vkrzq lq Ilj1 914 lv xvhg1 Iru doo lqwhuihuhuv/ wkh sdwk orvv frh�flhqw lv �� @ 7> wkh

vkdgrzlqj vwdqgdug ghyldwlrq lv ���
@

s
5 � 9 gE/ wkh prgxodwlrq lv ESVN/ dqg wkh sxovh

uroor� lv � @ 3=81 Vlqfh shuihfw srzhu frqwuro lv dvvxphg/ wkh uhvxowv gr qrw ghshqg rq wkh

vkdgrzlqj dqg sdwk orvv ri wkh ghvluhg xvhuv1

Ehiruh suhvhqwlqj fdsdflw| uhvxowv/ wkh dffxudf| ri wkh ydulrxv dssur{lpdwlrqv pdgh lq

wkh suhfhglqj dqdo|vlv lv lqyhvwljdwhg1 Uhfdoo wkdw wkh LVU �3�
U

lv dssur{lpdwhg dv orj0

qrupdo1 Frqvhtxhqwo|/ rxwdjh suredelolw| lv dssur{lpdwhg dv

SJ�| @ S
k
�
3�

U
A �

3�

Uc|

l

� IT

�
�
3�

Uc|

�
+9168,

zkhuh

�3�Uc| @ �3�| � �3�� +9169,

lv wkh wkuhvkrog LVU/ dqg IT +y, lv wkh orj0qrupdo FFGI jlyhq lq +914:,1 Wkh jhrphwulf

dssur{lpdwlrq dqg wkh dssur{lpdwlrq lpsolflw lq Zlonlqvrq*v prphqw pdwfklqj phwkrg duh

hperglhg lq wkh dqdo|wlfdo fdofxodwlrq ri IT +y, wkurxjk wkh sdudphwhuv � dqg � lq +914<,1

Wr looxvwudwh wkh frpelqhg dffxudf| ri wkh deryh dssur{lpdwlrqv/ Ilj1 919 frpsduhv wkh

orj0qrupdo FFGI IT

�
�3�Uc|

�
wr wkh hpslulfdo FFGI S

k
�3�U A �3�Uc|

l
rewdlqhg e| Prqwh

Fduor vlpxodwlrq zlwk 8�43S lwhudwlrqv1 Wkhvh uhvxowv duh iru d vlqjoh0xvhu v|vwhp +P @ 4,>

pxowlxvhu uhvxowv dsshdu ehorz1 Wkh dffxudf| lq rxwdjh suredelolw| lv uh�hfwhg lq wkh yhuwlfdo

vhsdudwlrq ri wkh fruuhvsrqglqj dqdo|wlfdo dqg vlpxodwlrq fxuyhv1 Hylghqwo|/ wkh orj0qrupdo

FFGI lv d yhu| jrrg dssur{lpdwlrq ri wkh hpslulfdo FFGI iru rxwdjh suredelolwlhv ohvv

wkdq derxw 43(1 Wkh vdph dffxudf| zdv revhuyhg iru vhyhudo gl�huhqw frpelqdwlrqv ri wkh

sdwk orvv frh�flhqw lq wkh udqjh 6~7 dqg wkh vkdgrzlqj vwdqgdug ghyldwlrq lq wkh udqjh

9~; gE1 Wklv uhvxow lqglfdwhv wkdw hyhq wkrxjk wkh LVU �3�
U lv d vxp ri udqgrpo| zhljkwhg

orj0qrupdo udqgrp yduldeohv/ udwkhu wkdq d vxp ri sxuh orj0qrupdo UYv dv vwxglhg lq ^:;`/

lw lv vwloo forvho| orj0qrupdo1

Wkh vlpxodwlrq uhvxowv lq Ilj1 919 duh rewdlqhg dv iroorzv= dw hdfk lwhudwlrq/ iru hdfk

lqwhuihuhu/ jhqhudwh wkh vkdgrzlqj udqgrp yduldeoh z�/ wkh preloh orfdwlrq udqgrp yduldeohv

u� dqg g�/ dqg wkh gdwd dqg ghod| udqgrp yduldeohv f� dqg ��/ zkhuh f� lv d �qlwh ohqjwk/
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Empirical
Lognormal Approximation

C =  27 12 7 3

-60 -50 -40 -30 -20
10

-5

10
-4

10
-3

10
-2

10
-1

10
0

C
C

D
F

-10 0 10 20

Threshold ISR Γ I,t
−1 (dB)

Iljxuh 919= Rxwdjh suredelolw| yv1 wkuhvkrog LVU iru wkh vwdqgdug kh{djrqdo od|rxw zlwk
foxvwhu vl}h F dqg d vlqjoh xvhu shu vorw +P @ 4,1

udqgrp vhtxhqfh ri ESVN v|perov> fdofxodwh wkh LVU �3�
U

xvlqj +9148, iru wlph n @ 3> dqg

vwruh wkh frpsxwhg LVU ydoxh lq d yhfwru1 Diwhu d odujh qxpehu ri lwhudwlrqv/ jhqhudwh wkh

hpslulfdo FFGI iurp wkh yhfwru ri LVU srlqwv1

Wkh jhqhudwlrq ri wkh UYv z�/ f�/ dqg �� lv vwudljkwiruzdug> krzhyhu/ wkh jhqhudwlrq

ri u� dqg g� uhtxluhv vrph h{sodqdwlrq1 Uhfdoo wkdw wkh lqwhuihuhu lv orfdwhg lq d vhfwru ri

udglxv U�/ zlgwk ��/ dqg rulhqwdwlrq ��/ dqg wkdw wkh lqwhuihuhu*v rzq edvh vwdwlrq lv orfdwhg

dw d glvwdqfh ri G� iurp wkh edvh vwdwlrq lq wkh fhqwudo fhoo +vhh Ilj1 915,1 Xvlqj wkhvh

sdudphwhuv/ wkh UYv u� dqg g� duh fdofxodwhg e| �uvw jhqhudwlqj wkh lqghshqghqw UYv x�

dqg !�/ zkhuh x� lv xqlirup rq ^3> 4`/ dqg !� lv xqlirup rq ^��> �� .��` = Dvvxplqj d xqlirup

glvwulexwlrq ri orfdwlrq zlwklq wkh vhfwru/ wkh glvwdqfh u� lv wkhq jlyhq e| u� @ U�

s
x�= Wklv

vkrzv wkdw xvhuv duh pruh olnho| wr eh orfdwhg qhdu wkh fhoo hgjh wkdq qhdu wkh fhoo fhqwuh1
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Xvlqj S|wkdjrudv* wkhruhp dorqj zlwk wkh frpsxwhg glvwdqfh u�/ wkh glvwdqfh g� lv jlyhq e|

g� @

t
G2

�
. u2

�
. 5G�u� frv!�1

Ilj1 91: vkrzv wkh orj0qrupdo FFGI IT

�
�3�
Uc|

�
iru pxowlxvhu v|vwhpv +P A 4,1 Dowkrxjk

vlpxodwlrq uhvxowv duh qrw vkrzq rq wklv judsk/ wkh vdph dffxudf| dv deryh zdv revhuyhg1

Fohduo|/ iru d �{hg wkuhvkrog LVU/ rxwdjh suredelolw| lqfuhdvhv dv wkh qxpehu ri xvhuv

lqfuhdvhv dqg2ru wkh foxvwhu vl}h ghfuhdvhv1

M =  1
M =  2
M =  3
M =  4

C = 27 C =  3

C =  7
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Iljxuh 91:= Rxwdjh suredelolw| yv1 wkuhvkrog LVU iru wkh vwdqgdug kh{djrqdo od|rxw zlwk
foxvwhu vl}h F dqg pxowlsoh xvhuv shu vorw1

Uhfdoo iurp Fkdswhu 5/ wkdw v|vwhp fdsdflw| lv gh�qhg dv � @P � +QS@F, zkhuh QS lv

wkh wrwdo qxpehu ri fkdqqhov dydlodeoh wr wkh hqwluh v|vwhp dqg F lv wkh foxvwhu vl}h1 Wkh

eudfnhwhg txdqwlw| lv wkh qxpehu ri fkdqqhov dydlodeoh wr hdfk fhoo1 Vlqfh fdsdflw| vfdohv

gluhfwo| zlwk wkh wrwdo qxpehu ri fkdqqhov/ QS lv vhw wr xqlw|/ uhvxowlqj lq � @ P@F= Wkh

foxvwhu vl}h F lv fkrvhq wr eh dv vpdoo dv srvvleoh zlwk wkh frqvwudlqw wkdw rxwdjh suredelolw|



FKDSWHU 91 V\VWHP FDSDFLW\ ZLWK MRLQW GHWHFWLRQ 457

pxvw eh ohvv wkdq ru htxdo wr 4(1 Wkh uhvxowlqj plqlpxp foxvwhu vl}h lv ghqrwhg F6�? +P>O,

wr hpskdvl}h wkh idfw wkdw lw lv d ixqfwlrq ri wkh qxpehu ri xvhuv shu vhfwru dqg wkh qxpehu

ri dqwhqqdv +dv zhoo dv wkh ghwhfwlrq whfkqltxh,1 Wkh pd{lpxp v|vwhp fdsdflw| lv wkxv

�6@% @
P

F6�? +P>O,
= +916:,

W|slfdoo|/ dv P lqfuhdvhv/ F6�? +P>O, pxvw lqfuhdvh wr plwljdwh wkh h�hfw ri dgglwlrqdo

lqwhuihuhqfh1 Frqvhtxhqwo|/ ghshqglqj rq wkh qxpehu ri dqwhqqdv/ �6@% pd| qrw lqfuhdvh

olqhduo| zlwk P= Qrwh wkdw zlwk wklv fdsdflw| phdvxuh/ li P dqg O duh vxfk wkdw �6@% @ 4/

dq h�hfwlyh uhxvh idfwru ri xqlw| lv rewdlqhg/ l1h1/ wkh qxpehu ri xvhuv shu fhoo htxdov wkh

foxvwhu vl}h F1

Iru d jlyhq qxpehu ri xvhuv dqg dqwhqqdv/ wkh plqlpxp foxvwhu vl}h F6�? +P>O, lv

irxqg dv iroorzv1 Iluvw/ wkh qrqolqhdu htxdwlrq

SJ�| @ T

%
4

�
oq

#
�3�
Uc|

�

$&
@ 3=34 +916;,

lv vroyhg iru wkh wkuhvkrog LVU �3�
Uc| = Uhfdoo wkdw wkh sdudphwhuv � dqg � ghshqg rq P dqg

F> wkxv/ wklv lv grqh iru hdfk doorzhg foxvwhu vl}h F 5 i4> 6> 7> :> <> 45> � � � j1 Judsklfdoo|/ wklv

fruuhvsrqgv wr gudzlqj d krul}rqwdo olqh rq wkh judsk lq Ilj1 91: dw 4332 wkhq �qglqj wkh

srlqw rq wkh devflvvd wkdw fruuhvsrqgv wr wkh lqwhuvhfwlrq ri wklv olqh zlwk wkh dssursuldwh

fxuyh1 Qh{w/ wkh dssursuldwh wkuhvkrog VLQU �| lv irxqg iurp Wdeoh 915 dqg lv xvhg dorqj

zlwk �3�Uc| lq +9169, wr vroyh iru wkh VQU sdudphwhu1 Wkh uhvxow lv

��co @
4

�3�| � �3�
Uc|

= +916<,

Wkh vxevfulsw cu* lv xvhg wr vljqli| wkdw wklv lv wkh plqlpxp uhtxluhg VQU wr dfklhyh 4(

rxwdjh suredelolw|1 Iru foxvwhu vl}hv wrr vpdoo wr jxdudqwhh 4( rxwdjh/ ��co wxuqv rxw

qhjdwlyh � fohduo| dq lqydolg uhvxow1 F6�? +P>O, lv vlpso| wkh vpdoohvw F iru zklfk ��co lv

srvlwlyh1

Wdeoh 917 vkrzv wkh plqlpxp foxvwhu vl}hv iru MG dqg PPVH frpelqlqj1 Lq erwk fdvhv

F6�? +P>O, lqfuhdvhv zlwk P lq rughu wr dffrxqw iru wkh dgglwlrqdo lqwhuihuhqfh1 Iru MG/

krzhyhu/ wkh lqfuhdvh lv pxfk vorzhu wkdq iru PPVH vlqfh MG pdlqwdlqv glyhuvlw| rughu

O uhjdugohvv ri wkh qxpehu ri xvhuv/ zkhuhdv PPVH orvhv rqh rughu ri glyhuvlw| zlwk hdfk

dgglwlrqdo xvhu1 Wklv kdv surirxqg h�hfwv rq fdsdflw| dv zloo qrz eh vkrzq1
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Wdeoh 917= Plqlpxp foxvwhu vl}hv F6�? +P>O, iru MG dqg PPVH frpelqlqj1
O +MG, O +PPVH,

P 5 6 7 5 6 7

4 : 7 6 : 7 6
5 45 : 7 64 < :
6 46 : : 0 5; <
7 49 < : 0 0 58
8 4< < : 0 0 0
9 54 45 : 0 0 0
: 58 45 : 0 0 0
; 64 45 < 0 0 0

Ilj1 91; sorwv wkh pd{lpxp fdsdflw| �6@% lq +916:, yv1 wkh qxpehu ri xvhu2vhfwru1 Zlwk

mrlqw ghwhfwlrq/ dv pruh lqwudfhoo frfkdqqho xvhuv duh doorzhg/ fdsdflw| frqwlqxhv wr lqfuhdvh

wrzdugv d vriw olplw zlwk d udwh jryhuqhg e| wkh qxpehu ri dqwhqqdv1 Zlwk irxu dqwhqqdv

dqg vhyhq xvhuv/ �6@% @ 4> phdqlqj wkdw dq h�hfwlyh uhxvh idfwru ri xqlw| lv dfklhyhg �

d vwulnlqj idfw xvxdoo| dvvrfldwhg rqo| zlwk FGPD v|vwhpv1 Qrwh wkdw fdsdflw| grhv qrw

dozd|v lqfuhdvh prqrwrqlfdoo| zlwkP / vlqfh wkh doorzhg foxvwhu vl}hv duh luuhjxoduo| vsdfhg1

Lq vwdun frqwudvw/ PPVH frpelqlqj h{klelwv d kdug fdsdflw| olplw= dq rswlpxp qxpehu

ri xvhuv h{lvwv/ deryh zklfk fdsdflw| dfwxdoo| ghfuhdvhv1 Iru O @ 5 dqg 6/ wkh rswlpxp

qxpehu ri xvhuv lv rqh1 Iru O @ 7 wkh rswlpxp lv wkuhh/ exw wkh fdsdflw| lv qr kljkhu wkdq

zlwk d vlqjoh xvhu1 Wkxv/ zlwk irxu ru ihzhu dqwhqqdv/ d shuirupdqfh shqdow| lv lqfxuuhg e|

doorzlqj pruh wkdq rqh frfkdqqho xvhu shu vhfwru1 Wklv uhvxow lv vxusulvlqj dqg vljql�fdqw/

vlqfh PPVH frpelqlqj lv iuhtxhqwo| dgydqfhg dv d phwkrg wr lqfuhdvh fdsdflw|1

Lw lv lqwhuhvwlqj wr frpsduh wkh fdsdflw| ri d v|vwhp xvlqj hlwkhu MG ru PPVH frpelq0

lqj wr wkdw ri d vwdqgdug WGPD v|vwhp zlwk d vlqjoh xvhu shu vhfwru dqg pd{lpdo udwlr

frpelqlqj ri wzr dqwhqqdv +wkh P @ 4> O @ 5 srlqw lq Ilj1 91;,1 Pdnlqj wklv frpsdulvrq

uhyhdov wkdw zlwk wkh mrlqw ghwhfwlrq riP � : xvhuv/ dw ohdvw dqP0irog lqfuhdvh lq fdsdflw|

pd| eh rewdlqhg zlwk irxu dqwhqqdv1 Wkh ehvw wkdw fdq eh krshg iru zlwk PPVH frpelqlqj

zlwk irxu dqwhqqdv lv mxvw ryhu d wzr0irog lqfuhdvh1

Ilj1 91< vkrzv wkh plqlpxp VQU ��co lq +916<, uhtxluhg wr dfklhyh dq rxwdjh suredelolw|

ri 4(1 Djdlq/ wkh ehkdylrxu lv voljkwo| huudwlf gxh wr wkh luuhjxoduo| vsdfhg foxvwhu vl}hv/

exw vhyhudo revhuydwlrqv fdq eh pdgh1 Wkh uhtxluhg VQU iru erwk MG dqg PPVH h{klelwv

dq lqfuhdvlqj wuhqg/ doehlw qrq0prqrwrqlf/ dv wkh qxpehu ri xvhuv lqfuhdvhv> krzhyhu/ wkh

lqfuhdvh lv pxfk vorzhu zlwk MG1 Pruhryhu/ iru yluwxdoo| doo dqwhqqd2xvhu frpelqdwlrqv/ wkh
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Iljxuh 91;= Pd{lpxp fdsdflw| �6@% ri mrlqw ghwhfwlrq dqg PPVH frpelqlqj v|vwhpv1

uhtxluhg VQU iru MG lv vljql�fdqwo| ohvv wkdq iru PPVH1 Iru h{dpsoh/ iruP @ 6 dqg O @ 7

zkhuh MG dfklhyhv d wkuhh0irog lqfuhdvh lq fdsdflw| dqg PPVH mxvw ryhu d wzr0irog lqfuhdvh/

MG uhtxluhv d vwulnlqj 43 gE ohvv VQU wkdq PPVH1

Wkh frqvhtxhqfhv ri wkh deryh VQU ehkdylrxu duh wkdw rqh pd| xvh d fkhdshu edvh0

vwdwlrq dpsol�hu zlwk MG wkdq zlwk PPVH dqg2ru uhtxluh d orzhu preloh wudqvplw srzhu/

wkxv uhgxflqj edwwhu| gudlq1 Dowhuqdwlyho|/ zlwk MG rqh pd| xwlol}h odujhu fhoo vl}hv wkdq

zlwk PPVH lpso|lqj uhgxfhg lqiudvwuxfwxuh frvwv iru d �{hg fryhudjh duhd1 Wkh h�hfw

rq fhoo vl}h pd| eh vhhq e| frqvlghulqj wkh srzhu frqwuro odz lqwurgxfhg lq +919,/ zklfk

dvvxphv wkdw wkh preloh xqlwv kdyh lq�qlwh g|qdplf udqjh1 Wdnlqj lqwr dffrxqw wkh prelohv*

olplwhg wudqvplw srzhu sodfhv dq xsshu olplw rq wkh fhoo udglxv U6> vr wkdw srzhu frqwuro

pd| h�hfwlyho| frpshqvdwh iru sdwk orvv dqg vkdgrzlqj dw doo orfdwlrqv zlwklq wkh fhoo1 D

orzhu uhtxluhg VQU lpsolhv d orzhu uhtxluhg uhfhlyhg srzhu SJ zklfk hqdeohv wkh xvh ri
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Iljxuh 91<= Uhtxluhg VQU ��co wr dfklhyh 4( rxwdjh suredelolw| iru mrlqw ghwhfwlrq dqg
PPVH frpelqlqj1

odujhu fhoov1 D glvdgydqwdjh ri odujhu fhoov/ krzhyhu/ lv d v|vwhp zlwk lqfuhdvhg eorfnlqj

suredelolw|1

S�S �L?U*�t�L?t

Lq wklv fkdswhu/ wkh xsolqn fdsdflw| ri d WGPD fhooxodu v|vwhp hpsor|lqj mrlqw ghwhfwlrq

zlwk d glyhuvlw| dqwhqqd duud| dw wkh edvh vwdwlrq uhfhlyhu kdv ehhq dqdo|}hg lq wkh suhvhqfh

ri idglqj/ vkdgrzlqj/ sdwk orvv/ dqg frfkdqqho lqwhuihuhqfh1 Iru uhihuhqfh/ wkh dqdo|vlv lv

frpsduhg wr PPVH frpelqlqj/ d frpprq whfkqltxh iru frq�jxulqj glyhuvlw| uhfhlyhuv1

Erwk whfkqltxhv doorz vhyhudo lqwudfhoo xvhuv wr vkduh wkh vdph wlph2iuhtxhqf| vorw lq rughu

wr lqfuhdvh v|vwhp fdsdflw|1
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Zlwk MG/ d vriw olplw rq fdsdflw| lv ghprqvwudwhg/ exw ehiruh wkdw olplw lv uhdfkhg/

fdsdflw| pd| eh vljql�fdqwo| h{whqghg1 Zlwk irxu dqwhqqdv dqgP � : frfkdqqho xvhuv shu

vhfwru/ dq P0irog lqfuhdvh lq fdsdflw| pd| eh rewdlqhg zkhq frpsduhg wr d frqyhqwlrqdo

vlqjoh0xvhu WGPD v|vwhp hpsor|lqj pd{lpdo udwlr frpelqlqj dqg wzr dqwhqqdv1 Ixuwkhu0

pruh/ zlwk MG dqg irxu ru pruh dqwhqqdv/ lw lv srvvleoh wr rewdlq dq h�hfwlyh uhxvh idfwru

ri xqlw| � d frq�jxudwlrq xvxdoo| dvvrfldwhg rqo| zlwk FGPD v|vwhpv1

Lq vwdun frqwudvw/ zlwk PPVH frpelqlqj rqo| d prghvw lqfuhdvh lq fdsdflw| pd| eh

rewdlqhg/ dqg d kdug olplw rq wkh qxpehu ri xvhu shu vhfwru h{lvwv eh|rqg zklfk v|vwhp

fdsdflw| dfwxdoo| ghfuhdvhv gxh wr orvvhv lq glyhuvlw| rughu1 Zlwk irxu dqwhqqdv/ mxvw ryhu

d wzr0irog lqfuhdvh lq fdsdflw| pd| eh rewdlqhg zkhq frpsduhg wr d vlqjoh0xvhu WGPD

v|vwhp zlwk wzr dqwhqqdv1

Iru erwk MG dqg PPVH frpelqlqj/ wkh uhtxluhg uhfhlyh VQU wr dfklhyh d �{hg rxwdjh

udwh lqfuhdvhv zlwk wkh qxpehu ri xvhuv shu vhfwru> krzhyhu/ zlwk MG wkh lqfuhdvh lv pxfk

vorzhu/ dqg wkh uhtxluhg VQU vljql�fdqwo| ohvv/ wkdq iru PPVH1 Frqvhtxhqwo|/ iru d jlyhq

fdsdflw| lpsuryhphqw/ MG doorzv iru ohvv h{shqvlyh edvh vwdwlrq dpsol�huv/ orzhu preloh

edwwhu| gudlq/ dqg orzhu lqiudvwuxfwxuh frvwv gxh wr lqfuhdvhg fhoo fryhudjh1

Dovr lq wklv fkdswhu/ d qhz ixoo|0dqdo|wlfdo whfkqltxh kdv ehhq suhvhqwhg iru wkh frp0

sxwdwlrq ri rxwdjh suredelolw| xvhg iru wkh dvvhvvphqw ri xsolqn fdsdflw|1 Wkh whfkqltxh

pd| eh xvhg iru yhu| jhqhudo fhooxodu od|rxwv/ vlqfh wkh frfkdqqho fhoov duh frqvlghuhg wr eh

flufxodu/ udwkhu wkdq kh{djrqdo/ dqg pd| eh ri duelwudu| vl}h dqg orfdwlrq1 Ixuwkhupruh/

wkh fhoov pd| frqwdlq vhfwruv ri duelwudu| zlgwk dqg rulhqwdwlrq1

Wkh fruh ri wkh whfkqltxh lv wkh dqdo|wlfdo fdofxodwlrq ri wkh prphqwv ri wkh lqwhuihuhqfh0

wr0vljqdo udwlr/ dqg wkh nh| frqwulexwlrq lv d forvhg0irup jhrphwulf dssur{lpdwlrq ri wkh

vsdwldo dyhudjh ri wkh prelohv* srvlwlrq0ghshqghqw sdwk orvv1 Wkh prphqwv ri LVU duh

xvhg zlwk Zlonlqvrq*v phwkrg wr dssur{lpdwh wkh frpsohphqwdu| fxpxodwlyh glvwulexwlrq

ixqfwlrq ri wkh LVU/ zklfk lv wkhq xvhg wr frpsxwh rxwdjh suredelolw| gluhfwo|1 Wkh forvhg0

irup h{suhvvlrq iru rxwdjh suredelolw| pd| eh xvhg wr fdofxodwh v|vwhp fdsdflw| pxfk idvwhu

wkdq zlwk wudglwlrqdo Prqwh Fduor vlpxodwlrq1 Uhvxowv frpsdulqj dqdo|vlv dqg vlpxodwlrq

vkrz wkdw wkh dqdo|wlfdo whfkqltxh dfklhyhv yhu| jrrg dffxudf|1
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Wklv wkhvlv kdv irfxvhg rq h{whqglqj wkh fdsdflw| ri WGPD fhooxodu v|vwhpv e| doorzlqj

vhyhudo xvhuv lq wkh vdph fhoo wr vkduh wkh vdph wlph2iuhtxhqf| vorw dqg hpsor|lqj mrlqw

ghwhfwlrq zlwk glyhuvlw| duud|v wr glvwlqjxlvk wkh frfkdqqho vljqdov1 Lq frqfoxvlrq/ wkh qryho

frqwulexwlrqv dqg vljql�fdqw �qglqjv ri wkh wkhvlv duh vxppdul}hg ehorz1

41 Shuirupdqfh ri mrlqw ghwhfwlrq zlwk glyhuvlw| duud|v lq wkh xsolqn=

� D ixoo|0dqdo|wlfdo h{suhvvlrq iru wkh xqlrq erxqg rq dyhudjh v|pero0huuru udwh

lv surylghg iru duelwudu| qxpehu ri xvhuv P dqg dqwhqqdv O lq d �dw idglqj

hqylurqphqw zlwk v|pero0v|qfkurqrxv xvhuv1 Erwk shuihfw dqg lpshuihfw fkdqqho

vwdwh lqirupdwlrq +FVL, duh frqvlghuhg1

� Lw lv ghprqvwudwhg wkdw zlwk mrlqw ghwhfwlrq/ pdq| pruh xvhuv wkdq wkh qxpehu

ri dqwhqqdv pd| eh vxssruwhg � doo hqmr|lqj O0irog glyhuvlw| � zlwk d vpdoo

ghjudgdwlrq lq shuirupdqfh zlwk hdfk dgglwlrqdo xvhu1 Wklv ixqgdphqwdo uhvxow/

qrw revhuyhg suhylrxvo|/ lv h{wuhpho| ydoxdeoh lq d idglqj hqylurqphqw dqg ohdgv

wr odujh v|vwhp fdsdflw| jdlqv1 Zlwk dffxudwh FVL/ lw lv ghprqvwudwhg wkdw hyhq

zlwk rqo| d vlqjoh dqwhqqd vhyhudo xvhuv fdq h{shulhqfh jrrg shuirupdqfh1 Wklv

qhz prgh ri uhfhswlrq ehkdylrxu vwduno| frqwudvwv wkdw ri fodvvlfdo PPVH frp0

elqlqj ri dqwhqqdv zkhuh wkh pd{lpxp qxpehu ri xvhuv lv olplwhg wr wkh qxpehu

ri dqwhqqdv/ dqg wkh glyhuvlw| rughu lv rqo| O�P . 4 iru hdfk xvhu1

� Lw lv ghprqvwudwhg wkdw wkh frvw ri vxssruwlqj dgglwlrqdo xvhuv dw d �{hg huuru udwh

lv d vpdoo lqfuhdvh lq wkh uhtxluhg shu0xvhu VQU1 Wkh VQU shqdow| uhodwlyh wr d

45<
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vlqjoh0xvhu v|vwhp lv txdqwl�hg dv d ixqfwlrq ri wkh qxpehu ri xvhuv/ frqvwhoodwlrq

ghqvlw|/ dqg qxpehu ri dqwhqqdv1 Iru h{dpsoh/ zlwk ESVN prgxodwlrq/ d vlqjoh

dqwhqqd/ dqg shuihfw FVL/ rqo| d 5 gE shqdow| lv lqfxuuhg iru hdfk dgglwlrqdo

xvhu1 Zlwk irxu dqwhqqdv/ wklv shqdow| lv uhgxfhg wr ohvv wkdq 314 gE1

� Zlwk lpshuihfw fkdqqho vwdwh lqirupdwlrq iurp d slorw0edvhg pxowlxvhu fkdqqho

hvwlpdwru/ lw lv irxqg wkdw qr huuru �rru dsshduv1 Wkh frvw ri lpshuihfw FVL lv

vlpso| dq lqfuhdvh lq wkh uhtxluhg VQU lq rughu wr pdlqwdlq d �{hg huuru0udwh1

Ixuwkhu/ lw lv irxqg wkdw dq lqwhughshqghqfh h{lvwv ehwzhhq doo xvhuv sduwlflsdw0

lqj lq wkh mrlqw ghwhfwlrq= wkh fkdqqho hvwlpdwlrq huuru ri rqh xvhu d�hfwv wkh

shuirupdqfh ri doo xvhuv/ hyhq wkrvh zlwk shuihfw FVL1

� Xqhtxdo VQU glvwulexwlrqv duh lqyhvwljdwhg/ dqg lw lv ghprqvwudwhg wkdw erwk wkh

zhdn dqg vwurqj xvhuv* shuirupdqfh lv ghjudghg iurp wkh htxlsrzhu fdvh1 Wklv

lqglfdwhv wkdw srzhu frqwuro pd| eh ghvludeoh lq d sudfwlfdo v|vwhp1

51 Xvh ri mrlqw ghwhfwlrq dqg pxowlsoh wudqvplw dqwhqqdv lq wkh grzqolqn=

� D vlpsoh vwuxfwxuh lv sursrvhg iru vxssruwlqj pxowlsoh xvhuv lq wkh grzqolqn

wkurxjk wkh xvh ri d wudqvplw dqwhqqd duud|1 Wkh xvhuv* elw vhtxhqfhv duh pxowl0

soh{hg wrjhwkhu/ dqg wkh uhvxowlqj kljk0udwh elw vhtxhqfh lv frghg dqg lqwhuohdyhg

wr surylgh whpsrudo glyhuvlw| wr wkh prelohv1 Wkh edqgzlgwk uhtxluhg wr wudqvplw

wkh kljk0udwh frghg vhtxhqfh lv uhgxfhg e| vlpxowdqhrxvo| wudqvplwwlqj vhyhudo

vxffhvvlyh frgh v|perov iurp gl�huhqw dqwhqqdv1 Dw wkh preloh uhfhlyhuv/ vriw

ghflvlrq ghfrglqj lv hpsor|hg xvlqj d phwulf wkdw lpsolflwo| shuirupv mrlqw gh0

whfwlrq ri wkh frfkdqqho vljqdov wudqvplwwhg iurp wkh pxowlsoh dqwhqqdv1

� Lw lv ghprqvwudwhg wkdw wkh vlpxowdqhrxv wudqvplvvlrq ri vxffhvvlyh frgh v|perov

fdxvhv d vlqjoh fkdqqho xvdjh wr vsdq vhyhudo wuhoolv wudqvlwlrqv1 Wr kdqgoh wklv

xqxvxdo vlwxdwlrq lq erwk dqdo|vlv dqg ghfrghu lpsohphqwdwlrq/ wkh frqfhsw ri

d phujhg wuhoolv lv lqwurgxfhg lq zklfk wkh wuhoolv lv prgl�hg vxfk wkdw d vlqjoh

fkdqqho xvdjh vsdqv rqo| rqh wudqvlwlrq1 Xvlqj wkh phujhg wuhoolv/ wkh rswlpdo gh0

frghu lv lghqwl�hg/ dqg d ixoo|0dqdo|wlfdo h{suhvvlrq iru wkh dyhudjh elw0huuru udwh

lv ghulyhg1 Xqxvxdo ehkdylrxu lv ghprqvwudwhg lq whupv ri glyhuvlw| rughu= dv wkh

qxpehu ri dqwhqqdv lqfuhdvhv gxh wr dq lqfuhdvlqj qxpehu ri xvhuv/ wkh glyhuvlw|

rughu dfwxdoo| ghfuhdvhv gxh wr wkh vlpxowdqhrxv wudqvplvvlrq ri vxffhvvlyh frgh
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v|perov1

� Hyhq zlwk wkh orvv lq glyhuvlw|/ lw lv ghprqvwudwhg wkdw jrrg shuirupdqfh pd|

eh rewdlqhg iru doo xvhuv dw uhdvrqdeo| orz VQUv/ surylghg wkdw d frgh zlwk

vx�flhqw frqvwudlqw ohqjwk lv xvhg1 Iru h{dpsoh/ xvlqj d udwh rqh kdoi/ frqvwudlqw

ohqjwk vhyhq frgh zlwk ESVN prgxodwlrq dqg irxu dqwhqqdv/ irxu xvhuv pd| eh

vxssruwhg lq wkh vdph edqgzlgwk dv d vlqjoh0xvhu dw d elw0huuru udwh ri 433� zlwk

rqo| 518 gE2xvhu pruh wudqvplw srzhu wkdq d vlqjoh0xvhu v|vwhp1

61 Pxowlxvhu fkdqqho hvwlpdwlrq iru mrlqw ghwhfwlrq=

� D slorw0edvhg PPVH whfkqltxh lv ghyhorshg iru mrlqwo| hvwlpdwlqj wkh fkdqqho

lpsxovh uhvsrqvhv ri pxowlsoh frfkdqqho vljqdov1 Wkh whfkqltxh lv ghulyhg iru wkh

jhqhudo fdvh ri iuhtxhqf| vhohfwlyh idglqj dqg dv|qfkurqrxv xvhuv> krzhyhu/ lw

lqfoxghv wkh vlwxdwlrq ri �dw0idglqj dqg v|pero v|qfkurqrxv xvhuv frqvlghuhg lq

rwkhu sduwv ri wkh wkhvlv dv d vshfldo fdvh1 D qryho ihdwxuh ri wkh hvwlpdwru lv wkdw

lw doorzv iru wlph yduldwlrq ri wkh fkdqqhov zlwklq wkh wudlqlqj vhtxhqfhv/ zklfk

lv hvvhqwldo lq d pxowlxvhu hqylurqphqw hyhq dw prghudwh idglqj udwhv1

� Wkh ghvljq ri jrrg wudlqlqj vhtxhqfhv iru wkh pxowlsoh frfkdqqho xvhuv lv dg0

guhvvhg1 Lw lv irxqg wkdw wkh shu0xvhu gdwd wkurxjksxw ghfuhdvhv zlwk hdfk dg0

glwlrqdo xvhu/ vlqfh wkh plqlpxp ohqjwk ri wkh wudlqlqj vhtxhqfhv jurzv olqhduo|

zlwk wkh qxpehu ri xvhuv1 Krzhyhu/ v|vwhp h�flhqf| lqfuhdvhv gxh wr pxowlsoh

xvhuv vkdulqj wkh vdph wlph2iuhtxhqf| vorw1

71 V|vwhp fdsdflw| xvlqj mrlqw ghwhfwlrq=

� D ixoo|0dqdo|wlfdo dqg frpsxwdwlrqdoo| vwudljkwiruzdug whfkqltxh lv ghyhorshg

iru wkh frpsxwdwlrq ri rxwdjh suredelolw| zlwk mrlqw ghwhfwlrq lq wkh suhvhqfh

ri idglqj/ vkdgrzlqj/ dqg sdwk orvv1 Lq frqwudvw wr suhylrxv vwxglhv/ wkh vsdwldo

dyhudjh ri wkh prelohv* srvlwlrq0ghshqghqw sdwk orvv lv fdofxodwhg dqdo|wlfdoo|/

udwkhu wkdq e| Prqwh Fduor vlpxodwlrq/ wkurxjk d vlpsoh/ |hw dffxudwh/ jhrphwulf

dssur{lpdwlrq1 Wkh whfkqltxh grhv qrw uho| xsrq d kh{djrqdo fhoo od|rxw/ wkxv

hqdeolqj wkh vwxg| ri pruh jhqhudo v|vwhpv lq zklfk wkh frfkdqqho fhoov duh ri

duelwudu| vl}h dqg orfdwlrq dqg kdyh vhfwruv ri duelwudu| zlgwk dqg rulhqwdwlrq1
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� V|vwhp fdsdflw| lv txdqwl�hg wkurxjk wkh dqdo|wlfdo frpsxwdwlrq ri rxwdjh sure0

delolw|/ zkloh dffrxqwlqj iru wkh lqfuhdvhg lqwhuihuhqfh iurp frfkdqqho fhoov gxh

wr uhxvh zlwklq fhoo1

� D vriw olplw rq fdsdflw| lv ghprqvwudwhg/ vlplodu wr FGPD/ exw ehiruh wkdw

olplw lv uhdfkhg/ fdsdflw| pd| eh vljql�fdqwo| h{whqghg1 Zlwk irxu dqwhqqdv dqg

P � : frfkdqqho xvhuv/ dq P0irog lqfuhdvh lq fdsdflw| pd| eh rewdlqhg zkhq

frpsduhg wr d frqyhqwlrqdo vlqjoh0xvhu WGPD v|vwhp hpsor|lqj pd{lpdo udwlr

frpelqlqj dqg wzr dqwhqqdv1 Ixuwkhupruh/ zlwk mrlqw ghwhfwlrq dqg irxu ru pruh

dqwhqqdv lv srvvleoh wr rewdlq dq h�hfwlyh uhxvh idfwru ri xqlw| � d frq�jxudwlrq

xvxdoo| dvvrfldwhg rqo| zlwk FGPD v|vwhpv1

� Lq vwdun frqwudvw wr mrlqw ghwhfwlrq/ lw lv ghprqvwudwhg wkdw PPVH frpelqlqj

surgxfhv rqo| d prghvw lqfuhdvh lq fdsdflw|/ dv zhoo dv d kdug olplw rq wkh qxpehu

ri xvhuv shu fhoo/ eh|rqg zklfk v|vwhp fdsdflw| dfwxdoo| ghfuhdvhv gxh wr orvvhv

lq glyhuvlw| rughu1 Wklv frqfoxvlrq lv vxusulvlqj dqg vljql�fdqw/ vlqfh PPVH

frpelqlqj lv iuhtxhqwo| dgydqfhg dv d phwkrg wr lqfuhdvh fdsdflw|1

Lq ylhz ri wkh deryh/ wkh dxwkru kdv frq�ghqfh wkdw mrlqw ghwhfwlrq zlwk glyhuvlw| duud|v

lv dq dwwudfwlyh whfkqltxh iru vljql�fdqwo| h{whqglqj WGPD v|vwhp fdsdflw|1
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Lq wklv dsshqgl{/ d forvhg0irup dqdo|wlfdo vroxwlrq lv surylghg iru wkh idu0vlgh lqwhjudo
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fruuhvsrqg wr vxe0uhjlrqv 4 dqg 5 uhvshfwlyho|1

Iru wkh fdvh ri s hyhq/ erwk +D16, dqg +D17, pd| eh vroyhg dqdo|wlfdoo|1 Iru wkh fdvh

ri s rgg/ rq wkh rwkhu kdqg/ wkh vroxwlrq ri wkh lqqhu lqwhjudov lqyroyh frpsolfdwhg orjd0

ulwkplf ixqfwlrqv +vhh ^;3/ ht1 +51593,`, ohdglqj wr dqdo|wlfdoo| lqwudfwdeoh vlqjoh lqwhjudov

lq x1 Iruwxqdwho|/ qxphulfdo hydoxdwlrq ri +D14, uhyhdov wkdw wkh idu0vlgh lqwhjudo iru rgg
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s lv dssur{lpdwhg yhu| dffxudwho| e| wkh jhrphwulf phdq ri wkh qhduhvw hyhq0s ydoxhv ri

IR +U> �,/ wkdw lv/

IR +U> �, �
t
IR3� +U> �,IRn� +U> �,> s @ 4> 6> 8> = = = +D18,

Wkxv/ +D16, dqg +D17, qhhg rqo| eh vroyhg iru wkh fdvh ri s hyhq1 Ilj1 917 frq�upv wkh

dffxudf| ri +D18,1

Zkhq wkh forvhg0irup h{suhvvlrq iru I
E��
R +U> �, +ghulyhg ehorz, lv fdofxodwhg/ qxphulfdo

lqvwdelolwlhv rffxu iru � qhdu �@5/ hyhq zkhq xvlqj grxeoh suhflvlrq dulwkphwlf1 Wklv lv gxh

wr wkh wdq� whup lq wkh xsshu olplw ri wkh y lqwhjudo ri +D16, zklfk dsshduv gluhfwo| lq wkh

forvhg0irup h{suhvvlrq1 Dv � dssurdfkhv �@5> wdq � ehfrphv yhu| odujh fdxvlqj I
E��
R +U> �,

wr ehfrph xqvwdeoh1 Krzhyhu/ wkh lqvwdelolw| pd| eh dyrlghg e| dssur{lpdwlqj wkh idu0vlgh

lqwhjudo dv IR +U> �, � I
E2�
R +U> �, iru � qhdu �@5= Wklv dssur{lpdwlrq lv uhdvrqdeoh vlqfh/

iru � qhdu �@5/ uhjlrq 4 lv pxfk vpdoohu wkdq uhjlrq 5 uhvxowlqj lq I
E2�
R +U> �, ehlqj vhyhudo

rughuv ri pdjqlwxgh odujhu wkdq I
E��
R +U> �,1

��� 5L*�|�L? Lu 8
+4,
s E-c w�

Ghqrwh wkh lqqhu lqwhjudo ri +D16, dv | +x, = Wklv lqwhjudo lv vroyhg e| �uvw h{sdqglqj wkh

whup
�
x
2
. y2

�
R*2

lq d elqrpldo vhulhv dqg wkhq lqwhjudwlqj zlwk uhvshfw wr y= Wkh uhvxow lv

| +x, @

5
7R*2[
&'f

�R*2
&

�
5n . 4

+wdq �,2&n�

6
8xRn�= +D19,

Vxevwlwxwlqj | +x, edfn lqwr +D16, jlyhv

I E��
R +U> �, @

5
7R*2[
&'f

�R*2
&

�
5n . 4

+wdq �,2&n�

6
8] - ULt w

f

xRn�

+4 . x,R
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@

R*2[
&'f

�R*2
&

�
5n . 4

+wdq�,2&n�
Rn�[
�'f

+�4,�
�
s. 4

m

�] �n- ULt w

�

z�3�gz +D1:,

zkhuh wkh odwwhu htxdolw| lv irxqg e| pdnlqj wkh vxevwlwxwlrq z @ 4.x dqg wkhq h{sdqglqj

wkh whup xRn� @ +z � 4,Rn� lq d elqrpldo vhulhv1

Revhuylqj +D1:,/ rqh fdq vhh wkdw wkh iroorzlqj vlqjoh0lqwhjudo lq z pxvw eh vroyhg iru

wkh fdvh ri �4 � p � s

i6 +U> �, @

] �n- ULt w

�

gz

z6
= +D1;,
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Wklv lqwhjudo kdv wkh vroxwlrq

i6 +U> �, @

;AAAAA?
AAAAA=

�

2

k
+4 .U frv �,2 � 4

l
> p @ �4

U frv � > p @ 3

oq +4 .U frv �, > p @ 4
�

63�

k
4� +4 .U frv �,�36

l
> p � 5

= +D1<,

Lq whupv ri wklv uhvxow/ wkh forvhg0irup dqdo|wlfdo vroxwlrq ri I
E��
R +U> �, lv

I E��
R +U> �, @

R*2[
&'f

�R*2
&

�
5n . 4

+wdq �,2&n�
Rn�[
�'f

+�4,�
�
s. 4

m

�
i�3� +U> �, > s @ 3> 5> 7> 9> = = =

+D143,

��2 5L*�|�L? Lu 8
+5,
s E-c w�

Ghqrwh wkh lqqhu lqwhjudo ri +D17, dv | +x, = Wklv lqwhjudo lv vroyhg e| �uvw h{sdqglqj wkh

whup
�
x2 . y2

�
R*2

lq d elqrpldo vhulhv dqg wkhq lqwhjudwlqj zlwk uhvshfw wr y= Wkh uhvxow lv

| +x, @

R*2[
&'f

�
R*2
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�
5n . 4

xR32&
�
U2
� x2

�&s
U2
� x2 +D144,

Vxevwlwxwlqj | +x, edfn lqwr +D17, jlyhv
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xR32E&3��
s
U2 � x2

+4 . x,R
gx +D145,

zkhuh wkh odwwhu htxdolw| lv irxqg e| h{sdqglqj wkh whup
�
U2 � x2

�&
lq d elqrpldo vhulhv1

Revhuylqj +D145,/ rqh fdq vhh wkdw wkh iroorzlqj vlqjoh0lqwhjudo lq x pxvw eh vroyhg iru

wkh fdvh ri 3 � p � s

j6 +U> �, @

] -

- ULt w

x6
s
U2 � x2

+4 . x,R
gx= +D146,
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E| pdnlqj wkh vxevwlwxwlrq z @ 4 . x dqg wkhq h{sdqglqj wkh whup x6 @ +z � 4,6 lq d

elqrpldo vhulhv/ j6 +U> �, pd| eh zulwwhq dv

j6 +U> �, @

]
�n-

�n- ULt w

S
6

,'f
+�4,,
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,

�
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t
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�
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zkhuh

L? +U> �, @
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�n- ULt w

t
U2
� +z� 4,2

z?
gz= +D148,

Vlqfh p � s lq +D147,/ L? +U> �, qhhg rqo| eh hydoxdwhg iru q � 3= Vxlwdeo| prgli|lqj ^;3/

ht1 +51598,` jlyhv wkh vroxwlrq ri L? +U> �, iru q � 3 dv wkh gl�huhqfh htxdwlrq

L? +U> �, @
4

+q� 4, +4�U2,
^+5q� 8, L?3� +U> �,

. +7� q, L?32 +U> �,�
U� vlq� �

+4 .U frv �,?3�

�
+D149,

zklfk kdv lqlwldo frqglwlrqv

Lf +U> �, @
4

5
U2

�
� �

4

5
vlq 5�

�
+D14:,

dqg

L� +U> �, @ � �U vlq � .
s

4�U2

�
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�
U. frv �

4 .U frv �

�
�

�

5

�
= +D14;,

Wkxv/ vwduwlqj zlwk Lf +U> �, dqg L� +U> �, > L? +U> �, pd| eh irxqg lq d uhfxuvlyh pdqqhu iru

dq| q � 3= Lq whupv ri wkh deryh uhvxowv/ wkh forvhg0irup dqdo|wlfdo vroxwlrq ri I
E2�
R +U> �, lv

I E2�
R +U> �, @

R*2[
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�
5n . 4
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m

�
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Lq wklv dsshqgl{/ d forvhg0irup dqdo|wlfdo vroxwlrq lv surylghg iru wkh qhdu0vlgh lqwhjudo

QR +U> �, @

] ]
7� E-cw�

�
x2 . y2

�R*2
+4 . x,R

gxgy +E14,

zkhuh U ? 4 dqg s lv dq lqwhjhu1 Wkh uhjlrq V� +U> �, lv vkrzq lq Ilj1 916+e,1 Lq rughu wr

dyrlg qxphulfdo lqvwdelolwlhv zkhq � lv qhdu �@5/ QR +U> �, lv zulwwhq dv wkh iroorzlqj vxp

QR +U> �, @ QE2�
R

�
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�
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�
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k
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E��
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f

�
x2 . y2

�R*2
gy

$
gx +E17,

fruuhvsrqg wr vxe0uhjlrqv 4 dqg 5 uhvshfwlyho|1 Lq h�hfw/ wkh lqwhjudo ryhu V� +U> �, lv

fdofxodwhg e| lqwhjudwlqj ryhu wkh zkroh txdgudqw/ wkhq vxewudfwlqj wkh lqwhjudo ryhu uhjlrqv

4 dqg 5 iurp wkh uhvxow1 Qxphulfdo lqvwdelolwlhv duh dyrlghg lq wkh vdph zd| dv iru wkh idu0

vlgh lqwhjudo e| pdnlqj wkh dssur{lpdwlrq Q
E��
R +U> �, .Q

E2�
R +U> �, � Q

E2�
R +U> �, zkhq � lv

qhdu �@5= Olnh ehiruh/ +E16, dqg +E17, pd| eh vroyhg dqdo|wlfdoo| iru wkh fdvh ri s hyhq1 Iru

wkh fdvh ri s rgg/ wkh iroorzlqj dffxudwh dssur{lpdwlrq lv xvhg

QR +U> �, �
t
QR3� +U> �,QRn� +U> �,> s @ 4> 6> 8> = = = +E18,

46:
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��� 5L*�|�L? Lu �
+4,
s E-c w�

Wkh lqwhjudo lq +E16, lv lghqwlfdo wr wkdw lq +D16, h{fhsw wkdw wkh olplwv ri wkh x lqwhjudo duh

uhyhuvhg1 Frqvhtxhqwo|/

QE��
R

+U> �, @ �I E��
R

+U> �, +E19,

zkhuh wkh vroxwlrq wr I
E��
R +U> �, lv jlyhq lq +D143,1 Dv h{shfwhg/ Q

E��
R +U> �, lv vwloo d srvlwlyh

txdqwlw| vlqfh I
E��
R +U> �, hydoxdwhg dw dq| � lq wkh lqwhuydo +�@5> �` lv qhjdwlyh1

��2 5L*�|�L? Lu �
+5,
s E-c w�

Wkh lqqwhu lqwhjudo ri +E17, lv lghqwlfdo wr wkdw ri +D17,/ exw wkh olplwv ri wkh rxwhu lqwhjudo

duh voljkwo| gl�huhqw1 Wkxv/ Q
E2�
R +U> �, lv rewdlqhg vlpso| e| fkdqjlqj wkh olplwv ri wkh

vlqjoh lqwhjudo lq +D145, jlylqj

Q E2�
R
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U2 � x2

+4 . x,R
gx=

+E1:,

Iroorzlqj d vlplodu ghyhorsphqw dv lq wkh suhylrxv dsshqgl{/ gh�qh wkh lqwhjudo

k6 +U> �, @

] - ULt w

3-

x6
s
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+4 . x,R
gx

@
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,'f

+�4,,
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�
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zkhuh

M? +U> �, @

] �n- ULt w

�3-

t
U2 � +z � 4,2

z?
gz= +E1<,

Vxlwdeo| prgli|lqj ^;3/ ht1 +51598,`/ jlyhv wkh vroxwlrq ri M? +U> �, iru q � 3 dv wkh gl�huhqfh

htxdwlrq

M? +U> �, @
4

+q� 4, +4�U2,
^+5q� 8, L?3� +U> �,

. +7� q, L?32 +U> �, .
U� vlq� �
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�
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zlwk kdv lqlwldo frqglwlrqv
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Lq whupv ri wkh deryh uhvxowv/ wkh forvhg0irup dqdo|wlfdo vroxwlrq ri Q
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^4` M1 Olwyd dqg W1N1 Or/ Gljlwdo Ehdpiruplqj lq Zluhohvv Frppxqlfdwlrqv1 Ervwrq=

Duwhfk Krxvh/ 4<<91

^5` Y1K1 PdfGrqdog/ _Wkh Fhooxodu Frqfhsw/% Ehoo V|vwhpv Whfkqlfdo Mrxuqdo/ yro1 8;/ ss1

48~74/ Mdqxdu| 4<:<1

^6` D1M1 Sdxoudm dqg F1E1 Sdsdgldv/ _Vsdfh0wlph surfhvvlqj iru zluhohvv frppxqlfdwlrqv/%

LHHH Vljqdo Surfhvvlqj Pdjd}lqh/ ss1 7<~;6/ Qryhpehu 4<<:1

^7` U1D1 Prq}lqjr dqg W1Z1 Ploohu/ Lqwurgxfwlrq wr Dgdswlyh Duud|v1 Qhz \run= Zloh|/

4<;31

^8` U1R1 Vfkplgw/ D Vljqdo Vxevsdfh Dssurdfk wr Pxowlsoh Hplwwhu Orfdwlrq dqg Vshfwudo

Hvwlpdwlrq/ Sk1G1 Wkhvlv/ Vwdqirug Xqlyhuvlw|/ Qryhpehu 4<;41

^9` U1 Ur| dqg W1 Ndlodlwk/ _HVSULW�Hvwlpdwlrq ri vljqdo sdudphwhuv yld urwdwlrqdo

lqyduldqfh whfkqltxhv/% LHHH Wudqvdfwlrqv rq Dfrxvwlfv/ Vshhfk/ dqg Vljqdo Surfhvvlqj/

yro1 6:/ ss1 <;7~<<8/ Mxo| 4<;<1

^:` V1 Kd|nlq/ Dgdswlyh Ilowhu Wkhru|/ 6ug hg1 Xsshu Vdggoh Ulyhu/ QM= Suhqwlfh Kdoo/ 4<<91

^;` M1J1 Surdnlv/ Gljlwdo Frppxqlfdwlrqv/ 5qg hg1 Qhz \run= PfJudz0Kloo/ 4<;<1

^<` M1 Vdo} dqg M1K1 Zlqwhuv/ _H�hfw ri idglqj fruuhodwlrq rq dgdswlyh duud|v lq gljlwdo

preloh udglr/% LHHH Wudqvdfwlrqv rq Yhklfxodu Whfkqrorj|/ yro1 76/ ss1 437;~438:/

Qryhpehu 4<<71

^43` P1 Vfkzduw}/ Z1 Ehqqhww/ dqg V1 Vwhlq/ Frppxqlfdwlrqv V|vwhpv dqg Whfkqltxhv1 Qhz

\run= PfJudz Kloo/ 4<991

473
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^44` M1K1 Zlqwhuv/ M1 Vdo}/ dqg U1G1 Jlwolq/ _Wkh lpsdfw ri dqwhqqd glyhuvlw| rq wkh fdsdflw|

ri zluhohvv frppxqlfdwlrq v|vwhpv/% LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 75/

ss1 4:73~4:84/ Iheuxdu|2Pdufk2Dsulo 4<<71

^45` M1K1 Zlqwhuv/ _Rswlpxp frpelqlqj lq gljlwdo preloh udglr zlwk frfkdqqho lqwhuihu0

hqfh/% LHHH Mrxuqdo rq Vhohfwhg Duhdv ri Frppxqlfdwlrqv/ yro1 5/ ss1 85;~86</ Mxo|

4<;71

^46` M1K1 Zlqwhuv/ _Vljqdo dftxlvlwlrq dqg wudfnlqj zlwk dgdswlyh duud|v lq wkh gljlwdo preloh

udglr v|vwhp LV087 zlwk �dw idglqj/% LHHH Wudqvdfwlrqv rq Yhklfxodu Whfkqrorj|/ yro1

75/ ss1 6::~6;7/ Qryhpehu 4<<61

^47` P1J1 Kheoh|/ Z1N1 Nhqqhg|/ dqg G1S1 Wd|oru/ _Wkh shuirupdqfh ri d vsdfh glyhu0

vlw| uhfhlyhu zlwk �qlwh0ohqjwk iudfwlrqdoo|0vsdfhg htxdolvhuv zlwk iuhtxhqf| vhohfwlyh

Ud|ohljk idglqj dqg fr0fkdqqho lqwhuihuhqfh/% lq Surf1 LHHH JOREHFRP*<7/ Vdq

Iudqflvfr/ FD/ Qryhpehu 4<<71

^48` P1Y1 Fodun/ O1M1 Juhhqvwhlq/ Z1N1 Nhqqhg|/ dqg P1Vkd�/ _Rswlpxp olqhdu glyhuvlw|

uhfhlyhuv iru preloh frppxqlfdwlrqv/% LHHH Wudqvdfwlrqv rq Yhklfxodu Whfkqrorj|/

yro1 76/ ss1 7:~89/ Iheuxdu| 4<<71

^49` S1 Edodedq dqg M1 Vdo}/ _Rswlpxp glyhuvlw| frpelqlqj dqg htxdol}dwlrq lq gljlwdo gdwd

wudqvplvvlrq zlwk dssolfdwlrqv wr fhooxodu preloh udglr�Sduw L= Wkhruhwlfdo frqvlghud0

wlrqv/% LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 73/ ss1 ;;8~;<7/ Pd| 4<<51

^4:` Q1Z1N1 Or/ G1G1 Idofrqhu/ dqg D1X1K1 Vkhlnk/ _Dgdswlyh htxdol}dwlrq iru d pxowlsdwk

idglqj hqylurqphqw zlwk lqwhuihuhqfh dqg qrlvh/% lq Surf1 LHHH YWF*<7/ Vwrfnkrop/

Vzhghq/ Mxqh 4<<7/ ss1 585~5891

^4;` F1O1E1 Ghvslqv/ G1G1 Idofrqhu/ dqg V1D1 Pdkprxg/ _Frpsrxqg vwudwhjlhv ri frglqj/

htxdol}dwlrq/ dqg vsdfh glyhuvlw| iru zlgh0edqg WGPD lqgrru zluhohvv fkdqqhov/% LHHH

Wudqvdfwlrqv rq Yhklfxodu Whfkqrorj|/ yro1 74/ ss1 69<~6:</ Qryhpehu 4<<51

^4<` S1 Prqvhq/ _PPVH Htxdol}dwlrq ri lqwhuihuhqfh rq idglqj glyhuvlw| fkdqqhov/% LHHH

Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 FRP065/ ss1 8~45/ Mdqxdu| 4<;71

^53` W1 Ixojkxp dqg D1 Gxho0Kdoohq/ _Dgdswlyh pxowlhohphqw GIH uhfhlyhuv iru qduurzedqg

pxowlxvhu ghwhfwlrq/% lq Surf1 LHHH YWF*<;/ Rwwdzd/ Fdqdgd/ Pd| 4<<;/ ss1 74~781
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^54` F1 Wlghvwdy/ P1 Vwhuqdg dqg D1 Dko�hq/ _Uhxvh zlwklq d fhoo�lqwhuihuhqfh uhmhfwlrq ru

pxowlxvhu ghwhfwlrqB/% LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 7:/ ss1 4844~4855/

Rfwrehu 4<<<1

^55` J1H1 Erwwrpoh|/ N1M1 Proqdu/ dqg V1 Fkhqqdnhvkx/ _Lqwhuihuhqfh fdqfhoodwlrq zlwk dq

duud| surfhvvlqj POVH uhfhlyhu/% LHHH Wudqvdfwlrqv rq Yhklfxodu Whfkqrorj|/ yro1 7;/

ss1 4654~4664/ Vhswhpehu 4<<<1

^56` V1 Yhug�x/ Pxowlxvhu Ghwhfwlrq/ Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<<;1

^57` V1 Yhug�x/ _Plqlpxp suredelolw| ri huuru iru dv|qfkurqrxv Jdxvvldq pxowlsoh0dffhvv

fkdqqhov/% LHHH Wudqvdfwlrqv rq Lqirupdwlrq Wkhru|/ yro1 LW065/ ss1 ;8~<9/ Mdqxdu|

4<;91

^58` ]1 ]yrqdu dqg G1 Eudg|/ _Pxowlxvhu ghwhfwlrq lq vlqjoh0sdwk idglqj fkdqqhov/% LHHH

Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 75/ ss1 4:5<~4:6</ Iheuxdu|2Pdufk2Dsulo 4<<71

^59` U1 Oxsxv dqg V1 Yhug�x/ _Qhdu0idu uhvlvwdqfh ri pxowlxvhu ghwhfwruv lq dv|qfkurqrxv

fkdqqhov/% LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 6;/ ss1 7<9~83;/ Dsulo 4<<31

^5:` P1N1 Ydudqdvl dqg E1 Dd}kdqj/ _Pxowlvwdjh ghwhfwlrq lq dv|qfkurqrxv frgh0glylvlrq

pxowlsoh0dffhvv frppxqlfdwlrqv/% LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 6;/ ss1

83<~84</ Dsulo 4<<31

^5;` S1 Sdwho dqg M1 Krow}pdq/ _Dqdo|vlv ri d vlpsoh vxffhvvlyh lqwhuihuhqfh fdqfhoodwlrq

vfkhph lq d GV2FGPD v|vwhp/% LHHH Mrxuqdo rq Vhohfwhg Duhdv lq Frppxqlfdwlrqv/

yro1 45/ ss1 ;<9~;3:/ Mxqh 4<<71

^5<` ]1 [lh/ F1N1 Uxvkiruwk/ dqg U1W1 Vkruw/ _Pxowlxvhu vljqdo ghwhfwlrq xvlqj vhtxhqwldo

ghfrglqj/% LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 6;/ ss1 8:;~8;6/ Pd| 4<<31

^63` Z1 Ydq Hwwhq/ _Pd{lpxp olnholkrrg uhfhlyhu iru pxowlsoh fkdqqho wudqvplvvlrq v|v0

whpv/% LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 FRP057/ ss1 5:9~5;6/ Iheuxdu|

4<:91

^64` N1 Jlulgkdu hw do1/ _Qrqolqhdu whfkqltxhv iru wkh mrlqw hvwlpdwlrq ri frfkdqqho vljqdov/%

LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 78/ ss1 7:6~7;7/ Dsulo 4<<:1
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^65` V1G1 Jud|/ P1 Nrflf/ dqg G1 Eudg|/ _Pxowlxvhu ghwhfwlrq lq plvpdwfkhg pxowlsoh0dffhvv

fkdqqhov/% LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 76/ ss1 63;3~63;</ Ghfhpehu

4<<81

^66` S1D1 Udqwd/ D1 Krwwlqhq/ dqg ]1 Krqndvdor/ _Fr0fkdqqho lqwhuihuhqfh fdqfhoolqj uhfhlyhu

iru WGPDpreloh v|vwhpv/% lq Surf1 LHHH LFF*<8/ Vhdwwoh/ ZD/ Mxqh 4<<8/ ss1 4:~541

^67` V1M1 Judqw dqg M1N1 Fdyhuv/ _Shuirupdqfh hqkdqfhphqw wkurxjk mrlqw ghwhfwlrq ri

frfkdqqho vljqdov xvlqj glyhuvlw| duud|v/% LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1

79/ ss1 436;~437</ Dxjxvw 4<<;1

^68` V1M1 Judqw dqg M1N1 Fdyhuv/ _Shuirupdqfh hqkdqfhphqw wkurxjk mrlqw ghwhfwlrq ri

frfkdqqho vljqdov xvlqj glyhuvlw| duud|v/% lq Surf1 LHHH YWF*<;/ Rwwdzd/ Fdqdgd/

Pd| 4<<;/ ss1 436<~43761

^69` V1M1 Judqw dqg M1N1 Fdyhuv/ _Ixuwkhu dqdo|wlfdo uhvxowv rq wkh mrlqw ghwhfwlrq ri frfkdq0

qho vljqdov xvlqj glyhuvlw| duud|v/% wr dsshdu lq LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/

yro1 7;/ Qryhpehu 53331

^6:` P1 Eudqgw0Shdufh/ _Vljqdo vhsdudwlrq xvlqj iudfwlrqdo vdpsolqj lq pxowlxvhu frppx0

qlfdwlrqv/% LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 7;/ ss1 575~584/ Iheuxdu|

53331

^6;` M1 Mrxqj dqg J1O1 Vw�xehu/ _Shuirupdqfh ri wuxqfdwhg fr0fkdqqho lqwhuihuhqfh fdqfholqj

POVH iru WGPD v|vwhpv/% lq Surf1 LHHH YWF*<;/ Rwwdzd/ Fdqdgd/ Pd| 4<<;/ ss1

4:43~4:471

^6<` E1F1Z1 Or dqg N1E1 Odwdlhi/ _Dgdswlyh htxdol}dwlrq dqg lqwhuihuhqfh fdqfhoodwlrq iru

zluhohvv frppxqlfdwlrq v|vwhpv/% LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 7:/ ss1

86;~878/ Dsulo 4<<<1

^73` V1 Wdozdu/ P1 Ylehuj/ dqg D1 Sdxoudm/ _Eolqg vhsdudwlrq ri v|qfkurqrxv fr0fkdqqho

gljlwdo vljqdov xvlqj dq dqwhqqd duud|�Sduw L= Dojrulwkpv/% LHHH Wudqvdfwlrqv rq

Vljqdo Surfhvvlqj/ yro1 77/ ss1 44;7~44<:/ Pd| 4<<91

^74` V1 Wdozdu dqg D1 Sdxoudm/ _Eolqg vhsdudwlrq ri v|qfkurqrxv fr0fkdqqho gljlwdo vljqdov

xvlqj dq dqwhqqd duud|�Sduw LL= Shuirupdqfh/% LHHH Wudqvdfwlrqv rq Vljqdo Surfhvv0

lqj/ yro1 78/ ss1 :39~:4;/ Pd| 4<<:1
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^75` M1 Zdqj dqg M1N1 Fdyhuv/ _Eorfn edvhg eolqg mrlqw ghwhfwlrq ri fr0fkdqqho vljqdov ryhu

Ud|ohljk �dw0idglqj fkdqqhov zlwk dq dqwhqqd duud|/% lq Surf1 LHHH YWF*<<0Vsulqj/

Krxvwrq/ W[/ Pd| 4<<<1

^76` M1 Zdqj dqg M1N1 Fdyhuv/ _Eolqg mrlqw ghwhfwlrq ri frfkdqqho FSIVN vljqdov ryhu

Ud|ohljk �dw0idglqj fkdqqhov zlwk d glyhuvlw| dqwhqqd duud|/% lq Surf1 LHHH YWF*330

Vsulqj/ Wrn|r/ Mdsdq/ Pd| 53331

^77` K1 Olx dqg J1 [x/ _Vpduw dqwhqqdv lq zluhohvv v|vwhpv= Xsolqn pxowlxvhu eolqg fkdqqho

dqg vhtxhqfh ghwhfwlrq/% LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 78/ ss1 4;:~4;</

Iheuxdu| 4<<:1

^78` D1 ydq ghu Yhhq dqg D1 Sdxoudm/ _Dq dqdo|wlfdo frqvwdqw prgxoxv dojrulwkp/% LHHH

Wudqvdfwlrqv rq Vljqdo Surfhvvlqj/ yro1 77/ ss1 4469~4488/ Pd| 4<<91

^79` W1 H1 Elhgnd/ Z1K1 Wudqwhu/ dqg M1K1 Uhhg/ _Frqyhujhqfh dqdo|vlv ri wkh ohdvw phdq

vtxduhv frqvwdqw prgxoxv dojrulwkp lq lqwhuihuhqfh fdqfhoodwlrq dssolfdwlrqv/% LHHH

Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 7;/ ss1 7<4~834/ Pdufk 53331

^7:` S1 GhUxvvr/ U1 Ur|/ dqg F1 Forvh/ Vwdwh Yduldeohv iru Hqjlqhhuv/ Qhz \run= Mrkq

Zloh| dqg Vrqv/ 4<981

^7;` M1N1 Fdyhuv/ _Vlqjoh xvhu dqg pxowlxvhu dgdswlyh pd{lpdo udwlr wudqvplvvlrq iru

Ud|ohljk fkdqqhov/% dffhswhg iru sxeolfdwlrq lq LHHH Wudqvdfwlrqv rq Yhklfxodu Whfk0

qrorj|/ Dsulo 53331

^7<` M1F1 Jxh|/ P1S1 Ilw}/ P1U1 Ehoo/ dqgZ1\1 Nxr/ _Vljqdo ghvljq iru wudqvplwwhu glyhuvlw|

zluhohvv frppxqlfdwlrq v|vwhpv ryhu Ud|ohljk idglqj fkdqqhov/% LHHH Wudqvdfwlrqv rq

Frppxqlfdwlrqv/ yro1 7:/ ss1 85:~86:/ Dsulo 4<<<1

^83` Y1 Wdurnk/ Q1 Vhvkdgul/ dqg D1U1 Fdoghuedqn/ _Vsdfh0wlph frghv iru kljk gdwd udwh

zluhohvv frppxqlfdwlrq= shuirupdqfh fulwhulrq dqg frgh frqvwuxfwlrq/% LHHH Wudqv0

dfwlrqv rq Lqirupdwlrq Wkhru|/ yro1 77/ ss1 :77~:98/ Pdufk 4<<;1

^84` J1M1 Irvfklql/ _Od|huhg vsdfh0wlph dufklwhfwxuh iru zluhohvv frppxqlfdwlrq lq d idglqj

hqylurqphqw zkhq xvlqj pxowl0hohphqw dqwhqqdv/% Ehoo Odev Whfkqlfdo Mrxuqdo/ ss1

74~8</ Vhswhpehu0Rfwrehu 4<<91
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^85` V1M1 Judqw dqg M1N1 Fdyhuv/ _Wudqvplw duud|v zlwk mrlqw ghwhfwlrq iru lqfuhdvlqj grzq0

olqn fdsdflw|/% vxeplwwhg wr LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ Mxo| 53331

^86` E1D1 Emhunh dqg M1J1 Surdnlv/ _Pxowlsoh0dqwhqqd glyhuvlw| whfkqltxhv iru wudqvplvvlrq

ryhu idglqj fkdqqhov/% lq Surf1 LHHH ZFQF*<</ Qhz Ruohdqv/ OD/ Vhswhpehu 4<<<1

^87` M1N1 Fdyhuv dqg S1 Kr/ _Dqdo|vlv ri wkh shuirupdqfh ri wuhoolv0frghg prgxodwlrqv lq

Ud|ohljk0idglqj fkdqqhov/% LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 73/ ss1 :7~;6/

Mdqxdu| 4<<51

^88` O1 Zhoexuq dqg M1N1 Fdyhuv/ _Dffxudwh huuru udwh fdofxodwlrqv wkurxjk wkh lqyhuvlrq ri

fkdudfwhulvwlf ixqfwlrqv zlwk erwk pxolwsoh dqg glvfuhwh srohv/% VIX Lqwhuqdo Uhsruw/

Iheuxdu|/ 53331

^89` J1G1 Iruqh| Mu1/ _Wkh Ylwhuel dojrulwkp/% LHHH Surfhhglqjv/ yro1 94/ ss1 59;~5:;/

Pdufk 4<:61

^8:` M1N1 Fdyhuv/ _Dq dqdo|vlv ri slorw v|pero dvvlvwhg prgxodwlrq iru Ud|ohljk idglqj

fkdqqhov/% LHHH Wudqvdfwlrqv rq Yhklfxodu Whfkqrorj|/ yro1 73/ ss1 9;9~9<6/ Qryhpehu

4<<41

^8;` V1D1 Ihfkwho dqg K1 Ph|hu/ _Rswlpdo sdudphwulf ihhgiruzdug hvwlpdwlrq ri iuhtxhqf|0

vhohfwlyh idglqj udglr fkdqqhov/% LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 75/ ss1

496<~4983/ Iheuxdu|2Pdufk2Dsulo 4<<71

^8<` Q1Z1N1 Or/ G1G1 Idofrqhu/ dqg D1X1K1 Vkhlnk/ _Dgdswlyh htxdol}dwlrq dqg glyhuvlw|

frpelqlqj iru preloh udglr xvlqj lqwhusrodwhg fkdqqho hvwlpdwhv/% LHHH Wudqvdfwlrqv

rq Yhklfxodu Whfkqrorj|/ yro1 73/ ss1 969~978/ Dxjxvw 4<<41

^93` E1F1 Qj/ P1 Fhghuydoo/ dqg D1 Sdxoudm/ _D vwuxfwxuhg fkdqqho hvwlpdwru iru pd{lpxp0

olnholkrrg vhtxhqfh ghwhfwlrq/% LHHH Frppxqlfdwlrq Ohwwhuv/ yro1 4/ ss1 85~88/ Pdufk

4<<:1

^94` P1O1 Prkhu dqg M1K1 Orgjh/ _WFPS0d prgxodwlrq dqg frglqj vwudwhj| iru Ulfldq

idglqj fkdqqhov/% LHHH Mrxuqdo rq Vhohfwhg Duhdv lq Frppxqlfdwlrqv/ yro1 :/ ss1

467:~4688/ Ghfhpehu 4<;<1
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^95` I1 Olqj/ _Frkhuhqw ghwhfwlrq zlwk uhihuhqfh v|pero edvhg fkdqqho hvwlpdwlrq iru gluhfw

vhtxhqfh FGPD xsolqn frppxqlfdwlrqv/% lq Surf1 LHHH YWF*<6/ Vhfdxfxv/ QM/ Pd|

4<<6/ ss1 668~6771

^96` R1 Qhvshu dqg S1 Kr/ _D slorw v|pero dvvlvwhg lqwhuihuhqfh fdqfhoodwlrq vfkhph iru dq

dv|qfkurqrxv GV2FGPD v|vwhp/% lq Surf1 LHHH Jorehfrp*<9/ Orqgrq/ XN/ Qryhp0

ehu 4<<9/ ss1477:~47841

^97` V1M1 Judqw dqg M1N1 Fdyhuv/ _Pxowlxvhu fkdqqho hvwlpdwlrq iru ghwhfwlrq ri frfkdqqho

vljqdov/% vxeplwwhg wr LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ Rfwrehu 4<<;1

^98` V1M1 Judqw dqg M1N1 Fdyhuv/ _Pxowlxvhu fkdqqho hvwlpdwlrq iru ghwhfwlrq ri frfkdqqho

vljqdov/% lq Surf1 LHHH LFF*<</ Ydqfrxyhu/ Fdqdgd/ Mxqh 9043/ 4<<<1

^99` V1Q1 Fur}lhu/ G1G1 Idofrqhu/ dqg V1D1 Pdkprxg/ _Ohdvw vxp ri vtxduhg huuruv +OVVH,

fkdqqho hvwlpdwlrq/% LHH Surfhhglqjv0I/ yro1 46;/ ss1 6:4~6:;/ Dxjxvw 4<<41

^9:` M1F1O1 Qj/ N1E1 Ohwdlhi/ dqg U1G1 Pxufk/ _Frpsoh{ rswlpdo vhtxhqfhv zlwk frqvwdqw

pdjqlwxgh iru idvw fkdqqho hvwlpdwlrq lqlwldol}dwlrq/% LHHH Wudqvdfwlrqv rq Frppx0

qlfdwlrqv/ yro1 79/ ss1 638~63;/ Pdufk 4<<;1

^9;` G1Y1 Vduzdwh dqg P1E1 Sxuvoh|/ _Furvvfruuhodwlrq surshuwlhv ri svhxgrudqgrp dqg

uhodwhg vhtxhqfhv/% LHHH Surfhhglqjv/ yro1 9;/ ss1 8<6~94</ Pd| 4<<31

^9<` \1\hk dqg V1F1 Vfkzduw}/ _Rxwdjh suredelolw| lq preloh whohskrq| gxh wr pxowlsoh

orj0qrupdo lqwhuihuhuv/% LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/ yro1 65/ ss1 6;3~6;;/

Dsulo 4<;71

^:3` N1V1 Jlokrxvhq hw do1/ _Rq wkh fdsdflw| ri d fhooxodu FGPD v|vwhp/% LHHH Wudqvdfwlrqv

rq Yhklfxodu Whfkqrorj|/ yro1 73/ ss1 636~645/ Pd| 4<<41

^:4` V1 Fkhqqdnhvkx/ D1D1 Kdvvdq/ M1E1 Dqghuvrq/ dqg E1 Jxgpxqgvrq/ _Fdsdflw| dqdo|0

vlv ri d WGPD0edvhg vorz0iuhtxhqf|0krsshg fhooxodu v|vwhp/% LHHH Wudqvdfwlrqv rq

Yhklfxodu Whfkqrorj|/ yro1 78/ ss1 864~875/ Dxjxvw 4<<91

^:5` S1D1 Udqwd/ ]1 Krqndvdor/ dqg M1 Wdsdqlqhq/ _WGPD fhooxodu qhwzrun dssolfdwlrq ri

dq lqwhuihuhqfh fdqfhoodwlrq whfkqltxh/% lq Surf1 LHHH YWF*<8/ Fklfdjr/ LO/ Pd| 4<<81
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^:6` D1I1 Qdjxle/ D1 Sdxoudm/ dqg W1 Ndlodwk/ _Fdsdflw| lpsuryhphqw zlwk edvh0vwdwlrq

dqwhqqd duud|v lq fhooxodu FGPD/% LHHH Wudqvdfwlrqv rq Yhklfxodu Whfkqrorj|/ yro1

76/ ss1 9<409<;/ Dxjxvw 4<<71

^:7` V1M1 Judqw dqg M1N1 Fdyhuv/ _Dqdo|wlfdo fdofxodwlrq ri rxwdjh suredelolw| iru d jhqhudo

fhooxodu preloh udglr v|vwhp/% lq Surf1 LHHH YWF*<<0Idoo/ Dpvwhugdp/ Wkh Qhwkhu0

odqgv/ Vhswhpehu 4<<<1

^:8` V1M1 Judqw dqg M1N1 Fdyhuv/ _Lqfuhdvhg xsolqn fdsdflw| iru WGPD v|vwhpv wkurxjk

mrlqw ghwhfwlrq zlwk glyhuvlw| duud|v/% lq Surf1 LHHH YWF*<<0Idoo/ Dpvwhugdp/ Wkh

Qhwkhuodqgv/ Vhswhpehu 4<<<1

^:9` V1M1 Judqw dqg M1N1 Fdyhuv/ _Dqdo|wlfdo hydoxdwlrq ri wkh xsolqn fdsdflw| ri d jhqhudo

fhooxodu preloh udglr v|vwhp/% vxeplwwhg wr LHHH Wudqvdfwlrqv rq Frppxqlfdwlrqv/

Mdqxdu| 53331

^::` V1M1 Judqw dqg M1N1 Fdyhuv/ _Lqfuhdvhg xsolqn fdsdflw| iru WGPD v|vwhpv wkurxjk

mrlqw ghwhfwlrq zlwk glyhuvlw| duud|v/% vxeplwwhg wr LHHH Wudqvdfwlrqv rq Frppxql0

fdwlrqv/ Iheuxdu| 53331

^:;` Q1F1 Ehdxolhx/ D1D1 Dex0Gd||d/ dqg S1M1 PfOdqh/ _Hvwlpdwlqj wkh glvwulexwlrq ri d

vxp ri lqghshqghqw orj0qrupdo udqgrp yduldeohv/% LHHH Wudqvdfwlrqv rq Frppxql0

fdwlrqv/ yro1 76/ ss1 5;9<~5;:6/ Ghfhpehu 4<<81

^:<` G1F1 Vfkohkhu/ _Jhqhudol}hg Judp0Fkduolhu vhulhv zlwk dssolfdwlrq wr wkh vxp ri orj0

qrupdo yduldwhv/% LHHH Wudqvdfwlrqv rq Lqirupdwlrq Wkhru|/ ss1 5:8~5;3/ Pdufk 4<::1

^;3` L1V1 Judgvkwh|q dqg L1P1 U|}kln/ Wdeoh ri Lqwhjudov/ Vhulhv/ dqg Surgxfwv1 Vdq Glhjr=

Dfdghplf Suhvv/ 4<<71


