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Abstract— Joint detection based on exploiting differences
among the channels employed by several users allows a re-
ceiver to distinguish cochannel signals without reliance on
spectrum spreading. This paper makes a number of new
contributions to the topic: it provides an analytical expres-
sion for the union bound on average symbol error rate for an
arbitrary number of users and diversity antennas in a fad-
ing environment, for both perfect and imperfect CSI, and it
compares the performance of joint detection with diversity
antennas against classical MMSE combining. The perfor-
mance is remarkable. With accurate CSI, several users can
experience good performance with only a single antenna;
moreover, for perfect CSI, only a 2 dB penalty is incurred
for each additional user. With several antennas, many more
users than the number of antennas may be supported with
a slow degradation in performance for each additional user.
Furthermore, high accuracy is not required from the chan-
nel estimation process. In all cases, the performance of
joint detection exceeds that of MMSE combining by orders
of magnitude.

I. INTRODUCTION

Joint detection is a method whereby the central receiver
in a communication system exploits differences among sev-
eral cochannel users’ signals in order to make a simultane-
ous decision on all of the users’ data. In this way, several
signals can occupy the same frequency and time slot, lead-
ing to improved spectrum efficiency and system capacity.

Recently, much attention has been focused on joint de-
tection for CDMA systems [1], [2], [3] where the users’
orthogonal spreading sequences are used to distinguish the
signals. An alternative method, though, is to exploit dif-
ferences in the channels between each user and the central
receiver. This method does not rely on spectrum spread-
ing, therefore it can be applied to narrowband systems
such as FDMA or TDMA. Since the number of users shar-
ing the same slot in a such systems is likely to be much less
than in a CDMA system, the computational complexity of
the joint detection algorithm may not be as significant an
issue.

Joint detection based solely on channel differences has
received only limited attention in the literature, e.g. [4],
(5], [6]. The present paper makes a number of new con-
tributions. It appears to be the first to address multiuser
detection based on channel differences in the context of fad-
ing channels. It provides an analytical expression for the
union bound on average symbol error rate for an arbitrary
number of users and diversity antennas, for both perfect

and imperfect CSI. In addition, it compares the perfor-
mance of joint detection with diversity antennas against
MMSE antenna combining—a classical approach for sup-
pressing cochannel interference when making single user
decisions [7].

I1I. SysTEM MoODEL

This paper focuses on the transmission of M cochannel
signals over frequency-flat Rayleigh fading channels. The
signals are assumed to be PSK modulated and synchro-
nized by symbol, with the m-th user’s transmitted signal
given by

sm(t) = Am Zcm ()p(t— kT) (1)
k

where ¢, (k) is the m-th user’s data symbol during the k-
th signalling interval, p (¢) is a root Nyquist pulse, T is the
symbol period; and A,, = +/2P,, where P,, is the average
power in 5,,(t). Although the model has been simplified by
requiring users to be synchronized by symbol, this study
provides the motivation for investigation of asynchronous
performance.

L-fold antenna diversity is employed at the raceiver
with the antenna elements spaced far enough apart to en-
sure independent fading (Fig. 1). After matched filter-
ing and symbol rate sampling the received signal vector is
given by

M
r(k)= ) Amgm (k) cm (k) + (k). (2)
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Fig. 1. Joint detection receiver model.



The elements of the complex Gaussian noise vector n (k)
and the m-th user’s complex Gaussian channel gain vector
gm (k) are assumed to be i.i.d. and zero-mean with vari-
ance N, and ‘73,.. respectively. Furthermore, the users are
assumed to be spaced far enough apart (a few wavelengths)
such that the M users’ channel gain vectors are mutually
independent. The output of the detector is the vector of
symbol decisions € (k) which is an estimate of the trans-
mitted data vector c (k) = (c1 (k),c2(k),...,cm (k).

It is assumed in this study that estimates of all users’
channel gains are available at the receiver. To keep the
treatment general, we have not prescribed a specific chan-
nel estimation scheme, although estimates are typically ob-
tained through the use of embedded references such as pi-
lot tones or pilot symbols [8], [9]. It is assumed that the
elements of the estimate of g, (k) (denoted vy, (k)) are
1.i.d., zero-mean, complex Gaussian random variables with
variance o'fm. Furthermore, the corresponding elements
of vi, (k) and g, (k) are correlated with correlation co-
efficient pp,. It is important to emphasize that the p,’s
collectively reflect the quality of channel estimation, with
the limiting case of perfect CSI occuring for p,, = 1 for all
users.

II1. JoiNT DETECTION METRIC

Let C = {(ci1,ci2,.-..,cipr)} be the set of all possible
transmitted data vectors where the time dependence of all
variables has been dropped in the subsequent analysis for
convenience. For M users and a PSK constellation size of
@, the number of possible data vectors is Q™. The joint
detection metric is derived starting from the observation
that the detector should select the vector ¢; from the set C
for which the probability p(r | ¢;, V) is maximum, where
the matrix V is used simply to denote the M channel es-
timate vectors.

Observing (2), it can be seen that r conditioned on ¢;
and V is Gaussian. Thus,

T —
(r - ”"'C-‘»V) R'rltlzg,V (r - ”‘rlc‘-,V)
2

p(r|ci, V) ~exp |-

(3)
where the conditional mean and covariance matrix of r are
given by

M ,
Bejc;, v = Z Amcim“gmlvm (4)
m=1
and
M
Reje,v = ALRg v, + NoI (5)
m=1

respectively, where I is the L x L identity matrix. The
conditional mean and covariance matrix of g, are deter-
mined as follows: first define the length-2L vector x,, =
(glm,vlm,y2m,vgm,...,ng,vLm)T, i.e. the elements of

gm and v, interlaced. The conditional pdf of g, is then

(02 L exp [—:}x;fnR;ixm] 6
=l

L
(27'), [Rx,.| exp [—-5—;13—vmvm

P(8n | vm) =

where the covariance matrix of x,,, is a 2L x 2L block diag-
onal matrix due to independent fading across the antenna
array. The 2 x 2 blocks on the main diagonal are given by

2
o pmagmavm
R, = gm . 7
[ p:?lagmo.vm 0'3"' ] ( )

Expanding (6) and cancelling terms yields

1 1
P(on | vm) = sz exp [~gehien|  (©)
€m m
where
em = gm — PmVm, 9
o
Bm = pm agm s (10)
d
. 2 2 (1 2
. =%, - Ipml . (11)
Consequently, p, 1, = BnVm and Rg, |y, = o2 L

From basic estimation theory [10], the optimal estimate of
gm based on v,, is given by the conditional mean Bg v
thus, (9) gives the error in the estimate of g,,, and (11)
gives the estimation error variance. Furthermore, e, and
V., are uncorrelated.

Substituting the results for pg |, and Rg, |, into
(4) and (5) and the resulting expressions into (3) yields
the joint detection metric

L M 2
A; = E r;— Z A B Cim Vim (12)

=1 m=1

which must be minimized over the set C.

Evidently, the receiver requires knowledge of the prod-
uct A, vin for every user. Fortunately, this quantity is
generated explicitly in a pilot-based channel estimator, e.g.
[8]. The other required parameter, B, is determined at
design time; however, if the true channel statistics differ
from the design statistics, a bias is introduced. We have
assumed the bias to be zero, and focused the analysis on
the random channel estimation errors.

IV. ERROR PROBABILITY ANALYSIS

This section contains an analysis of the error perfor-
mance of joint detection based on the metric derived above.
For reference, an analysis of the error performance of the
well known MMSE combining receiver [7] with the addi-
tion of channel estimates is presented as well. In contrast
to joint detection which exploits knowledge of other users’
channels to make a single joint decision, the MMSE com-
bining receiver makes separate decisions on each user’s
data while attempting to suppress the interference from
other users.



A. Joint Detection

Let the transmitted data vector be
¢; = (cj1,¢52,..-,¢ipm). According to (12), the detector
chooses the erroneous data vector ¢; = (ci1, ciz, - .-, Cim)

instead of ¢; if A; < A;. The probability of this pairwise er-
ror event is denoted P (D;; < 0| ¢;) where D;; = A; — A;.
The union bound on the probability of symbol error for
the m-th user is given by

P, <Y P(D;<0]c;) (13)

where i indexes the subset of vectors in C that differ in
their m-th position from ¢;. The pairwise error probabil-
ity P(D;j < 0] c;) is determined in the following manner.
First, using an alternative form of the metric defined in
(12) the random variable D;; can be written as the sum of
L Hermitian quadratic forms in M + 1 zero-mean complex
Gaussian random variates:

L
Di; = ZZIFisz (14)
=1

where the length M + 1 vector z; is defined as
zZ; = (T(,U}l,vlz,...,v[M)T (15)

with covariance matrix R = 1 E [zzz, | cJ] Note that due

to independent fading across the antenna array, the z;’s in
(14) are independent. Furthermore, R is independent of [.
The rank 2 Hermitian matrix F;; is defined as

Fi; = (u,'uf - uju;) (16)
where
u; = (1, —Aifici, —A2Bacin, . . ., —AmBrrein)’  (17)
and
T
—AmPucim)  (18)

According to [11, eq. (B-3-21)] the two-sided Laplace
transform of the pdf of D;; is

uj = (la —Alﬂlcjl, —A2,B2Cj2, ceey

®p,;(s) = [det a +123RF,-,-)]L

1
- [HM+1 (1 + sAijz)

where );;x is the k-th eigenvalue of 2RF;;.

Since F;; is only rank 2, the matrix 2RF;; has only two
non-zero eigenvalues denoted A;j; and A2 (one positive
and one negative). Thus (19) reduces to a form similar to
[12, eq. (4B 7)]. With suitable modifications, the sought
after pairwise error probability P (D;; < 0] c;) is easily

L
| o

determined. The resulting symbol error probability for the
m-th user is then

2L — 1 i \*
Pus o () ()
(1- xm)

(20)
where the convention is used that the eigenvalue Ajj; is
positive and A;j2 is negative.

B. MMSE Combining

As is well known [7], the MMSE combining receiver
weights the received signal vector r (k) by the weight vec-
tor W, (k) and combines the weighted signals to form an
estimate of the m-th user’s symbol ¢, (k). The output of
the detector is the symbol decision ¢, (k) which is chosen
to be that symbol closest in Euclidean distance to the com-
biner output ¢, (k) = w}, (k)r (k). With the addition of
channel estimates, the optimal weight vector for the m-th
user is given by

wt = (E[rx!| cm,V])“1 Elenr | em, V] (21)

M -1
(Z A2 (vav] + 202 1) + 2N01) A B Vim.

n=1

The expectation in (21) is taken over the joint ensemble of
channel estimation errors, noise, and the M — 1 interfering
users’ symbols. This result extends that in [7] to include
the effects of imperfect channe] estimation. For the case of
perfect CSI though, (21) and [7, eq. (9)] are equivalent.

For the special case of BPSK modulation, the probabil-
ity of bit error for the m-th user, denoted P;_, is

Py, =P[Re[cn] <0 |cm = +1]. (22)

Unfortunately, the pdf of ¢,, is difficult to obtain for M > 1
due to the matrix inversion in (21). Thus, in order to
determine bit error rates for arbitrary M, simulation is
required.

V. PERFORMANCE RESULTS

In this section we provide some numerical results for
BPSK modulation that follow from the analysis in the
previous section. For the results concerning perfect CSI,
pm =1and 62 =0 for all users.

Fig. 2 shows the performance of joint detection of
equipower signals using only a single antenna. Observing
the perfect CSI curves, the performance degrades by only
about 2 dB for each additional user. This value decreases
to approximately 0.2 dB with 4 antennas. In the case of
imperfect CSI, an error floor results in the high SNR region
similar to that observed in systems employing differential
detection. As can be seen, though, up to 4 users may be
supported while still maintaining an error rate below 10~2
—a striking result for only a single antenna.

These results are quite general in that we have as-
sumed an arbitrary—but fixed—p,, with no reference to
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Fig. 2. Performance of joint detection for a single antenna, equipower
users, and both perfect CSI (lower curves) and imperfect CSI
(upper curves) with p,, = 0.999 for all users.

the actual channel estimation scheme used. In a future
paper, multiuser channel estimation schemes will be inves-
tigated. A fixed value of p,, may give pessimistic results,
though, since in typical systems employing pilot symbols,
e.g. [8], channel estimation accuracy improves with in-
creasing SNR.

For illustrative purposes, results comparing the perfor-
mance using variable (SNR dependent) and fixed pp, val-
ues are presented in Fig. 3. The model used for variable
pm is derived from [8] assuming typical parameters used
in the PSAM scheme. Note that at the midpoint of the
SNR range (20 dB) the variable and fixed values of p,, are
equivalent (0.999). Evidently use of the variable p,, model
eliminates the error floor and results in performance de-
graded by a constant amount from the perfect CSI case
over the whole SNR range. This behaviour is typical of
what we have observed in other situations described in
this paper.

Fig. 4 compares the performance of both joint detection
and MMSE combining for 2 antennas assuming imperfect
CSI and equipower users. Clearly joint detection outper-
forms MMSE combining by a very large margin. Evidently
joint detection can support many more users than the num-
ber of antennas. This fact is clearly illustrated in Fig. 5
in which the error performance of both joint detection and
MMSE combining are plotted against number of users at a
fixed SNR. As can be seen, the performance of joint detec-

tion degrades slowly as the number of users increases. In .

contrast, the performance of MMSE combining degrades
very quickly and saturates at an unacceptably high error
rate for M > L.

To illustrate the channel estimation accuracy required
to achieve a given performance for various numbers of users
and antennas, Fig. 6 shows the correlation coefficient p,,
required to achieve an error floor of 10~3. As can be seen,
the accuracy requirements relax as each additional antenna

BER

10} J
Perfact CSI

10”1 Vasiable p_

0 5 10 15 20 25 30 35 40
SNR (dB) :
Fig. 3. Comparison of performance using fixed and variable p.,

models for the detection of M = 4 equipower users using a single
antenna.
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Fig. 4. Performance of joint detection compared to MMSE combin-
ing for L = 2 antennas, and imperfect CSI with p,, = 0.999 for
all users.

is added. For example, for 2 antennas, the correlation coef-
ficient must be no less than about 0.995 for the detection of
4 users, whereas for 4 antennas, the correlation coefficient
must be no less than about. 0.95.

Fig. 7 presents results for two different non-equipower
distributions. Note that the BER of each user is plotted
against its own SNR. This implies that at a given SNR,
the noise level is different for each user: smaller for the
weak users, larger for the strong users. Consequently, the
performance of the weak users appears to be better than
that of the strong users. To make a comparison at the same
noise level, i.e. under the same operating conditions, one
must mentally shift the weak users’ curves to the right by
an amount equivalent to the power difference between the
users (10 dB in this case). Comparison under the same
operating conditions reveals that the performance of the
strong users is better than that of the weak users by about



MMSE

BER

1 2 3 4 5 6
Number of Users (M)
Fig. 5. Performance of joint detection.compared to MMSE combin-

ing for a fixed SNR of 12 dB, equipower users, and imperfect CSI
with py = 0.99 for all users.

1 2 3 4 5 6 7 8 9 10
Number of Users (M)

Fig. 6. Channel estimation correlation coefficient required to achieve
error floor of 10~3 for equipower users.

7-8 dB. Moreover, the performance of all users is degraded
from the equipower case, indicating that in an operational
system, some degree of power control may be desirable.

VI. CONCLUSIONS

In this paper we have considered the joint detection
of multiple cochannel, symbol synchronous, PSK signals
using a diversity antenna array in a system with chan-
nel estimates available at the receiver. Results show that
performance is very good: within the limits of achievable
channel estimation accuracy, it is shown that several users
may be supported using only a single antenna while main-
taining the error floor below 10~2—a commonly accepted
threshold value. In the case of diversity reception, many
more users than the number of antennas may be supported
with a slow degradation in performance with each addi-
tional user. For all combinations of numbers of users and
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Fig. 7. Error performance of both strong and weak users (10 dB
power difference) for L = 2 antennas, M = 4 users, and perfect
CSI. Case 1: 3 strong/1 weak, Case 2: 1 strong/3 weak.

antennas, joint detection shows orders of magnitude im-
provement over MMSE combining.

Useful bounds are presented which indicate the channel
estimation accuracy required in order to achieve a given
level of performance. Generally, the accuracy requirements
relax significantly as the number of antennas is increased.

Unequal power distributions are investigated and it is
found that both the weak and strong users performance
is degraded from the equipower case, indicating that in
a practical system some degree of power control may be
desirable.
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