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Dxfnodqg/ Sulydwh Edj <534</ Dxfnodqg/ Qhz ]hdodqg1

Devwudfw�Wklv sdshu lqyhvwljdwhv wkh grzqolqn shu0
irupdqfh ri dq lqgrru GV0FGPD v|vwhp wkdw shu0

irupv dq rswlpl}dwlrq rq wkh wudqvplw srzhu ri pdfur0
glyhuvlw| dqwhqqdv1 Rxu uhvxowv vkrz wkdw wkh srzhu
rswlpl}dwlrq vljql�fdqwo| lqfuhdvhv v|vwhp fdsdflw|1
Zh suhvhqw d joredo rswlpl}dwlrq vwudwhj| wkdw door0
fdwhv srzhu dw wkh ydulrxv pdfurglyhuvlw| dqwhqqdv
vr wkdw wkh dyhudjh ri doo xvhuv* EHUv lv plqlpl}hg1

Lq sudfwlfh/ wkh frpsoh{lw| ri wklv joredo rswlpl}dwlrq
sureohp lv uhgxfhg dv pdq| ri wkh olqnv duh h{wuhpho|
zhdn dqg fdq eh uhpryhg iurp wkh rswlpl}dwlrq1 Rxu
vlpxodwlrq uhvxowv ghprqvwudwh wkdw zkhq frpsduhg wr
wudglwlrqdo vriw kdqgr� srzhu doorfdwlrq/ rxu rswlpl}d0

wlrq dojrulwkp lqfuhdvhv wkh fdsdflw| iru d jlyhq txdo0
lw| ri vhuylfh1 Wkh vlpxodwlrq uhvxowv lqglfdwh grzqolqn
fdsdflw| jdlqv rq wkh rughu ri 43053(1

L1 LQWURGXFWLRQ

Pdfurglyhuvlw| lq d GV0FGPD v|vwhp lv uhodwhg
wr vriw kdqgr�/ dv d preloh xqlw lv wudqvihuuhg iurp
rqh edvh vwdwlrq wr dqrwkhu1 Lq wklv sdshu/ krzhyhu/
zh jhqhudol}h pdfurglyhuvlw| iurp d vlpsoh vriw kdqg0
r� wr dfwlyh sduwlflsdwlrq e| pxowlsoh edvh vwdwlrqv
wkurxjkrxw d fdoo1 Zh h{dplqh lqgrru v|vwhpv lq sdu0
wlfxodu1
Wkh wkuhh glphqvlrqdo hqylurqphqw ri dq lqgrru

zluhohvv v|vwhp suhvhqwv qhz rssruwxqlwlhv lq wkh duhd
ri pdfurglyhuvlw| frpelqlqj1 D preloh xqlw frxog
eh srwhqwldoo| frqqhfwhg wr pxowlsoh edvh vwdwlrqv rq
wkh vdph  rru dorqj zlwk edvh vwdwlrqv rq  rruv or0
fdwhg deryh dqg ehorz wkh preloh xqlw1 Wkh srvvl0
elolw| ri frqqhfwlqj wr edvh vwdwlrqv rq ydulrxv  rruv
ri d exloglqj lv vxssruwhg e| uhfhqw vwxglhv lq lqgrru
zluhohvv sursdjdwlrq ^4`/ ^5`1 Wkh dxwkruv ri ^4` dqg
^5` kdyh lghqwl�hg fruuhodwhg vkdgrzlqj ehwzhhq wkh
 rruv ri d exloglqj dv dq lpsruwdqw fkdudfwhulvwlf wkdw
kdv d gluhfw h�hfw rq v|vwhp shuirupdqfh1 Lqghhg/
fruuhodwhg vkdgrzlqj frpelqhg zlwk lqghshqghqw idvw
idglqj lpsolhv wkdw pdfurglyhuvlw| fdq eh h{whqghg
eh|rqg lwv wudglwlrqdo xvh lq vriw kdqgr�1
Pdfurglyhuvlw| dozd|v lpsuryhv wkh txdolw| ri wkh

uhyhuvh olqn1 Wkh edvh vwdwlrqv frqqhfwhg wr wkh pr0
eloh xqlw +l1h1 wkh edvh vwdwlrqv lq wkh Dfwlyh Vhw,
iruzdug wkhlu ghprgxodwhg +ru srvvleo| xqghprgx0
odwhg, vljqdov wr wkh v|vwhp frqwuroohu iru glyhuvlw|
frpelqlqj1 Wkhuhiruh/ uhyhuvh olqn glyhuvlw| frpelq0
lqj fdxvhv lqfuhdvhg wud!f lq wkh zluholqh qhwzrun/
exw qr h{wud lqwhuihuhqfh lv jhqhudwhg lq wkh zluhohvv

sruwlrq ri wkh qhwzrun1

Lq frqwudvw/ pdfurglyhuvlw| rq wkh grzqolqn lv
htxlydohqw wr jhqhudwlqj duwl�fldo pxowlsdwk1 Wkh dg0
ydqwdjh ri wklv duwl�fldo pxowlsdwk lv wkh lqfuhdvhg
glyhuvlw| suhvhqw dw wkh preloh xqlw*v UDNH uhfhlyhu1
Krzhyhu/ wkh glvdgydqwdjh ri duwl�fldo pxowlsdwk lv
wkh lqfuhdvh lq wkh ryhudoo ohyho ri lqwhuihuhqfh1 Suhyl0
rxv vwxglhv lqwr wkh h�hfwv ri vriw kdqgr� rq grzqolqn
fdsdflw| vxjjhvw wkdw wkh lqfuhdvhg lqwhuihuhqfh jhq0
hudoo| qhxwudol}hv wkh dgghg glyhuvlw| iru xqvhfwrul}hg
fhoov ^6`/ ^7` dqg ^8`1 Lq wkhvh sdshuv/ doo ri wkh edvh vwd0
wlrqv lq wkh Dfwlyh Vhw wudqvplw wkh vdph srzhu wr wkh
preloh xqlw lq vriw kdqgr�1 Wkh dxwkruv ri ^9` lqyhvwl0
jdwh wkh doorfdwlrq ri gl�huhqw wudqvplw srzhuv dw wkh
edvh vwdwlrqv lq wkh Dfwlyh Vhw/ edvhg rq wkh suhplvh
wkdw d edvh vwdwlrq zlwk d ehwwhu olqn wr wkh preloh
xqlw vkrxog wudqvplw zlwk d kljkhu srzhu1 Krzhyhu/
wklv w|sh ri srzhu doorfdwlrq grhv qrw edodqfh wkh
ghfuhdvh lq rqh xvhu*v EHU gxh wr d wudqvplw srzhu
lqfuhdvh djdlqvw wkh lqwhuihuhqfh h{shulhqfhg e| wkh
rwkhu xvhuv1 Lq ^:`/ d fhqwudol}hg grzqolqn srzhu frq0
wuro dojrulwkp lv lqwurgxfhg iru pxowl0dqwhqqd wudqv0
plvvlrq1 Wkh dxwkruv vlpsoli| wkhlu vroxwlrq dqg fuh0
dwh d ghfhqwudol}hg dojrulwkp fdoohg wkh �Juhhg| Do0
jrulwkp1� Wkhlu uhvxowv lqglfdwh wkdw wkh �Juhhg| Do0
jrulwkp� phhwv wkh vdph EHU uhtxluhphqw dv htxdo
srzhu pxowl0dqwhqqd wudqvplvvlrq/ exw zlwk ohvv ryhu0
doo wudqvplw srzhu1 Lq wklv sdshu/ zh irfxv rq rswl0
pl}lqj wkh pdfurglyhuvlw| dqwhqqd wudqvplw srzhuv
e| plqlpl}lqj wkh dyhudjh ri doo xvhuv* EHUv1 Zh
txdqwli| wkh lpsuryhphqw ri rxu rswlpl}dwlrq dojr0
ulwkp lq whupv ri grzqolqn fdsdflw| jdlqv uhdol}hg lq
dq lqgrru GV0FGPD v|vwhp1

Srzhu doorfdwlrq dprqj wkh pdfurglyhuvlw| dqwhq0
qdv lv qrw vwudljkwiruzdug1 Iru h{dpsoh/ dv vhhq lq
Ilj1 4/ lw pd| vhhp uhdvrqdeoh iru wzr dqwhqqdv +D4
dqg D5, wr doorfdwh htxdo srzhuv wr d preloh xqlw
+X4, li wkh vljqdov duh uhfhlyhg zlwk htxdo vwuhqjwk1
Krzhyhu/ li D5 kdv d vwurqjhu olqn wr dqrwkhu preloh
xqlw +X5,/ lw zloo eh dgydqwdjhrxv iru D4 wr doorfdwh
prvw ri wkh srzhu wr X4 lq rughu wr uhgxfh lqwhuihu0
hqfh dw X51 Rxu joredo rswlpl}dwlrq dgguhvvhv wklv
nlqg ri vlwxdwlrq e| plqlpl}lqj wkh vxp ri wkh lqgl0
ylgxdo preloh xqlw*v hvwlpdwhg EHUv1 Wkh EHU dw
hdfk preloh xqlw lv hvwlpdwhg dv d slhfhzlvh olqhdu
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Ilj1 41 D w|slfdo lqgrru zluhohvv sursdjdwlrq vfhqdulr

ixqfwlrq wkdw lv edvhg rq wkh dv|pswrwlf ehkdylru ri
frghg glyhuvlw| uhfhswlrq zlwk xqhtxdo VQUv1 Wkh
rswlpl}dwlrq lv lpsohphqwhg dv d vwhhshvw ghvfhqw do0
jrulwkp rshudwlqj dw wkh uhodwlyho| vorz vkdgrzlqj
udwh1
Wkh grzqolqn shuirupdqfh ri d GV0FGPD v|vwhp

zloo ehfrph lqfuhdvlqjo| lpsruwdqw dv wklug jhqhud0
wlrq fhooxodu v|vwhpv lqfrusrudwh gl�huhqw nlqgv ri
wud!f1 Vhuylfhv vxfk dv yrlfh/ lpdjh/ dqg srvvleo|
ylghr zloo rqo| eh pdgh srvvleoh li wkh qhwzrun fdq
wudqvplw zlwk d kljk gdwd udwh zkloh dfklhylqj dq df0
fhswdeoh txdolw| ri vhuylfh1 Lq rughu wr dgguhvv wkh
lvvxh ri xwlol}lqj GV0FGPD zlwk d gl�huhqw gdwd udwh
dqg d gl�huhqw EHU uhtxluhphqw wkdq lv qrupdoo|
xvhg iru yrlfh frppxqlfdwlrqv/ zh frpsduh wkh shu0
irupdqfh ri rxu rswlpl}dwlrq dojrulwkp wr wkdw iru
wudglwlrqdo vriw kdqgr� lq d qxpehu ri gl�huhqw vlwx0
dwlrqv1 Lq doo fdvhv/ wkh rswlpl}dwlrq dojrulwkp rxw0
shuirupv wudglwlrqdo vriw kdqgr� srzhu doorfdwlrq dqg
vljql�fdqwo| lqfuhdvhv wkh grzqolqn fdsdflw|1

LL1 V\VWHP PRGHO

Wkh prgho ghvfulehg ehorz iru wkh grzqolqn ri d
GV0FGPD v|vwhp lv vlplodu lq irupxodwlrq wr wkdw
xvhg iru pxowlxvhu ghwhfwlrq rq wkh xsolqn ^;`1 Wkh
vljqdo uhfhlyhg dw preloh l lv jlyhq dv=
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+DZJQ,> lw lv d frpsoh{ Jdxvvldq surfhvv zlwk }hur
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whqqd/ dqg Vl lv d pdwul{ gh�qhg dv iroorzv=
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Dol lv wkh dpsolwxgh ri wkh vljqdo wudqvplwwhg iurp
wkh owk dqwhqqd wr wkh lwk preloh/ dqg � ol lv wkh ghod|

lqfxuuhg ehwzhhq wkh owk dqwhqqd dqg wkh lwk preloh1
vl+w, dqg vs+w, duh wkh qrupdol}hg xqlw0hqhuj| zdyh0
irupv zlwk vxssruw ^3> W ` iru xvhu l dqg wkh slorw vljqdo
uhvshfwlyho|1 Wkh yhfwru ri wkh qrupdol}hg pdwfkhg
�owhu rxwsxw iru wkh lwk xvhu iurp wkh owk dqwhqqd/
vdpsohg dw wkh v|pero udwh/ 4@W / lv
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Lq +7,/ li o 9@ q dqg l @ n/ wkh vdph/ exw wlph
vkliwhg/ vljqdwxuh zdyhirup lv vhqw wr preloh l iurp
wzr gl�huhqw dqwhqqdv1 Li o @ q dqg l 9@ n/ wzr gli0
ihuhqw vljqdwxuh zdyhirupv lqwhqghg iru wzr gl�huhqw
xvhuv duh vhqw iurp wkh vdph dqwhqqd1 Lq +6, wkh lq0
whuihulqj vljqdov uhvxow iurp fruuhodwlrqv zlwk wkh sl0
orw vhtxhqfhv dqg iurp fruuhodwlrqv zlwk rwkhu xvhu
vhtxhqfhv zkhq o 9@ q dqg2ru l 9@ n1
Zkhq xvlqj GV0FGPD/ wkh lqirupdwlrq vhtxhqfh

lv vsuhdg xvlqj d svhxgr0udqgrp +SQ, frgh/ dqg lw
fdq eh vkrzq wkdw=

4

5
H ^|�ol|ol` @ �5folsol . �

5

v

%
O[

q@4

�
5

fql
� +8,

#
N[
n@4

sqn . ss

$
� �

5

fol
sol

&
.Qr

zkhuh sol @ D5

ol dqg ss @ D5
s1 �

5
fol
sol lv wkh hqhuj| ri

wkh vljqdo dqg wkh uhvw lv wkh hqhuj| ri wkh lqwhuihuhqfh

dqg qrlvh1 Wkhuhiruh/ wkh VLQU fdq eh jlyhq dv

�ol @

�
�5v

�
[l

{oll
� 4

��
�4

+9,

zkhuh=
{qnl @ �5v�

5

fql
sqn +:,

[l @

O[

q@4

N[

n@4

{qnl . �5vss

O[

q@4

�5fql .Qr +;,

Wkh lqwhuihulqj vljqdov duh elqrpldo udqgrp ydul0
deohv zlwk }hur phdq dqg yduldqfh �5v @ 4@OSQ zkhuh
OSQ lv wkh ohqjwk ri wkh SQ vhtxhqfh1 Krzhyhu/ iru
sxusrvhv ri dqdo|vlv/ zh zloo dssur{lpdwh wkh sure0
delolw| glvwulexwlrq ri wkh lqwhuihulqj vljqdov zlwk d
Jdxvvldq glvwulexwlrq1



Lq ^<` lw lv vkrzq wkdw wkh huuru suredelolw| ri glyhu0
vlw| uhfhswlrq zlwk xqhtxdo VQUv fdq eh hvwlpdwhg lq
wkh dv|pswrwlf uhjlrq dv wkh eudqfk VQUv ehfrph lq0
fuhdvlqjo| odujh1 Lq wklv sdshu/ zh prgli| wkh h{suhv0
vlrq lq ^<` wr lqfoxgh wkh h�hfwv ri wkh frqyroxwlrqdo
frgh xvhg rq wkh grzqolqn ri wkh GV0FGPD v|vwhp1
Wkh wkhruhwlfdo shuirupdqfh ri wkh frqyroxwlrqdo frgh
zdv fdofxodwhg zlwk d xqlrq erxqg xvlqj d vlplodu ds0
surdfk wr wkdw sursrvhg lq ^43` dqg ^44`1 Wkh h�hfwv
ri wkh frqyroxwlrqdo frgh fdq eh lqfoxghg lq wkh huuru
suredelolw| hvwlpdwhv iru preloh/ l/ dv iroorzv=
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zkhuh #l uhsuhvhqwv xvhu l*v Dfwlyh Vhw zklfk lv
frpsrvhg ri Ol pdfurglyhuvlw| dqwhqqdv1 �l @�
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�
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�OlG4 lv d pxowlsolfdwlyh idfwru

vlplodu wr wkdw irxqg lq ^<` zkhuh � @ �4 iru ESVN
vljqdov1 Lq rughu wr dffrxqw iru wkh idfw wkdw wkh
v|vwhp rshudwhv lq wkh qrq0dv|pswrwlf uhjlrq dw orz
VLQUv/ P +�ol, dqg G +�ol, duh erwk ixqfwlrqv ri wkh
VLQU1P +�ol, lv d pxowlsolfdwlyh idfwru wkdw lv ghwhu0
plqhg e| pdsslqj wkh hvwlpdwh ri Shl rqwr wkh wkh0
ruhwlfdo Shl/ dqg G +�ol, lv wkh ghulydwlyh ri orj+Shl,
zlwk uhvshfw wr �ol lq gE1 Lq rwkhu zrugv/ G+�ol, lv
dq htxlydohqw rughu ri glyhuvlw|1 G4 @ G +�ol,m�ol$4

lv wkh htxlydohqw rughu ri glyhuvlw| lq wkh dv|pswrwlf
uhjlrq ri wkh EHU fxuyh1 Lq wklv vwxg| zh kdyh dv0
vxphg shuihfw lqwhuohdylqj e| elw> wkhuhiruh/ G4 lv
htxdo wr wkh plqlpxp iuhh glvwdqfh ri wkh frqyrox0
wlrqdo frgh1 Wkh huuru suredelolw| hvwlpdwh jlyhq lq
+<, fdq eh xvhg lq erwk wkh wudglwlrqdo vriw kdqgr�
dqg rswlpl}dwlrq dojrulwkpv glvfxvvhg lq wkh iroorz0
lqj vhfwlrqv1

LLL1 Wudglwlrqdo Vriw Kdqgrii

Rqfh wkh Dfwlyh Vhw iru hdfk xvhu kdv ehhq ghwhu0
plqhg/ hdfk wud!f fkdqqho lv dvvljqhg d vpdoo dqg
htxdo sruwlrq ri wkh wrwdo wud!f srzhu1 Li wkh sured0
elolw| ri huuru iru preloh l/ Shl/ lv juhdwhu wkdq d vshf0
l�hg wkuhvkrog/ wkh srzhuv doorfdwhg dw hdfk dqwhqqd
iru wklv xvhu duh lqfuhdvhg e| 4 gE1 Lq frqwudvw/ li Shl
lv ohvv wkdq wkh wkuhvkrog/ wkh srzhuv wudqvplwwhg wr
wklv preloh vwdwlrq duh ghfuhphqwhg e| 4 gE1 Li wkh
srzhuv ehjlq wr rvfloodwh durxqg wkh wkuhvkrog/ d �gr
qrwklqj� frppdqg fdq eh vhqw wr nhhs wkh srzhuv dw
d frqvwdqw ohyho1
Li wkh huuru suredelolwlhv iru doo prelohv duh eh0

orz wkh vshfl�hg wkuhvkrog/ dqg wkh wrwdo wudqvplw0
whg srzhu dw hdfk dqwhqqd lv zlwklq wkh suhvhw srzhu
olplw/ wkh vriw kdqgr� srzhu doorfdwlrq kdv vxffhvv0
ixoo| vhuylfhg doo preloh xqlwv1 Krzhyhu/ li wklv uh0
txluhphqw fdqqrw eh phw/ wkh grzqolqn srzhuv ri wkh
pdfurglyhuvlw| dqwhqqdv duh rswlpl}hg zlwk wkh dojr0
ulwkp glvfxvvhg lq wkh qh{w vhfwlrq1

LY1 Grzqolqn Srzhu Rswlpl}dwlrq

Lq rughu wr dfklhyh d joredo rswlpl}dwlrq/ zh plql0
pl}h wkh vxp ri wkh huuru suredelolwlhv iru wkh lqglylg0

xdo prelohv1 Wkh remhfwlyh ixqfwlrq wr eh plqlpl}hg
lv

Sh @

N[

l@4

Shl +43,

Wkh rswlpl}dwlrq lv lpsohphqwhg dv d vwhhshvw ghvfhqw
dojrulwkp1 Wkhuhiruh/ zh fdofxodwh
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Lq wklv sdshu/ zh suhvhqw d joredo rswlpl}dwlrq vwudw0
hj| wkdw doorfdwhv srzhu dw wkh ydulrxv pdfurglyhuvlw|
dqwhqqdv vr wkdw wkh dgghg glyhuvlw| rxwzhljkv wkh lq0
fuhdvhg lqwhuihuhqfh dqg wkh dyhudjh ri doo xvhuv* EHUv
lv plqlpl}hg1 Wkh frpsoh{lw| ri wklv joredo rswlpl}d0
wlrq lv uhgxfhg dv fdq eh vhhq lq +45, dqg +46, vlqfh
wkh vxppdwlrqv duh rqo| shuiruphg ryhu wkh dqwhqqdv
lq hdfk xvhu*v Dfwlyh Vhw1
E| prylqj lq wkh gluhfwlrq rssrvlwh wr wkh judgl0

hqw/ zh dssurdfk wkh joredo plqlpxp1 Zkhq wkh do0
jrulwkp lv rshudwlqj lq wkh dv|pswrwlf uhjlrq ri wkh
EHU fxuyh/ l1h1 zkhq G +�pl, @ G4/;p 5 #l/ lw fdq

eh suryhq wkdw wklv remhfwlyh ixqfwlrq srvvhvvhv rqo|

wkh rqh joredo plqlpxp vlqfh wkh vhfrqg ghulydwlyh

lv dozd|v juhdwhu wkdq }hur1 Hyhq wkrxjk wklv kdv qrw

ehhq suryhq iru wkh qrq0dv|pswrwlf uhjlrq/ wkh vhf0

rqg ghulydwlyh kdv qhyhu ehhq revhuyhg wr jr ehorz

}hur lq sudfwlfh1

Wkh srzhu dw hdfk dqwhqqd lv frqvwudlqhg dv iro0

orzv=
S
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n@4
Sqn @ F1 Wklv lv dfwxdoo| d sodqh lq

k|shuvsdfh1 Wkhuhiruh/ li wkh rswlpl}dwlrq dwwhpswv

wr h{fhhg wkh srzhu olplw rq dq| dqwhqqd/ wkh uhvxow

lv vlpso| surmhfwhg rqwr wkh k|shusodqh hqvxulqj wkdw

wkh dqwhqqdv qhyhu h{fhhg wkhlu srzhu olplw1

Plqlpl}lqj wkh remhfwlyh ixqfwlrq/ Sh @
S

N

l@4
Shl/

eulqjv wkh lqglylgxdo huuru suredelolwlhv forvhu wr0

jhwkhu1 Krzhyhu/ lw grhv qrw holplqdwh wkh vhsdud0

wlrq hqwluho|1 Wkhuhiruh/ rqfh wkh vxp kdv ehhq plq0

lpl}hg/ wkh rswlpl}dwlrq dojrulwkp hqwhuv d vhfrqg

vwdjh zklfk irfxvhv rq htxdwlqj wkh lqglylgxdo huuru

suredelolwlhv lq dq dwwhpsw wr uhgxfh wkh pd{lpxp

suredelolw| ri huuru/ Shpd{1 Lq wkh vhfrqg vwdjh ri

rswlpl}dwlrq/ li Shl A Sh@N/ wkh lqglylgxdo Shl*v duh
plqlpl}hg zlwk CShl@Csql1 Li Shl � Sh@N/ Shpd{ lv

plqlpl}hg zlwk CShpd{@Csql1 Lq wklv zd|/ wkh pr0

eloh xqlwv zlwk kljk EHUv uhfhlyh pruh srzhu/ zkloh

wkrvh zlwk orz EHUv jlyh xs d sruwlrq ri wkhlu srzhu1



0 50 100 150 200 250 300 350 400
10-8

10-7

10-6

10-5

10-4

Number of Iterations

In
di

vi
du

al
 P

ro
ba

bi
lit

ie
s 

of
 E

rr
or

Ilj1 51 Wkh 5 Vwdjhv ri Rswlpl}dwlrq

Wkh wzr vwdjhv ri rswlpl}dwlrq fdq eh vhhq lq Ilj1 51
Wkhvh uhvxowv duh ghslfwhg iru 8: xvhuv orfdwhg rq 5
 rruv ri d exloglqj1 Wkh xvhuv duh vhuylfhg e| d wrwdo
ri 7 dqwhqqdv zlwk 5 dqwhqqdv shu  rru1
Dv fdq eh vhhq iurp wklv �jxuh/ wkh �uvw vwdjh ri

rswlpl}dwlrq +lwhudwlrqv 40633, irfxvhv rq plqlpl}lqj
wkh dyhudjh suredelolw| ri huuru/ dqg wkh vhfrqg vwdjh
ri rswlpl}dwlrq +lwhudwlrqv 6330733, irfxvhv rq htxdw0
lqj wkh huuru suredelolwlhv lq dq dwwhpsw wr uhgxfh
Shpd{1 Erwk vwdjhv ri wkh rswlpl}dwlrq duh qhfhv0
vdu| iru uhgxflqj wkh pd{lpxp EHU1 Wkh uhvxow ri
holplqdwlqj wkh vhfrqg vwdjh ri rswlpl}dwlrq lv reyl0
rxv iurp revhuylqj Ilj1 51 Krzhyhu/ holplqdwlqj wkh
�uvw vwdjh ri rswlpl}dwlrq fdxvhv wkh lqglylgxdo hu0
uru suredelolwlhv wr eh vlpso| htxdwhg/ prvw riwhq dw
d kljkhu EHU wkdq ghvluhg1 Wklv rswlpl}dwlrq urx0
wlqh zloo qrz eh frpsduhg zlwk d w|slfdo vriw kdqgr�
dojrulwkp lq wkh iroorzlqj vhfwlrq1

Y1 Vlpxodwlrqv

Wkh vlpxodwhg v|vwhp frqvlvwv ri 5  rruv lq d exlog0
lqj zlwk 5 dqwhqqdv shu  rru1 Hdfk dqwhqqd doorfdwhv
;3( ri lwv srzhu wr wud!f dqg 53( ri lwv srzhu wr
wkh slorw vljqdo1 Lq wkh vlpxodwlrqv/ zh vhw Qr @ 3 lq
rughu wr lqyhvwljdwh wkh lqwhuihuhqfh olplwhg fdvh1 Wkh
wudqvplwwhg vljqdov duh dvvxphg wr xqghujr sdwk orvv/
orjqrupdo vkdgrzlqj/ dqg Ud|ohljk idglqj1 Wkh sd0
udphwhuv iru wkh lqgrru sursdjdwlrq prgho duh vlplodu
wr wkrvh lq ^5` zklfk zhuh edvhg rq d 41; JK} lqgrru
sursdjdwlrq vwxg|1 Wkh dwwhqxdwlrq ehwzhhq dqwhqqd
o dqg xvhu l lv jlyhq dv=

�
5

fol
@ +g�ol,

�
43++IDI.|ol,@43,

�
+47,

zkhuh gol lv wkh glvwdqfh ehwzhhq wkh owk dqwhqqd dqg
wkh lwk preloh1 � @ 7=; lv wkh sdwk orvv h{srqhqw1
Wkh IDI lv wkh  rru dwwhqxdwlrq idfwru dqg lv vhw wr
3 ru 49 gE iru d 3 ru 4  rru vhsdudwlrq ehwzhhq wkh
dqwhqqd dqg wkh xvhu uhvshfwlyho| ^5`1 Wkh vkdgrzlqj
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13.5% Increase

15.9% Increase

15.3% Increase

14.4% Increase

Ilj1 61 Vriw Kdqgr� dqg Rswlpl}dwlrq Fdsdflwlhv iru Z2U @
45;

frh!flhqw/ |ol/ lv d qrupdoo| glvwulexwhg udqgrp ydul0
deoh zkrvh yduldqfh lv hlwkhu <19 ru <1; gE iru d 3 ru
4  rru vhsdudwlrq ehwzhhq wkh dqwhqqd dqg wkh xvhu
uhvshfwlyho| ^5`1 Wkh dxwkruv ri ^5` kdyh lghqwl�hg wkh
h{lvwhqfh ri fruuhodwhg vkdgrzlqj ehwzhhq wkh  rruv
ri d exloglqj1 Wklv fruuhodwhg vkdgrzlqj lv lqfrusr0
udwhg lqwr wkh vlpxodwlrqv lq d vlplodu pdqqhu wr wkdw
sursrvhg lq ^5`1

Wkh prelohv duh lqlwldoo| dgghg wr hlwkhu  rru ri
wkh exloglqj lq d udqgrp idvklrq1 Hdfk wlph d preloh
lv dgghg/ lwv dfwlyh vhw lv ghwhuplqhg e| frpsdulqj
+Hf@Lr,ol wr d wkuhvkrog ri 047 gE1 Wkh Hf lq +Hf@Lr,ol
uhsuhvhqwv wkh slorw vljqdo hqhuj| uhfhlyhg iurp dq0
whqqd o/ dqg wkh Lr uhsuhvhqwv wkh wrwdo lqwhuihuhqfh
dqg qrlvh phdvxuhg dw preloh l1 Wkh vlpxodwlrqv eh0
jlq e| shuiruplqj d wudglwlrqdo vriw kdqgr� srzhu
doorfdwlrq iru doo xvhuv hdfk wlph dq dgglwlrqdo xvhu lv
dgghg wr d  rru1 Zkhq d vlqjoh xvhu rq hlwkhu  rru
fdqqrw eh vhuylfhg/ dgglwlrqdo xvhuv duh dgghg rqo|
wr wkh rwkhu  rru1 Rqfh erwk  rruv frqwdlq d pr0
eloh wkdw fdqqrw eh vhuylfhg e| wudglwlrqdo vriw kdqg0
r� srzhu doorfdwlrq/ wkh rswlpl}dwlrq dojrulwkp wdnhv
ryhu1 Li wkh rswlpl}dwlrq dojrulwkp fdq vhuylfh doo ri
wkh deryh xvhuv/ prelohv duh dgghg lq d vlplodu idvklrq
wr wkdw ghvfulehg deryh1

Wkh vlpxodwlrq uhvxowv fdq eh vhhq lq Iljv1 6 dqg
71 Wkhvh �jxuhv ghslfw grzqolqn fdsdflwlhv dfklhyhg
dw gl�huhqw EHU uhtxluhphqwv iru erwk vriw kdqgr�
srzhu doorfdwlrq dqg rswlpl}dwlrq ri grzqolqn wudqv0
plw srzhuv1 Iljv1 6 dqg 7 frqwdlq grzqolqn fdsdflw|
hvwlpdwhv iru d FGPD v|vwhp zlwk surfhvvlqj jdlqv
ri Z2U @ 45; dqg Z2U @ 65 uhvshfwlyho|/ dqg hdfk
gdwd srlqw uhsuhvhqwv dq dyhudjh ryhu 433 lqghshq0
ghqw wuldov1

Dv fdq eh vhhq iurp wkhvh �jxuhv/ wkh rswlpl}d0
wlrq dojrulwkp frqvlvwhqwo| rxwshuirupv wudglwlrqdo
vriw kdqgr� srzhu doorfdwlrq/ dqg wkh fdsdflw| jdlqv
w|slfdoo| udqjh ehwzhhq 43053(1 Lq prvw fdvhv/ xvh ri
wkh rswlpl}dwlrq dojrulwkp grhv qrw d�hfw wkh fdsdf0
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11.7% Increase

17.0% Increase

13.8% Increase
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Ilj1 71 Vriw Kdqgr� dqg Rswlpl}dwlrq Fdsdflwlhv iru Z2U @
65

lw| hvwlpdwh*v yduldqfh1 Krzhyhu/ lq d frxsoh ri fdvhv/
wkh rswlpl}dwlrq dojrulwkp qrw rqo| rxwshuirupv vriw
kdqgr�/ exw lw dovr uhgxfhv wkh yduldqfh ri wkh fdsdf0
lw| hvwlpdwh/ wkxv pdnlqj wkh hvwlpdwh pruh uholdeoh1
H{shulphqwv zhuh dovr shuiruphg zklfk lqyhvwl0

jdwhg wkh h�hfw ri lqfuhdvhg dffxudf| lq wkh vriw kdqg0
r� srzhu doorfdwlrq> wklv dffxudwh doorfdwlrq lqyroyhv
dgmxvwlqj wkh srzhuv wudqvplwwhg wr d preloh e| 318
gE lqvwhdg ri 4 gE1 Wkh vlpxodwlrq uhvxowv vkrz wkdw
wkh rswlpl}dwlrq dojrulwkp vwloo rxwshuirupv wkh df0
fxudwh vriw kdqgr� doorfdwlrq zlwk grzqolqn fdsdflw|
jdlqv rq wkh rughu ri 43046(1 Wkhuhiruh/ vlpso| gh0
fuhdvlqj wkh vwhs vl}h ri wkh vriw kdqgr� dojrulwkp
fdq qrw surylgh wkh jdlqv dfklhydeoh zlwk rswlpl}d0
wlrq vlqfh vriw kdqgr� grhv qrw dgguhvv wkh lvvxh ri do0
orfdwlqj gl�huhqw wudqvplw srzhuv dprqj wkh pdfur0
glyhuvlw| dqwhqqdv lq d preloh*v Dfwlyh Vhw1

YL1 Frqfoxvlrqv

Wr frqfoxgh/ rxu vlpxodwlrq uhvxowv vkrz wkdw vlj0
ql�fdqw fdsdflw| jdlqv fdq eh uhdol}hg wkurxjk wkh
rswlpl}dwlrq ri grzqolqn wudqvplw srzhuv ri pdfur0
glyhuvlw| dqwhqqdv lq dq lqgrru GV0FGPD v|vwhp1
Wkh grzqolqn fdsdflw| jdlqv w|slfdoo| udqjh ehwzhhq
43053( zkhq frpsduhg wr wudglwlrqdo vriw kdqgr�1
Wkhuhiruh/ wklv vwxg| kdv vkrzq wkdw rswlpl}dwlrq ri
wkh grzqolqn wudqvplw srzhuv ri dq lqgrru GV0FGPD
v|vwhp lv vxffhvvixo lq lpsurylqj v|vwhp shuirupdqfh1
Ixuwkhu uhvhdufk zloo ghwhuplqh li wkhvh uhvxowv fdq eh
h{whqghg wr wkh rxwgrru hqylurqphqw/ dqg ixwxuh lq0
yhvwljdwlrqv zloo dovr ghwhuplqh krz wklv dojrulwkp
fdq eh ehvw lpsohphqwhg lq sudfwlfh1

DFNQRZOHGJPHQW

Wkh dxwkruv judwhixoo| dfnqrzohgjh EFWho Prelo0
lw| iru ixqglqj wklv zrun1
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