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Abstract

Ultrasound is a useful and popular medical imaging modality. Due to the large volume of

images generated, storage and communications issues motivate research into ultrasound

image compression. Lossy techniques achieve higher compression than lossless methods,

but must preserve diagnostically relevant information and maintain acceptable aesthetic

quality.

This thesis applies the technique of space-frequency segmentation using balanced

wavelet packet trees to the lossy compression of medical ultrasound images. In order to

represent an image, space-frequency segmentation searches a large family of possible

space-frequency partitions, together with sets of possible quantizers, and finds the rate-

distortion optimal combination. Zerotree coding is a leading high performance lossy com-

pression technique, but because it uses a fixed frequency decomposition topology

designed for natural images and allocates bits based only on coefficient magnitude, it pro-

duces distinctive artifacts at higher compression rates when applied to ultrasound images.

Space-frequency segmentation has not been previously applied to medical ultra-

sound images, and unlike other published results, real entropy coders are implemented to

code the space-frequency representation. Space-frequency segmentation improves both

objective and subjective quality when compared against zerotree coding using Set Parti-

tioning In Hierarchical Trees (SPIHT), and since the technique is not yet mature, there

remain many possibilities to further enhance the performance. The improvement in sub-

jective quality using space-frequency segmentation is confirmed by a study in which ultra-

sound radiologists assess the quality of compressed images with respect to diagnostically
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relevant features. The optimum space-frequency partition highlights the characteristic

speckle texture of ultrasound images as a particularly difficult feature to compress, and

leads to a more effective decomposition topology for preserving speckle.
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Chapter 1

Introduction

Diagnostic medical ultrasonography refers to the use of echoes from ultrasonic mechani-

cal waves to view structures within the body. Ultrasound is a popular medical imaging

modality because it is non-invasive, versatile, there are no known side effects, and the

equipment used for ultrasonic scanning is small and inexpensive relative to other options.

Many people are familiar with ultrasound from its applications in obstetrics, where it is

used to examine the fetus at different stages during pregnancy. Ultrasound is also com-

monly used to examine the liver, kidneys, and other abdominal organs. Another field of

ultrasonography is echocardiography.

With the advent of real-time ultrasound transducers, ultrasound exams produce

video output; however, still images captured by the sonographer during an exam are still

widely used for diagnosis, and generally serve as the archival record of the examination.

Because of the way ultrasound images are acquired, they are stored in digital format. A

typical exam can produce twenty or thirty images, which means that a large volume of

digital image data is generated by a diagnostic ultrasound installation. Reducing storage

requirements and making access to data more convenient are two of the motivations for

applying compression to ultrasound images. Storage and access issues have become more

important with the recent development of medical picture archiving and communications

systems (PACS), which attempt to provide an integrated facility for storage, communica-

tion and display of the images from different modalities at a single site. Another new tech-
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nology driving interest in medical image compression is telemedicine, where remote

consultation requires the transmission of images over limited bandwidth channels.

Lossless methods do not provide enough compression for medical images. Lossy

methods provide higher compression, but result in loss of information. Retaining diagnos-

tically relevant information is the most important goal for a lossy medical image compres-

sion scheme; however, producing an aesthetically acceptable image is also a requirement.

There are many legal and standardization issues that still need to be addressed before lossy

compression can be widely deployed in medical applications. Research into compression

methods drives the acceptance of lossy compression for medical images before standards

are established, and leads to the implementation of practical systems after standards are

established.

Subband coding of images is a technique that separates an image into different fre-

quency bands for effective coding. Separation into different bands reduces redundant

information, and allows bands to be coded differently depending on their statistics. A

fixed filter topology is desirable because of its simplicity, but the fixed topology chosen

should suit the characteristics of the image to be coded. In a subband coding context, the

wavelet transform commonly (though imprecisely) refers to a fixed filter topology in

which the filter width decreases logarithmically by a factor of two with decreasing fre-

quency. The wavelet transform concentrates energy in the low pass bands, and is effective

for coding natural images, which generally have little high frequency content.

Ultrasound images have some unique characteristics that distinguish them from nat-

ural images. An unusual feature of ultrasound images is the speckle texture that is caused

by the underlying physics of ultrasonic imaging. Compared to the energy distribution of

natural images, speckle results in more energy in certain high pass subbands. Another

characteristic of ultrasound images is the spatial variation in statistics across an individual

image. An image consists of an ultrasound scanned area, which is often non-rectangular,

against a passive background, which may contain text and limited graphics. Because ultra-

sound images differ from natural images, subband coding techniques that use fixed filter
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topologies designed for natural images may not be the best choice for ultrasound images.

An alternative is to use an image adaptive scheme.

When it is difficult to make assumptions about the image to be compressed, a fixed

filter topology may not be suitable. One solution is an adaptive filtering scheme that

selects the best filter topology for each image. Viewing the decomposition of an image

into subbands as the projection onto a choice of basis functions, the problem is to choose

an appropriate basis to represent an individual image. The drawbacks to an adaptive

scheme include the computational cost of finding the best basis, and the need to send a

description of the basis as side information. The algorithm for finding the optimum repre-

sentation must have a meaningful criterion for choosing the best basis, and must limit the

choice of basis to a useful but finite set of possibilities.

Space-frequency segmentation finds the optimum basis to represent an image from a

large family of possible bases. As the name suggests, space-frequency segmentation

involves the decomposition of an image using a hierarchy of space and frequency parti-

tions. Space partition refers to the division of an image into four spatial quadrants, and fre-

quency partition refers to the division of an image into four frequency subbands. The

subimages produced by space or frequency partitioning can also be successively parti-

tioned in space or frequency, so that a decomposition tree of space and frequency parti-

tions is built, up to some maximum depth. The algorithm is symmetric in terms of space

and frequency partitions – decomposition in either space or frequency is allowed at each

branch of the decomposition hierarchy. Allowing both space or frequency partitions on

any subimage permits more basis choices than previous related methods, such as single-

tree wavelet packets, which is limited to the same filter topology over the entire image,

and double-tree wavelet packets, which is limited to different filter topologies over spatial

regions of the original image only. Quantizers for a subimage are chosen from a finite set.

Space-frequency segmentation chooses the optimal combination of space and frequency

partitions, and the best quantizer for each subimage, according to a rate-distortion crite-

rion. For a fixed target rate, the algorithm finds the combination of partitions and quantiz-
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ers that produces the minimum distortion representation. The optimization incorporates a

fast tree pruning algorithm for efficient computation.

This thesis studies the compression of grayscale medical ultrasound images using

space-frequency segmentation. In the implemented space-frequency codec, uniform scalar

quantization of subimages is followed by entropy coding. Different entropy coding meth-

ods for space-frequency segmented images are investigated, and real entropy coders are

implemented to code ultrasound images. The tradeoffs between different codec parame-

ters are studied to find a space-frequency segmentation codec that works well with ultra-

sound images. Because there are no widely accepted medical ultrasound test images, the

performance of space-frequency segmentation is compared against a current leading

wavelet transform coding algorithm, Set Partitioning In Hierarchical Trees (SPIHT). In

addition to the use of a squared-error metric to quantify objective quality, subjective qual-

ity is used to judge compressed images. Medical ultrasound images are difficult for non-

expert viewers to interpret. A study is conducted in which ultrasound radiologists assess

the subjective quality of compressed images with respect to medically relevant features.

The expert viewer study shows the improved quality of space-frequency compressed

images compared to SPIHT compressed images. Investigation of the optimum space-fre-

quency partition leads to a fixed partition that is better suited to the speckle texture of

ultrasound images.

Space-frequency segmentation has not been used previously to compress medical

ultrasound images. The goal of the this thesis is to apply space-frequency segmentation to

ultrasound images, to understand the issues involved, and to assess the performance of this

technique on these images. The experiments conducted are designed to give insight into

the problem, and to give understanding of the tradeoffs required for an effective space-fre-

quency codec. The investigations are not exhaustive, but are complete enough to show

that space-frequency segmentation is a promising method for compressing medical ultra-

sound images.
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1.1 Thesis outline

Chapter 2 presents an overview of ultrasound image generation, discussing ultrasound

physics and transducers.

Chapter 3 starts by discussing source coding techniques for image compression,

reviewing transform coding and subband coding. Next, the connection between subband

coding and wavelets is explained. Finally, image coding schemes resulting from the recent

research in wavelets and subband coding are presented, including zerotree coding and

wavelet packets.

Chapter 4 connects image coding with ultrasound images by reviewing some recent

articles on lossy ultrasound image compression, and presenting a simple experiment com-

paring a natural image and an ultrasound image after subband decomposition.

Chapter 5 explains the theory behind space-frequency segmentation. Because it is a

key component of the space-frequency segmentation algorithm, the rate-distortion optimi-

zation technique of Ramchandran and Vetterli is discussed. Space-frequency segmentation

is examined in detail. The basis choices and basis selection algorithm are explained.

Chapter 6 reports the experimental results. Coding schemes for use with space-fre-

quency segmentation for normal and ultrasound images are investigated. Space-frequency

segmentation of ultrasound images is evaluated using objective and subjective measures,

and ultrasound images compressed using space-frequency segmentation are assessed by

expert viewers. The space-frequency representation of ultrasound images is studied.

Chapter 7 presents the conclusions and suggests future work.
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Chapter 2

Diagnostic Ultrasound

2.1 Introduction

Diagnostic ultrasound refers to the use of echoes from pressure waves to obtain informa-

tion about tissue for diagnostic purposes. By piezoelectric effect, an electrical signal is

converted to a mechanical signal at a transducer, and the mechanical signal is applied to a

tissue medium. This ultrasound signal is generally pulsed. As the pulse propagates

through the tissue, structures in the tissue produce reflections that travel back to the trans-

ducer. At the transducer, these mechanical echoes are converted back to electrical signals.

The strength of a reflected signal contains information about the reflecting structure, and

the delay between sending a signal and receiving an echo indicates the distance between

the structure and the transducer.

The simplest way to present the results of scanning in a single direction is to display

the amplitude of the echo plotted against time, like a signal trace on an oscilloscope. This

is known as A-mode, and clearly has limited utility. By taking multiple scans at regular

intervals and displaying the strength of an echo at a location as the brightness of a spot, B-

mode scanning produces a two-dimensional grayscale image. A typical sector scanned B-

scan image of a kidney1 is shown in Figure 2.1. The scan rates of modern transducers

1.  This image is obtained from the ALI Technologies website, www.alitech.com. ALI is a manu-
facturer of medical PACS.
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allow real time images to be generated, displaying motion over time as well as structure.

Not all ultrasound images are completely grayscale. For example, the Doppler shift of the

received echoes can be used to measure the flow of a moving substance such as blood, and

the velocity of the flow can be displayed as a color overlay. Nevertheless, pure grayscale

images captured at a single instant in time are very common and are useful for diagnostic

purposes. The scope of this thesis is limited to the study of lossy compression of grayscale

ultrasound B-scan images.

Ultrasound images exhibit a characteristic texture called speckle. Depending on the

context and application, speckle in medical images used for diagnostic purposes can be

viewed as signal or noise. For example, speckle can be used to characterize tissue [29]

[56], or speckle can mask diagnostically relevant features [43] [60]. Good performance in

a variety of contexts is desirable for a compression system targeted for medical ultrasound

Figure 2.1: A typical ultrasound image
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images. When it is not known a priori whether speckle is viewed as signal or noise in a

specific application, the compression algorithm needs to preserve it. The presence of

speckle in an image is also something which radiologists are accustomed to. The compres-

sion scheme should avoid altering the image in a noticeable way, so for aesthetic reasons

speckle should be preserved even when it does not provide direct diagnostic information.

The presence of speckle and the desire to preserve it are issues that distinguish the ultra-

sound image compression problem from the compression of natural images.

Ultrasound images look quite different from natural images. These differences result

from the way ultrasound images are generated – echo-location using mechanical waves at

much longer than optical wavelengths results in images that appear quite alien to non-

expert observers. Some background material on how ultrasound images are generated is

useful before tackling the problem of how to compress these images. The cursory discus-

sion of ultrasound physics and transducers that follows, is drawn from two books by Fleis-

cher and James Jr. [21] [22], and a book by McDicken [34]. This background material

explains the appearance of ultrasound images, and the representation of medically relevant

features in the images.

2.2 Ultrasound physics

The speed of propagation of ultrasound, , is defined in terms of the frequency  and

wavelength  by

. (2.1)

The speed of propagation varies depending on the density  and compressibility of the

medium; in air it is 330 m/s, whereas in bone the speed is 3500 m/s. In most tissue,  is

approximately 1540 m/s, and this value is typically used by the scanning equipment to

convert time to distance.

s f

λ

s fλ=

ρ

s
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The incident pulse is reflected when it encounters an interface between two materials

with different density. The reflectivity coefficient  relates the amplitude of the reflected

signal to the amplitude of the incident signal,

, (2.2)

where  is the acoustical impedance,

. (2.3)

An interface where there is a significant impedance discontinuity produces a strong reflec-

tion, which appears bright in the image. Ultrasound radiologists are trained to identify a

physiological feature using the intensity with which it is represented along with the con-

text in which it appears. Specular reflection describes reflection from an interface that is

large with respect to the wavelength, and it is this type of reflection that produces a feature

in a B-scan image. If the texture of the reflecting interface is small with respect to the

wavelength, the result is scattered reflection. The strength of scattered reflection received

at the transducer is much lower that of specular reflection. Scattered reflection produces a

distinctive grainy texture in the image known as speckle.

If the reflecting interface is not perpendicular to the incident signal, the strength of

the echoes received at the transducer is reduced. Deviations of as little as 3° from perpen-

dicular incidence produce significant reduction in echo amplitude. The incident signal is

also refracted as it passes from one material to another according to Snell’s Law,

, (2.4)

where  is the angle of incidence and  is the angle of refraction. Refraction is illus-

trated in Figure 2.2. Refraction requires the sonographer to adjust the orientation of the

transducer to obtain the best view of an organ.

R

R
Z1 Z2–

Z1 Z2+
------------------=

Z

Z ρs=

s1

s2
----

θisin

θrsin
-------------=

θi θr
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The signal is also attenuated as it propagates through the insonified object. This

attenuation is caused by absorption in the media, reflection and refraction at media inter-

faces, and scattering from tissue structure. The attenuation varies depending on the mate-

rial, and when measured in decibels increases approximately linearly with frequency and

depth. Higher frequencies suffer greater attenuation but allow better resolution, so resolu-

tion is constrained by the location of an organ with respect to the surface of the body. A

rule of thumb for most soft tissue is that the attenuation is roughly 1 dB/cm⋅MHz. The

attenuation is much lower in liquids – in blood, for example, the attenuation is approxi-

mately 0.2 dB/cm⋅MHz. Because the attenuation in bone is very high (~15 dB/cm⋅MHz),

it is an obstacle in ultrasound scans. To compensate for the attenuation in tissue, the gain is

increased for more distant echoes. This is known as time gain compensation (TGC), and

can be controlled by the equipment operator or set automatically by the scanning equip-

ment.

2.3 Transducers

The transducer used to capture an image has a substantial role in how the image looks,

affecting the appearance of features and the shape of the scanned area. For a single-ele-

ment transducer, the ultrasound beam width at the transducer face is close to the active

element width, and diverges as the beam propagates. The beam width stays approximately

constant within the near field boundary,

Figure 2.2: Refraction of the incident signal

θi

θr
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, (2.5)

where  is the transducer diameter. The lateral resolution is limited by the beam width.

The beam can be focussed using a mechanical lens, but this produces optimum resolution

only in a narrow focal zone. The beam profile of a single element transducer with and

without a focussing lens is illustrated in Figure 2.3. The axial resolution is determined by

the pulse width, which depends on the mechanical damping in the transducer and the fre-

quency of operation. The appearance of speckle is determined by the transducer resolu-

tion, and since axial resolution is typically greater than lateral resolution, speckle spots are

elongated in the lateral direction.

Single-element transducers are no longer used. Multi-element arrays, where the

beam is synthesized by activating elements at different phases, are used for modern real

time B-scanning. A linear sequenced array is composed of a large number of elements

arranged side by side along their length and acoustically isolated from each other. The

D
2

4λ
------

D

Figure 2.3: Beam profile of a single element transducer

Near field Far field

Transducer

Regular beam

Transducer

Focal
zone

Lens

Beam with external focussing
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number of elements can range from 20 to 400, but is typically between 128 and 256. The

size of each individual element depends on the frequency of operation, and is smaller for

higher frequencies. A typical individual element for 3.5 MHz operation is 1 mm wide and

10 mm long. The beam is steered by activating groups of elements in sequence. Because

electronic beam focusing is used in the plane of the scan, the number of elements activated

at one time depends on the focal depth – more elements are used when the focal depth is

greater. The beam is focussed mechanically in the thickness direction (perpendicular to the

plane of the scan) by curving the elements or placing an acoustic lens in front of each ele-

ment. If the linear array has a flat face, the scan is linear and orthogonal to the beam direc-

tion. A rectangular image with low distortion, good transverse resolution and high frame

rate is produced. The disadvantage of a flat face linear array is that it tends to be large,

ranging from 5 to 20 cm wide, which makes it difficult to maintain good contact between

the patient and the transducer over a range of orientations. By reducing the number of ele-

ments and curving the array face, a wide field of view is maintained with a physically

smaller transducer, but a wedge shaped scan is produced. A sector field of 90° is typical

for a tightly curved linear sequenced array. A linear phased array is even more compact

and also produces a wedge shaped scan. It is also made up of a row of elements, but the

beam is steered through an arc by phasing of elements instead of sequencing of elements.

Linear phased arrays range from 10 to 30 mm wide, and employ 16 to 128 individual ele-

ments. Sector angles are less than 90°, and images exhibit greater distortion because it is

difficult to synthesize a consistent beam over the swept range.

2.4 Real time B-scanning

The signal path in a real time B-scanner is shown in the block diagram of Figure 2.4. The

analog to digital converter typically has a resolution of 8 bits. When a sector transducer is

used, an ultrasound image is generated from signals sampled on a polar coordinate grid.

The scan converter, which follows analog to digital conversion, processes the polar coor-

dinate samples to form a raster image. A raster pixel value is interpolated from the closest
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polar coordinate samples. The scan converted digital image can be stored, or converted

back to analog for display on a monitor. Although compression works better on pre-scan

converted images [5], they are awkward to work with because they must be scan con-

verted before display. This thesis addresses the compression of scan converted ultrasound

images.

The frequency of the transducer selected for a particular exam depends on the loca-

tion of the organ being examined. High frequency transducers provide more detailed

images but can only be used to look at organs close to the surface, for example the thyroid.

For abdominal imaging of organs such as the liver, kidneys, or pancreas, use of phased

array or curved array transducers at frequencies between 3 and 5 MHz is common.

2.5 Speckle

Speckle is a distinctive feature of ultrasound images that differentiates them from natural

images. A simple natural image consists of a few edges against a relatively uniform back-

ground, but speckly ultrasound images exhibit texture over the entire ultrasound scanned

Transducer

Receiver/
amplifier

TGC

Figure 2.4: Signal path in a real time B-scanner

Transmitter

Detector A/D
Scan
converter

Display
and/or
storage
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area. Speckle is one of the features that makes ultrasound images difficult to compress. A

brief discussion of speckle, how it is generated and how it is characterized statistically,

provides useful background material before looking at ways to compress speckly images

better.

Speckle is caused by scattered reflections produced by features that are small with

respect to the wavelength. These multiple small reflections result from a rough scattering

surface with fine scattering structures. The constructive and destructive interference that

occurs when these multiple small reflections with random phase are summed at the trans-

ducer produces speckle. The same effect has been observed in the field of optics using

lasers, and has been studied extensively in this context [13]. If the scattering structure is

smooth enough, the received echoes contain a coherent component which carries some

information about the underlying texture. In the case of fully developed speckle, where the

scattering surface is very rough, the resulting signal contains no coherent component, and

the speckle pattern depends only on the characteristics of the transducer. An example of an

organ that produces a particularly speckly ultrasound image is the liver.

The first-order statistics of fully developed ultrasound speckle are studied by

Burckhardt [4]. Goodman does the same analysis for laser speckle [24]. The received sig-

nal at the transducer is described by a phasor ,

. (2.6)

The real and imaginary components of the received signal are shown to be independent

Gaussian distributed random variables with identical variance , so that the joint proba-

bility density function (pdf) of  and  is circular Gaussian. The magnitude of the pha-

sor is used for ultrasound imaging. The pdf of the magnitude  is Rician,

, (2.7)

where
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(2.8)

and  denotes the expected value of , and  is the modified Bessel function of the first

kind of order zero. In the case of fully developed speckle, the real and imaginary compo-

nents have zero mean, and the pdf of the magnitude is a special case of the Rician distribu-

tion, known as the Rayleigh distribution,

. (2.9)

Figure 2.5 shows a number of possible pdfs for the magnitude, including a Rayleigh distri-

bution and a family of Rician distributions with different values of . Wagner et al. [57]

experimentally verify that fully developed speckle shows a good fit with a Rayleigh pdf.
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Figure 2.5: Pdf of the phasor magnitude
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In the same paper, Wagner et al. also derive and experimentally verify the autocova-

riance and power spectrum of the received phasor magnitude in the case of fully devel-

oped ultrasound speckle. Using their results, the normalized power spectra in the

Figure 2.6: Speckle power spectra
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transverse and axial directions for a single element rectangular transducer are plotted in

Figure 2.6. Note that the power spectra for both directions are lowpass functions. The rel-

ative spread of the power spectra for the two different directions cannot be compared

directly in the figure, since transverse position is normalized relative to transducer dimen-

sion, but axial position is normalized relative to pulse width.

2.6 Summary

Medical ultrasound imaging uses reflections from pressure waves to generate an image.

As the mechanical ultrasound signal propagates, it is reflected, refracted, and attenuated;

these phenomena all need to be accounted for in order to create an image. The transducer

is an important part of an ultrasound imaging system, and has a significant effect on the

appearance of an image. Multi-element transducers are currently in widespread use, and

allow real-time ultrasound imaging. Speckle is a distinguishing feature of ultrasound

images, which results from scattered reflections produced by rough scattering surfaces

with fine scattering structures with respect to wavelength. In the frequency domain,

speckle exhibits a low pass characteristic.
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Chapter 3

Image Compression and Wavelets

3.1 Introduction

A monochrome image is composed of an array of pixels. Each pixel is a binary integer

representing the brightness at a location. In the original image, all the pixels have the same

precision and approximately the same statistics. A lossy compression system generates a

representation of the original image, from which an estimate of the original is recovered.

The system has two conflicting goals: to minimize the number of bits used to represent the

image, and to maximize the fidelity of the recovered estimate with respect to the original.

Transform coding and subband coding achieve compression by transforming the original

pixels into a set of coefficients with differing statistics, and allocating bits to coefficients

depending on their statistics. Quantization is used to map an infinite continuous set of real

transformed values to a finite discrete set of real values, and determines the number of bits

allocated to represent each transformed coefficient. Scalar quantization is a simple tech-

nique that quantizes coefficients on an individual basis; scalar quantization followed by

entropy coding produces a compact lossy representation of the transformed coefficients.

Wavelet analysis is a relatively new mathematical tool that is closely related to subband

coding, and insight from this relationship has led to improved lossy image compression

systems.
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3.1.1 Mathematical concepts

The discussion of coding schemes and wavelets in the following sections require the defi-

nition of some mathematical concepts. Let  denote the set of integers. The inner product

of two discrete real-valued time sequences  and  over  is

. (3.1)

Let  denote the set of real numbers. The inner product of two continuous real-valued

time functions  and  over  is

. (3.2)

The norm of a function is defined in terms of the inner product as

. (3.3)

A discrete time function belongs to the space of square summable sequences,

, (3.4)

if

. (3.5)

A continuous time function belongs to the space of square integrable functions,

(3.6)

if

. (3.7)
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3.1.2 Fidelity measures

To quantify the performance of a lossy image compression system, a metric comparing the

recovered estimate to the original image is required. An objective numerical measure is

useful because it provides a neat summary of image quality, and allows convenient com-

parisons based on a consistent definition. Numerical measures of image quality based on

squared error are common.

The squared error between a signal  and its estimate  is defined as

. (3.8)

The mean squared error (MSE) is defined as

. (3.9)

The peak signal to noise ratio (PSNR) can be viewed as a normalized mean squared error

reported using a logarithmic scale, and is defined as

, (3.10)

where  is the maximum peak-to-peak value of the signal. For image compression,

(3.11)

for an  pixel grayscale image. For an 8-bit grayscale image,

. (3.12)

Peak signal to noise ratio will be used throughout this thesis as an objective numerical

measure of compressed image quality.
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Mean squared error is commonly used as a measure of fidelity because of its mathe-

matical tractability; however, it is not the best metric for assessing perceptual quality.

Mean squared error is popular because it is easy to calculate and manipulate. When a

transformation is orthogonal, the squared error is the same in the transform domain and

the signal domain. In practice, it is common to employ orthogonal or nearly orthogonal

transforms, and use of a mean squared error metric means that the error can be computed

in the transform domain, without performing an inverse transform. The drawback to using

means squared error is that it is only a mediocre measure of subjective quality. The advan-

tage of being a summary statistic for the entire image is a disadvantage when measuring

perceptual quality. Errors concentrated in a spatial region can produce visible and annoy-

ing distortion in that region, but result in only a small MSE. Errors concentrated in fre-

quency bands to which the human visual system are particularly sensitive can also

produce perceptual distortion that is not proportionally reported with a simple mean

squared error metric. In the particular case of medical image compression, where the goal

is to maintain diagnostic integrity, assessment of diagnostic features by expert viewers is

the most relevant way to judge image quality.

3.2 Entropy coding

Entropy is a measure of information [44]. Consider a discrete random variable , with a

finite alphabet of size , . The random variable  is characterized by

its probability mass function,

. (3.13)

The zeroth-order entropy of the random variable , , is defined as

. (3.14)

Using the base two logarithm, entropy is measured in bits.

X
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Entropy coding refers to the use of a variable length code to losslessly represent a

sequence of symbols from a discrete alphabet. The term entropy code comes from the fact

that the entropy provides a minimum bound for the average codeword length in the case of

a memoryless source. A practical entropy code must be uniquely decodeable, so that there

is only one possible sequence of codewords for any unique input sequence. A prefix code,

where no codeword is allowed to be a prefix of any other codeword, is uniquely decode-

able. Prefix codes are also referred to as instantaneous codes, because a codeword can be

decoded unambiguously upon reception, without receiving any other codewords.

The following sections discuss three entropy coding techniques. Huffman coding is

commonly encountered, and is used in most JPEG implementations. Arithmetic coding

and stack-run coding are reviewed in some detail, because they are the two coding

schemes used in the experiments with space-frequency segmentation that are reported in

Chapter 6.

3.2.1 Huffman coding

Huffman coding [28] is a simple entropy coding scheme that produces an optimal binary

prefix code. When symbol probabilities are powers of1⁄2, the average length of a binary

Huffman code achieves the entropy bound. At each stage in the generation of a binary

Huffman code, the two lowest probability symbols are grouped, assigning a “0” to one of

the symbols, and a “1” to the other symbol. The process is successively repeated, resulting

in a binary tree with leaves which correspond to the original symbols, and branches which

are labelled with a “0” or a “1”. A codeword is formed by reading the “0” or “1” from the

branches as the tree is traversed from the root node to the leaf corresponding to that sym-

bol. An example of Huffman coding is shown in Figure 3.1. Note that low probability

symbols are assigned longer codewords, while high probability symbols are assigned

shorter codewords.

Huffman coding is simple and generally works well; however, it has some draw-

backs. Because each symbol is assigned a codeword with an integral number of bits, the
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average length of a Huffman code achieves the entropy bound only when symbol proba-

bilities are powers of1⁄2. Grouping symbols into meta-symbols for codeword assignment

addresses the integral bit problem, but the accompanying increase in alphabet size makes

the coding and decoding task more complicated. The code table needs to be sent as side

information, and when many sources with different statistics need to be coded (as is the

case with space-frequency segmentation), the amount of side information can be consider-

able. Since a pass to gather statistics must be made before assigning codewords to sym-

bols, Huffman coding is not by nature adaptive. Huffman coding can be made adaptive,

but at the expense of increased complexity.

3.2.2 Arithmetic coding

An entropy coding technique that addresses some of the problems with Huffman coding is

arithmetic coding. In Huffman coding, grouping symbols into meta-symbols removes the

integral bit restriction for individual symbol codewords, producing a more efficient code.

Arithmetic coding [2] performs an ultimate grouping, effectively considering the entire

sequence as a single symbol. Grouping so many symbols together appears to be impracti-

cal, since the alphabet of possible codewords becomes very large, but arithmetic coding

solves this problem by encoding and decoding incrementally. Incremental coding means

Figure 3.1: Example of Huffman coding
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that arithmetic coding can easily be made adaptive, and no side information describing

source statistics needs to be sent.

Arithmetic coding represents a sequence of symbols as an interval in the range

[0, 1). The size of the interval is the probability of the sequence, and the location of the

interval uniquely identifies the sequence. More probable sequences are represented with a

larger interval specified by less bits, and less probable sequences are represented with a

smaller interval specified by more bits. In theory the interval is represented by real num-

bers, but a practical coder uses a binary fraction with limited precision, accommodating

long sequences that exceed the precision by rescaling the interval when required. Incre-

mental coding occurs because bits specifying the interval are sent in order of precision.

When a string of symbols must lie within the current interval, it can be decoded without

receiving any further bits.

Arithmetic coder operation is illustrated with an example. Consider a source with a

four symbol alphabet, denoted {a, b, c, d}, with symbol probabilities as defined in Table

3.1. In the unit interval [0, 1), each symbol is represented by an interval whose size is

equal to the symbol probability. The intervals are also shown in Table 3.1. Assume that the

sequenceabac is to be coded. The first symbol,a, is represented by the interval [0, 0.6).

The next interval is defined by subdividing [0, 0.6) in proportion to the probability of the

next symbolb, according to the interval assignments defined in Table 3.1. Instead of

[0.6, 0.7) with respect to the unit interval, the next interval is [ , ).Note

that the size of the interval [0.36, 0.42), is the cumulative probability of the two symbols

ab. The process continues for successive symbols, so that the sequenceabac is repre-

Table 3.1: Symbol probabilities and intervals in the unit interval

Symbol Probability Interval

a 0.6 [0, 0.6)

b 0.1 [0.6, 0.7)

c 0.2 [0.7, 0.9)

d 0.1 [0.9, 1.0)

0.6 0.6× 0.7 0.6×
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sented by the final interval [0.3852, 0.3924). The intervals are shown in Figure 3.2, where

the size of the interval in the figure has been scaled after each symbol so that small inter-

vals remain visible.

The interval representing a sequence is coded as a string of bits that define the largest

binary interval contained within the symbol interval. Bits are transmitted in order of preci-

sion, most significant bit first. The rule for refining the binary interval is that a zero signi-

fies the bottom half and a one signifies the top half of the current range. As the binary code

string is generated, the incremental nature of the encoding process becomes apparent.

After each symbol, the bits that define the smallest binary interval that contains the current

symbol interval can be sent. In the example, the first interval [0, 0.6) straddles 0.5, the

midpoint of the current known binary interval [0, 1), so no bits are transmitted for the

symbola. After the second symbolb, the smallest binary interval that contains the code

interval [0.36, 0.42) is [0.25, 0.5), so the bits 01 are transmitted. The next symbol interval

[0.36, 0.396) straddles 0.375, the midpoint of the current binary range [0.25, 0.5), so again

no bits are transmitted for the symbola. The final symbol interval [0.3852, 0.3924) results

in the transmitted bits 100. A few bits are required to terminate the message by refining

the binary interval so that it is within the symbol interval. For the example, the bits 011 are

required. The final binary code string 01100011 represents the binary interval

Figure 3.2: Intervals for the sequenceabac
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[0.38671875, 0.390625). Table 3.2 describes the encoding process, showing the transmit-

ted bits (excluding the message termination bits) and the intervals that they represent.

The decoding process refines a binary interval from the received bits, incrementally

decoding symbols when the binary interval is within the symbol interval. The first

received bit, 0, specifies the interval [0, 0.5). Since [0, 0.5) lies completely within [0, 0.6),

the first symbol must bea. After receiving 1100, the binary interval [0.375, 0.40625) is

within the symbol interval for the sequenceab, so the next symbolb is decoded. The

decoding process for the entire example sequence is shown in Table 3.3.

Factors that make arithmetic coding effective are apparent even in this short exam-

ple. In both occurrences of the high probability symbola, no bits are generated at the

transmitter and only a single bit is required at the receiver to decode the symbol. More bits

are required to represent and decode the symbolc, and the lowest probability symbolb

Table 3.2: Encoding the sequenceabac

Symbol
Cumulative
symbol interval

Cumulative
binary interval Tx bit

a [0, 0.6) [0, 1) -

b [0.36, 0.42) [0, 0.5)
[0.25, 0.5)

0
1

a [0.36, 0.396) [0.25, 0.5) -

c [0.3852, 0.3924) [0.375, 0.5)
[0.375, 0.4375)
[0.375, 0.40625)

1
0
0

Table 3.3: Decoding the sequenceabac

Rx bit
Cumulative binary
interval

Decoded
symbol

0 [0, 0.5) a

1 [0.25, 0.5)

1 [0.375, 0.5)

0 [0.375, 0.4375)

0 [0.375, 0.40625) b

0 [0.375, 0.390625) a

1 [0.3828125, 0.390625)

1 [0.38671875, 0.390625) c
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generates the most bits at the transmitter and requires the most bits before being decoded

at the receiver. Excluding the three bits required for termination, the four symbol sequence

is coded with 5 bits, which is less than the 8 bits required by a fixed length code.

In a practical implementation, the symbol range is represented by fixed precision

rather than floating point numbers. The practical coder must ensure that the quantities rep-

resenting the high and low interval limits do not underflow as the interval becomes small.

Since source statistics are likely unavailable in the real world, the practical coder

generates a histogram by counting symbol occurrences as it codes. As long as the encoder

and decoder start with the same initial histogram, no explicit information on source statis-

tics is required. Use of a histogram generated in this way allows limited adaptation to

changing statistics, and permits more sophisticated adaptation techniques to be applied

easily. One method to increase the adaptation is to modify the histogram generation so that

recently encountered symbols dominate. Another technique to improve performance is to

allow multiple histograms, and to choose the histogram used to code a symbol based on

that symbol’s context. The arithmetic coder used for experiments in this thesis uses a sin-

gle histogram, and each symbol simply increments the bin count for that symbol by one.

3.2.3 Stack-run coding

Stack run coding, proposed by Tsai, Villasenor and Chen [51], is a simple but effective

scheme for encoding quantized subband image coefficients. The coefficients are repre-

sented using a four symbol alphabet, then entropy coded using an adaptive arithmetic

coder. The small symbol alphabet allows the arithmetic coder to adapt quickly. After sub-

band decomposition, there are many zero-valued coefficients in the high pass bands, and

often these zeros occur together. Run-length coding of consecutive zeros is key to efficient

stack-run coding. Effective stack-run coding also depends on the energy compaction effect

of subband decomposition. Energy compaction produces a large number of small magni-

tude coefficients in the high pass subbands. Since stack-run codes a coefficient on a bit by

bit basis, small magnitude coefficients are coded compactly. If coefficient magnitudes are
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large, other coding techniques, which code an entire coefficient using a single symbol, are

better at representing non-zero coefficients.

Encoding begins by converting the two-dimensional image into a one-dimensional

sequence. Tsai, Villasenor and Chen propose a raster scan, but Raffy [38] suggests scan-

ning back and forth to better exploit correlation at image edges. The name stack-run cod-

ing comes from the distinction between zero and non-zero coefficients. The bits of a non-

zero coefficient form a “stack”. A string of consecutive zeros forms a “run”, and is repre-

sented by the number of zeros in the run. Stacks and runs are encoded using the alphabet

shown in Table 3.4.

The group of symbols representing a stack or run is transmitted least significant bit

first. Since it is always one, the most significant bit does not need to be transmitted when

there is a way to implicitly terminate stacks and runs. A run is always positive, and in most

cases the most significant bit can be dropped. No symbols are produced when the most

significant bit of a run of length one is dropped, so the most significant bit is kept for all

runs of length . A transition from “+” or “-” to 1 or 0 terminates a run, when the

most significant retained bit of the run encounters the least significant bit of the following

stack. Coefficients can be positive or negative, so the most significant bit of a stack is rep-

resented by its sign, and a transition from “0” or “1” to “+” or “-” terminates the stack.

Dropping the most significant bit of a stack means that a coefficient with value +1 or -1

cannot be distinguished from a run, but incrementing all stacks by one solves the problem

by ensuring a stack of value +1 or -1 is never encountered.

Table 3.4: The stack-run alphabet

Symbol Context Value represented

“0” stack binary zero in the coefficient

“1” stack binary one in the coefficient

“+” stack
run

MSB of a positive coefficient
binary one in the run length

“-” stack
run

MSB of a negative coefficient
binary zero in the run length

2
n

1–
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The symbols are encoded using an adaptive arithmetic coder. For better perfor-

mance, two sets of probability tables are used, both containing entries for all four symbols.

Runs and the least significant bit of stacks are coded together, and their probability table is

dominated by entries for “+” and “-” symbols. The rest of the stack symbols are coded

together, and their probability table is dominated by entries for “0” and “1”.

An example of stack-run coding (from Raffy) is shown in Figure 3.3. Note that the

most significant bit is retained for the first run of seven zeros.

3.3 Scalar quantization

Scalar quantization is simply the mapping of an input symbol to a quantization index.

When the input symbol alphabet is larger than the quantization index alphabet, there is

compression of information, but also loss of information. All symbols within a range of

values are mapped to the same quantization index; this range defines the quantization cell

for that index. The inverse quantization operation maps the quantization index to an out-

Figure 3.3: Stack-run coding example
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put symbol. Typically, scalar quantization maps an infinite set of real inputs to a non-infi-

nite set of integer indexes, and inverse quantization maps the non-infinite set of integer

indexes to a non-infinite set of real outputs. The difference between the input symbol and

the output symbol is the quantization error for that symbol. A scalar quantizer is termed

regular if the individual cells are contiguous, the ordered cells span a contiguous range,

there is no overlap between cells, and the output value of a cell lies within that cell. When

mapping a real symbol alphabet using a regular quantizer with a finite index alphabet, one

of the cells will have a lower range of and one of the cells will have an upper range

of ; these two cells are called overload cells. All other cells are called granular cells. A

uniform quantizer is a regular quantizer where all granular cells are the same size, and the

output value for each granular cell is the midpoint of the cell. A uniform quantizer is com-

pletely defined by its alphabet size, cell size or step size, and the range covered by the

granular cells.

Quantization is a large topic and has been studied extensively by the source coding

community. Gersho and Gray [23] is a good reference for quantization and compression,

and also discusses entropy coding, transform coding, and subband coding. The perfor-

mance of uniform scalar quantization followed by entropy coding approaches that of opti-

mum scalar quantization [20]; this combined with its simplicity has made it a popular

choice for image compression systems. Vector quantization, which codes groups of sym-

bols rather than individual symbols, has also been applied successfully to image compres-

sion. In the most effective coders, whether scalar or vector quantization is used, the

entropy coding technique, quantization and transformation work together to produce good

compression performance. The choice of quantization method and how it is applied to the

coefficients is intimately connected to how the coefficients are generated.

3.4 Transform coding

In transform coding [8], a linear transformation is applied to the original signal. The trans-

formed signal is quantized, then the reverse transformation is applied to generate an esti-

∞–

∞
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mate of the original. A block diagram of a transform coding system is shown in Figure

3.4. For efficient implementation, a block transform divides the signal into regular blocks,

and applies the transformation on a block-by-block basis.

In a one-dimensional block transform system, a block of the original signal can be

described as a column vector,

, (3.15)

where  is the block size. The transform coefficients of the block are obtained by multi-

plying by the  transformation matrix ,

. (3.16)

The transform coefficients can be viewed as the projection of the signal onto the basis

composed of the rows of . The inverse transform is applied to the transform coefficients

to recover the original signal exactly,

. (3.17)

When the inverse transform is applied to the quantized transform coefficients , the result

is an estimate of the original signal,

Figure 3.4: Transform coding system
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. (3.18)

If the transformation is unitary,

, (3.19)

where  is the identity matrix, then

. (3.20)

This property of unitary transformations is useful because it means that the quantization

error in the transform domain and the signal domain are the same, when a squared error

metric is used.

In two dimensions, the inputs and outputs of the block transform coding system can

be described by matrices. If the transform is separable, which is the usual case, it can be

applied independently to the rows and columns

, (3.21)

and if the transform is also unitary then

. (3.22)

Transform coding achieves compression by reducing the correlation in the transform

coefficients. Decorrelation removes redundant information, allowing a more compact rep-

resentation. The transformation also results in energy compaction. This change in the

energy distribution of the coefficients produces a small group of transform coefficients

with large variance and a large group of coefficients with small variance. The coefficients

with large variance can be quantized with a larger proportion of the bit budget, resulting in

an efficient representation.

Viewing the transformation as a projection onto a basis, it is clear that the choice of

basis vectors determines the decorrelating and energy compacting properties of the trans-

formation. The optimal decorrelating transformation is the Karhunen-Loève Transform

x̂ T
1–
ŷ=

T∗TT I=

I

y ŷ–
2

x x̂–
2

=

Y TXT
T

=

X T∗TYT∗=
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(KLT), which produces pairwise uncorrelated transform coefficients. The basis vectors of

the KLT are the eigenvectors of the autocorrelation matrix,

, (3.23)

where

, (3.24)

and  is the ith eigenvector and  is the ith eigenvalue

, (3.25)

and  is the autocorrelation matrix

. (3.26)

The KLT is signal dependent and awkward to compute when the block size is large. A

more practical alternative is the Discrete Cosine Transform (DCT), which is equivalent to

the Discrete Fourier Transform of a block using symmetric extension. The DCT generally

produces transform coefficients with low correlation when applied to natural images. The

elements of the first row of the DCT transformation matrix are all equal to . The

other rows are defined by

(3.27)

where  is the element of the jth row and kth column.

A well known transform coder for grayscale and color images is defined by the

JPEG standard [37]. The JPEG coder uses the DCT followed by scalar quantization with a

choice of step sizes. The DCT basis concentrates most of the energy in a block into a sin-

gle coefficient, termed the DC coefficient. DC coefficients are coded by encoding the dif-

ference with respect to the DC coefficient from the previous block. The other coefficients

T U
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in a block are encoded using a combination of Huffman coding and run-length coding,

where a string of consecutive values is represented by the number of values.

3.5 Subband coding and filter banks

Subband coding [58] [59] is a source coding technique where the frequency domain char-

acteristics of the signal are exploited to code it efficiently. The encoder separates the orig-

inal signal into a set of frequency subbands by filtering it with a set of analysis filters. To

maintain critical sampling, the analysis filter outputs are subsampled to produce the sub-

band coefficients. The subband coefficients are quantized to produce a lossy representa-

tion of the original signal. To generate the estimate of the signal from the quantized

subband coefficients, the coefficients are interpolated, filtered by synthesis filters, and

summed. In the absence of quantization, the analysis followed by synthesis is lossless,

even when implemented with realizable filters.

Perfect reconstruction

The two channel perfect reconstruction filter bank [55], illustrated in Figure 3.5, is at the

heart of a subband coding system. In a one-dimensional system, the analysis filters  and

Figure 3.5: One-dimensional two channel perfect reconstruction filter bank
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 split the input sequence  into two subbands. Subsampling the analysis filter outputs

by two maintains critical sampling, and produces two sequences  and , each with half

the number of elements as the original sequence. To generate an estimate  of the original

signal, the filtered sequences are upsampled by a factor of two, filtered by the synthesis fil-

ters  and , and summed. The analysis and synthesis filters are chosen so that aliasing

effects cancel, making the estimate a perfect reconstruction in the absence of quantization.

In the z-transform domain, the estimate can be written in terms of the input and filter

responses as

. (3.28)

To obtain perfect reconstruction,

, (3.29)

all the terms with  as a factor must sum to ,

, (3.30)

and all the aliasing terms which contain the factor  must cancel,

. (3.31)

Equation 3.30 and Equation 3.31 can be written in matrix form as

, (3.32)

where  is the analysis modulation matrix

. (3.33)

Assuming that  exists, Equation 3.32 can be rewritten as
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. (3.34)

In practical systems it is often desirable that the filters have a finite impulse response (FIR)

characteristic. In order to achieve perfect reconstruction with FIR filters, the determinant

of the analysis modulation matrix must satisfy the condition

, (3.35)

where  for perfect reconstruction1. Substituting Equation 3.35 into Equation 3.34

defines the synthesis filters in terms of the analysis filters,

(3.36)

and

. (3.37)

According to Equation 3.36 and Equation 3.37, the synthesis filters will be non-causal if

the analysis filters are causal. The synthesis filters can be made causal by multiplying by

, so that Equation 3.29 becomes

, (3.38)

describing perfect reconstruction with delay .

Finding solutions that satisfy Equation 3.30 and Equation 3.31 is key to designing

effective subband coders, and extensive research has been devoted to this problem [53].

One approach is the Quadrature Mirror Filter (QMF) bank [52]. A QMF bank is specified

by three equations:

, (3.39)

1.  For a proof see Vetterli and Kova˘cević [55] Section 3.2.2.
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, (3.40)

and

. (3.41)

By convention,  is a lowpass filter and  is a highpass filter. Equation 3.39 means

that in the frequency domain the highpass analysis filter is the mirror image of the lowpass

analysis filter about ; this fact gives the Quadrature Mirror Filter bank its name. Sub-

stituting Equation 3.39, Equation 3.40 and Equation 3.41 into Equation 3.30 results in

. (3.42)

The problem with QMFs is that there is no non-trivial FIR solution to Equation 3.42,

although practical filters can be designed that result in almost perfect reconstruction.

Smith and Barnwell [48] solve the problem of perfect reconstruction using FIR filters by

choosing

, (3.43)

leading to what they call Conjugate Quadrature Filters (CQFs). Equation 3.36, Equation

3.37 and Equation 3.43 are substituted into Equation 3.30, resulting in

(3.44)

The filter bank is designed by solving Equation 3.44 using spectral factorization [53].

Basis vector interpretation

Viewing perfect reconstruction filter banks from the perspective of a linear combination of

basis vectors provides useful insight into the way filter banks work. This basis vector per-

spective of filter banks is closely related to wavelet analysis, and is particularly important

for understanding space-frequency segmentation.
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An orthonormal series expansion of the square summable sequence  is defined

as

, (3.45)

where

(3.46)

are the transform coefficients with respect to .  is an orthonormal

basis for , and satisfies the orthogonality condition

. (3.47)

Conservation of energy,

, (3.48)

is an important property of orthonormal expansions.

A biorthogonal series expansion allows different bases to be used for analysis and

synthesis,

, (3.49)

where

(3.50)

and

, (3.51)

and  and  are dual bases that satisfy the orthogonality constraint

. (3.52)
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Separating the analysis and synthesis bases makes a biorthogonal system less restrictive

than an orthogonal system. The characteristics of the analysis and synthesis basis can be

made quite different, and can be tailored to the analysis or synthesis task. Since the bases

are related to filters in a filter bank, biorthogonality means that the analysis and synthesis

filters can be designed with different characteristics, while still forming a perfect recon-

struction system. Conservation of energy for a biorthogonal expansion is expressed as

. (3.53)

Equation 3.53 means that the energy of the transform coefficients is no longer equal to the

energy of the original signal. The impact for subband coding is that the squared error in

the transform domain is no longer equivalent to the squared error in the signal domain. In

practice, biorthogonal expansions that are almost orthogonal are usually used, so that the

convenience of equating squared error in the transform and signal domain can be main-

tained with little penalty in terms of accuracy.

A perfect reconstruction filter bank, described by Figure 3.5 and Equation 3.30 and

Equation 3.31, implements a biorthogonal series expansion2. The analysis basis functions

are time reversed even shifts of the analysis filter impulse responses,

(3.54)

and

, (3.55)

and the synthesis basis functions are even shifts of the synthesis filter impulse responses,

(3.56)

and

. (3.57)

2.  For a proof see Vetterli and Kova˘cević [55] Section 3.2.1.
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The transform coefficients are the subsampled outputs of the analysis filters,

(3.58)

and

. (3.59)

Because of the relationship between perfect reconstruction and biorthogonality, the filters

in a perfect reconstruction filter bank are referred to as biorthogonal filters.

A perfect reconstruction system constrained to implement an orthonormal series

expansion results in orthogonal filters. Equating the analysis and synthesis bases relates

the analysis and synthesis filters,

(3.60)

and

. (3.61)

Writing Equation 3.30 in terms of  using Equation 3.60 and Equation 3.61 results in an

expression describing the synthesis lowpass filter,

. (3.62)

Equation 3.62 can also be written in terms of the synthesis highpass filter as

(3.63)

The relationship between the lowpass and highpass synthesis filters is established by

applying orthogonality conditions to Equation 3.62 and Equation 3.63 and solving, result-

ing in

.3 (3.64)
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The filters in an orthogonal filter bank are derived from a single prototype filter; in this

case all the filters have been defined in terms of the lowpass synthesis filter . The

lengths of all the filters is even and is equal to .

Linear phase [36] is a desirable property for the filters in a perfect reconstruction fil-

ter bank used for subband coding. The group delay of a linear phase system is a constant,

. (3.65)

Use of linear phase filters means that the phase distortion from the filtering operation is a

simple delay. The only orthogonal perfect reconstruction filter bank with FIR, real coeffi-

cient, linear phase filters is the Haar expansion4, which is described by the low pass syn-

thesis filter

. (3.66)

The Haar expansion is useful for coding bi-level images such as text, but is not useful for

subband coding of natural images because the filters used are so short, making the fre-

quency discrimination characteristics of the system poor. In practice, biorthogonal filters

tend to give the best performance in compression applications. Biorthogonal systems can

achieve perfect reconstruction using FIR, real coefficient linear phase filters. When using

subband coding to compress images, the symmetry properties of linear phase filters also

lead to effective methods for dealing with edges [49] [50].

General filter banks

Perfect reconstruction systems can be constructed by cascading two channel filter banks in

a tree structure. The series expansion nature of perfect reconstruction filter banks makes

this intuitively easy to see. In order to concentrate energy in the lowpass bands, subband

3.  See Vetterli and Kova˘cević [55] Appendix 3.A for details.
4.  For a proof see Vetterli and Kova˘cević [55] Section 3.2.4.
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coding systems often use octave band spacing of subbands where the lowpass band is the

narrowest; this is implemented by iteratively applying the two channel filter bank to the

lowpass branch. Figure 3.6 shows the analysis and synthesis filter structure for an iterated

filter bank with octave band spacing and recursive decomposition and synthesis of the

lowpass band.

Extension of one-dimensional perfect reconstruction filter banks to two dimensions

is straightforward when separable filters are used. Filtering, decimation, and interpolation

operations are applied to rows and columns separately using one-dimensional filters, deci-

mators, and interpolators. The four resulting two-dimensional subbands are usually

labelled LL, LH, HL, and HH, to denote splits into low and high frequency bands in both

row and column orientations. Throughout this thesis, the subband labelling convention

used is row filtering followed by column filtering; for example the label LH denotes row

filtering using the low pass filter followed by column filtering using the high pass filter.

Using the test image Lena, Figure 3.7 shows the conventional depiction of the four sub-

bands from a single stage two-dimensional separable subband decomposition. The LL

band looks like the original image with each of the two dimensions reduced in size by

half. Most of the image energy is concentrated in the LL subband, and there is little energy

in the highpass bands, particularly the HH band.

Use of true two-dimensional filters is more complicated than the separable case, and

requires two-dimensional up and down sampling operations defined by a  subsam-

pling matrix, as well as two-dimensional convolution for the filtering operations. To date,

use of two-dimensional filters has not shown significant performance gains over the sepa-

rable application of one-dimensional filters.

Subband coding achieves compression by separating the original signal into differ-

ent frequency components, and quantizing based on frequency characteristics. It is easy to

see that if brickwall filters are used for analysis, components in different subbands are per-

fectly separated in frequency, but realizable orthogonal filters also produce uncorrelated

subbands. Because of the separation into subbands, bit allocation can be made according

2 2×
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Figure 3.6: Octave band tree structured filter bank
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to how the human visual system works in the frequency domain, producing errors in the

synthesized image that are perceptually less objectionable. Many natural images tend to

have little high frequency content. Decomposing natural images into frequency bands

results in energy compaction, because the energy is concentrated in the lowpass band. As

in transform coding, energy compaction is used to allocate bits more effectively. For natu-

ral images, octave band spacing of subbands produces the most energy compaction for a

given number of filtering stages.

Frequency decomposition and subsampling produce a representation of the image

made up of components at different resolutions. This multiresolution representation is a

powerful concept, leading to efficient quantization algorithms, embedded coding, and

linking subband coding to wavelets.

Figure 3.7: Subbands from a separable decomposition
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3.6 Wavelets

The connection between wavelets and subband coding is difficult to see at first glance.

Wavelet analysis is concerned with continuous time functions represented by continuous

time bases, whereas subband coding is concerned with discrete time signals processed by

discrete time filters. The design of the filters in a subband coding system is an important

factor determining the system’s performance. Researchers in the field of wavelet analysis

are interested in designing useful wavelets. With the discovery that continuous time wave-

lets can be generated from discrete time filters and vice versa, the design of wavelets and

filter banks have become connected. Filter banks can also be used to efficiently compute

the coefficients of a continuous time wavelet expansion using a discrete-time algorithm.

Research in both subband coding and wavelet analysis has been active, and advances in

one field have driven new research in the other.

The mathematics behind wavelets is quite involved, and any detailed or rigorous dis-

cussion is far beyond the scope of this thesis. Textbooks covering wavelets include Vetterli

and Kovac̆ević [55], which uses notation and concepts familiar to engineers, and Strang

and Nguyen [50]. Useful tutorials on wavelets, written from the perspective of the signal

processing community, include the article by Rioul and Vetterli [40], and the short book

by Chan [6]. A longer and mathematically more rigorous survey of wavelets is contained

in the collection of lectures by Daubechies [16].

3.6.1 Continuous time wavelet analysis

The Continuous Wavelet Transform (CWT) is useful for the analysis of non-stationary

continuous time signals. The term compact support is used to describe a function that is

non-zero only for a finite duration. The Fourier transform of a signal ,

, (3.67)
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is not good at representing signals whose characteristics vary over time, because the basis

functions are sinewaves with non-compact support. An alternative is to use the windowed

Fourier Transform,

, (3.68)

where  is a windowing function and  represents the shift of the window in time.

Because a single window is used, the windowed Fourier transform is restricted to the same

resolution for all time and frequency. The Heisenberg inequality,

, (3.69)

where

(3.70)

and

, (3.71)

states that it is not possible to have arbitrarily high resolution in both time and frequency.

The CWT seeks to provide a representation of the signal with good resolution in

both time and frequency by using a set of basis functions where some of the basis func-

tions have good time resolution and others have good frequency resolution. The basis

functions are constructed by shifting and scaling a single prototype time function known

as the mother wavelet. The Continuous Wavelet Transform (CWT) is defined as
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, (3.72)

where  is the mother wavelet, and  is a square integrable function of time. The

CWT maps a time function into a function of  and . The parameter  represents scale:

large scale implies low frequency and small scale implies high frequency. The parameter

 represents shift, the translation of the wavelet function along the time axis. The CWT

can be viewed as an inner product with the basis function , which is a scaled

and shifted version of the mother wavelet. Alternatively, it can also be considered as a fil-

tering operation, where the CWT is the output of a bandpass filter with impulse response

, at the instant . If the Continuous Wavelet Transform is invertible, then

, (3.73)

where  is a constant that depends only on .

When the scale and shift parameters are continuous, the CWT is a highly redundant

representation of the signal. Redundancy is reduced by evaluating the CWT on a discrete

grid in the time-scale plane. The scale parameter is discretized by setting

, (3.74)

and the shift parameter is set to

, (3.75)

where  and  are constants that define the sampling interval, and  and  are inte-

gers. The discrete parameter wavelet transform (DPWT) is defined as

(3.76)
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where

. (3.77)

An important particular case of the discrete parameter wavelet transform results from dis-

cretization of time and scale on a dyadic sampling grid, where

. (3.78)

The discrete parameter wavelet transform on a dyadic sampling grid is commonly but con-

fusingly referred to as the wavelet transform. In Fourier analysis, the term Fourier series

describes the expansion of a continuous time function using a discrete set of continuous

time basis functions, so the term Continuous Time Wavelet Series (CTWS) is a more

descriptive name for the DPWT on a dyadic sampling grid. Writing the definition out

explicitly,

, (3.79)

where

, (3.80)

and  and  are integers. Viewing the CWT as a filtering operation, dyadic sampling

means octave scaling of filters.

Reconstruction of the original signal from the discrete parameter wavelet transform

representation depends on the sampling rate. Non-unique representations of the original

signal with respect to the same mother wavelet are possible if the system is oversampled.

If the sampling is sparse then perfect reconstruction is not possible. The theory of frames

is applied to define the conditions for perfect reconstruction [15]. When the  form

an orthonormal basis, perfect reconstruction can be defined as

ψmn t( ) a0
m 2⁄– ψ a0

m–
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(3.81)

The orthonormality condition can be relaxed, and perfect reconstruction can be achieved

using dual bases  and ,

. (3.82)

3.6.2 Multiresolution analysis

Multiresolution analysis [33] connects wavelets in the continuous time domain with filter

banks in the discrete time domain. Specifically, multiresolution analysis connects the con-

tinuous time wavelet series with an octave band subband decomposition using cascaded

two channel perfect reconstruction orthogonal filter banks. Multiresolution analysis leads

to a method for constructing orthonormal wavelet bases and an algorithm for computing

the coefficients of the CTWS.

In a multiresolution analysis, a signal is represented by a coarse approximation and a

set of details. The signal is initially decomposed into an approximation component and a

detail component using a lowpass/highpass filter pair. The approximation is recursively

decomposed into approximation and detail of successively coarser scale. Mathematically,

a multiresolution analysis is described as a set of embedded closed subspaces

. (3.83)

The set of subspaces is complete, so that

(3.84)

and

, (3.85)

x t( ) x t( ) ψmn t( ),〈 〉ψmn t( )
n
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m
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ψ̃mn t( ){ } ψmn t( ){ }
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e.g.

. (3.86)

All other subspaces in the ladder of subspaces are scaled versions of the central space ,

; (3.87)

this property defines the multiresolution aspect of a multiresolution analysis. The central

space also exhibits the property of shift invariance for all integer shifts,

. (3.88)

There exists a function of time , known as the scaling function, such that

. (3.89)

From Equation 3.87, Equation 3.88, and Equation 3.89, a basis for any other subspace in

the ladder can be defined,

. (3.90)

Equation 3.83 and Equation 3.90 mean that the scaling function satisfies a two scale equa-

tion

. (3.91)

The sequence  can be viewed as a discrete time filter.

The space  is defined as the orthogonal complement of  in ,

, (3.92)

and

0{ } …→ V2 V1 V0 V 1– V 2– … L2 R( )→⊂ ⊂ ⊂ ⊂

V0

f t( ) Vm∈ f 2
m

t( ) V0∈⇔

f t( ) V0∈ f t n–( ) V0∈⇒ for all n Z∈
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. (3.93)

Equation 3.84 and Equation 3.92 mean that the space of square integrable functions can be

decomposed into the set of orthogonal subspaces,

. (3.94)

From Equation 3.87, the set of orthogonal complements also exhibits a scaling property,

. (3.95)

It can be shown that

(3.96)

where

; (3.97)

this together with Equation 3.94, Equation 3.84, and Equation 3.85 means that the

do in fact form an orthonormal wavelet basis for the space of square integrable functions,

. (3.98)

Note that Equation 3.97 is exactly the same as Equation 3.80, connecting multiresolution

analysis with the continuous time wavelet series. The wavelet  also obeys a two scale

equation,

, (3.99)

and  again corresponds to a discrete time filter. The two filters are in fact related:

 and  correspond to the lowpass and highpass synthesis filters in an orthogo-
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nal perfect reconstruction filter bank.5 To reiterate, the lowpass synthesis filter  is

related to the scaling function  and the subspace , and the highpass synthesis filter

 is related to the wavelet  and the orthogonal complement . Figure 3.8 illus-

trates the relationship between a few of the different spaces for the sinc wavelet, which

corresponds to ideal octave band filters with infinitely steep rolloff.

Based on the framework of multiresolution analysis, orthonormal bases of com-

pactly supported wavelets can be constructed from FIR orthogonal perfect reconstruction

filter banks [14]. Conversely, perfect reconstruction filter banks can be constructed from

wavelets; this has led to improved filters for subband coding. An iterative algorithm is

used to generate the continuous time scaling function and mother wavelet from discrete

time filters. The support width of the scaling function and wavelet generated using iterated

filters is determined by the order of the filters, so that FIR filters lead to wavelet bases with

compact support. If the iterative algorithm converges and produces smooth continuous

5.  For the complete development of multiresolution analysis as an orthonormal wavelet decompo-
sition, and its relationship to orthogonal filter banks, see Daubechies [16] Chapter 5.

g0 n[ ]

ϕ t( ) V0

g1 n[ ] ψ t( ) W0

Figure 3.8: Multiresolution analysis using the sinc wavelet
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time functions, the filters used are called regular. For orthogonal wavelets, regularity is

determined by the frequency domain characteristics of . A necessary but not suffi-

cient condition for regularity is that , the Fourier transform of , have at

least one zero at . It is important to note that not all filter banks that satisfy the per-

fect reconstruction conditions also satisfy the regularity requirement, so not all perfect

reconstruction filter banks lead to wavelets. An example of a perfect reconstruction filter

bank that does not satisfy the regularity requirement, and therefore cannot be used to con-

struct a wavelet basis, is the 8-tap CQF described by Smith and Barnwell [48].

If the orthonormality constraint is relaxed, dual wavelet bases can be constructed

from biorthogonal perfect reconstruction filter banks and vice versa [54]. Biorthogonal

wavelets are especially relevant for subband coding applications because biorthogonality

permits more freedom in designing the analysis and synthesis filters, and because bior-

thogonal wavelets are associated with linear phase filters. In the biorthogonal case, the

analysis and synthesis filters lead to different wavelets and scaling functions for analysis

and synthesis. As in the orthogonal case, the lowpass synthesis filter  leads to the

synthesis scaling function , and the highpass synthesis filter  leads to the syn-

thesis wavelet . The analysis scaling function  comes from the analysis lowpass

filter , and the analysis wavelet  is associated with the analysis highpass filter

. In order for the iterative algorithm to converge, both  and  must sat-

isfy the regularity condition, so that both  and must have at least one zero

at .

Multiresolution analysis also results in a discrete time algorithm for computing the

coefficients of the continuous time wavelet series using a tree structured octave band filter

banks. Starting at the subspace , a continuous time signal  can be written as a linear

combination of the basis functions ,

, (3.100)

where
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. (3.101)

Equation 3.92 means that the projection of  onto  can be written in terms of the pro-

jection onto  and . The projection of  onto the subspace  can be written as

, (3.102)

where

. (3.103)

Expanding the inner product of Equation 3.103, substituting for  using Equation

3.100, and simplifying by applying orthogonality results in

. (3.104)

Using Equation 3.60 to replace  with  results in

. (3.105)

Since these are the equations for the convolution sum with subsampling,  can be

obtained by filtering  with , the low pass analysis filter, followed by subsam-

pling by two. The projection of  onto the subspace  can be written as

, (3.106)

where

. (3.107)

Analogous to the development for , it can be shown that
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, (3.108)

which means that  can be obtained by filtering  with , the high pass

analysis filter, followed by subsampling by two. Together, Equation 3.92, Equation 3.105

and Equation 3.108 mean that the projection of  onto any  and its complement

,  and  respectively, can be obtained from the projection of  onto

 by discrete time filtering and subsampling. The coefficients of the continuous time

wavelet series can be computed by iteratively applying two channel perfect reconstruction

filter banks in the topology shown in Figure 3.9. But the filter tree in Figure 3.9 is the same

as the analysis filter tree in Figure 3.6, establishing the connection between the CTWS and

perfect reconstruction filter banks.

3.7 Image compression

Wavelet analysis is a powerful tool, and mathematically the connection between wavelets

and filter banks is well understood. The use of filter banks in subband coders leads to the

d1 n[ ] h1 2n k–[ ] c0 k[ ]
k
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Figure 3.9: Calculation of CTWS coefficients
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application of wavelets to the image compression problem. The insight from the wavelet

point of view has led to improvements in filter design, as well as new image compression

methods such as wavelet packets.

3.7.1 The wavelet transform

The close relationship between wavelet analysis and subband coding has made the term

“wavelet transform” synonymous with a tree structured subband decomposition with

octave band spacing where the lowpass band is the narrowest. This use of the term wave-

let transform is common in the literature, but is somewhat confusing because it does not

explicitly make clear that a discrete time signal is analyzed using discrete time basis func-

tions. Antonini et al. [1] investigate the use of the wavelet transform to compress images.

Three sets of biorthogonal filters are tested: a set of filters where the lowpass and highpass

filters have dissimilar lengths (9-3)6, a set of filters where the lowpass and highpass filters

have similar lengths (9-7), and a set of filters where the analysis and synthesis wavelets

are similar (5-7). The wavelet coefficients are quantized using vector quantization. Differ-

ent codebooks for each subband are used, and the codebooks are generated using the

Linde-Buzo-Gray algorithm with an MSE criterion. Bit allocation for each subband is

optimized based on the human visual system. In terms of PSNR, the results using the

wavelet transform are comparable to the performance of state of the art coders at the time,

while using shorter filters. The best results are achieved with the 9-7 filters, and the

authors claim that the perceptual performance with this filter set at low bit rates is better

than the state of the art at the time. The 9-7 biorthogonal filter set is very commonly used

in the literature, since it provides a good overall partition even with other coding tech-

niques.

An important question when using the wavelet transform for image compression is

how the characteristics of the wavelets associated with the filter bank are related to the

6.  In the literature, the filters in a biorthogonal two channel filter bank are often referred to by the
length of the analysis filters e.g. 9-3, where 9 is the length of the lowpass filter and 3 is the length of
the highpass filter.
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performance of the image compression system. If a wavelet  has  vanishing

moments, then

. (3.109)

Regularity is a measure of the smoothness of a wavelet. Antonini et al. propose that a filter

bank where the associated analysis wavelet has a large number of vanishing moments, and

the synthesis wavelet has a high degree of regularity, works well for image compression.

However, a recent study by da Silva and Ghanbari [12] suggests that regularity and num-

ber of vanishing moments have little correlation with image compression performance.

They investigate subjective and objective compressed image quality using a large number

of regular biorthogonal filters. Image quality is measured with both a subjective grade and

PSNR. Image quality is studied at bit rates down to 0.5 bits per pixel using a 3 stage sepa-

rable wavelet transform decomposition. The lowpass band is coded with PCM at 8 bits per

pixel, and all other coefficients are coded using a multistage product code lattice based

vector quantizer. The only characteristic that shows any relationship with image quality is

the shape of the synthesis wavelet, where a more concentrated wavelet is associated with

better performance.

3.7.2 Zerotree coding

Zerotree coding is an image compression scheme that exploits the characteristics of the

subband decomposition to quantize and code subband coefficients efficiently. The advan-

tages of zerotree coding include good rate-distortion performance, computational effi-

ciency, and embedded coding. Zerotree coding is especially effective at maintaining good

perceptual quality at low bit rates. Scalar quantization followed by entropy coding is at the

heart of zerotree coding, but it is the clever way that the quantization and coding is done

that makes zerotree coding so effective. The concept of zerotree coding was first intro-

duced by Shapiro [46] as the Embedded Zerotree Wavelet algorithm (EZW), and has been

extended by Said and Pearlman [42] into a technique that they call Set Partitioning In
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Hierarchical Trees (SPIHT). Because Said and Pearlman’s codec works very well in terms

of both speed and performance, and because it is freely available in source code and exe-

cutable form on the Internet7, it serves as a useful standard high performance wavelet

coder for investigating image compression problems.

One of the key ideas in zerotree coding is ordered bit plane transmission of subband

coefficients. Effectively, coefficients are ordered by magnitude, then the bits in the same

bit position of all coefficients are transmitted, high order bits first. Ordered bit plane trans-

mission produces an embedded code and effectively allocates more bits to large magni-

tude coefficients. Because of energy compaction by the subband decomposition, there are

few ones to be coded in the high order bit positions. The converse is that there are many

zeros in the high order bit positions to be represented. Efficient representation of zeros

leads to the second key idea in zerotree coding: the magnitude of coefficients in the same

spatial location are related across scales. This relationship depends on the multiresolution

aspect of the subband decomposition. The result is that zerotree coding represents a group

of coefficients in the same spatial location across scales that are less than a threshold value

using a single symbol; this group of coefficients is called a zerotree. For further efficiency,

the stream of symbols representing significant bits and zerotrees is entropy coded using

adaptive arithmetic coding.

In order to perform well, zerotree coding relies on some assumptions that are gener-

ally valid for natural images, but these assumptions produce some problems when coding

ultrasound images. The wavelet transform is a reasonable choice of frequency decomposi-

tion topology for natural images, and allocating bits by coefficient magnitude works well

when the contrast level is quite uniform. When used to compress ultrasound images,

zerotree coding produces some distinctive artifacts. Speckle is blurred at lower bit rates,

suggesting that a different decomposition topology is better suited to speckly images.

Because contrast is important in an ultrasound image, bit allocation by coefficient magni-

7.  See the SPIHT web site atipl.rpi.edu/SPIHT .
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tude is not the best choice, and artifacts caused by this bit allocation scheme are particu-

larly visible in areas of low contrast detail.

3.7.3 Wavelet packets

The concept of wavelet packets extends the octave band tree structured filter bank to

include all binary frequency decompositions, so that the best decomposition topology can

be chosen to suit the characteristics of an individual image. In continuous time, wavelet

packets lead to the construction of wavelet bases for  for the discrete parameter

wavelet transform that are not constrained by the dyadic sampling requirement of multi-

resolution analysis. Wavelet packets were first introduced by Coifman et al. [9]

In a tree structured filter bank, iterative decomposition of the low pass branch is only

one possible topology for the tree. Starting from a two channel orthogonal perfect recon-

struction filter bank, the choice can be made to further decompose the highpass branch, the

lowpass branch, neither branch, or both branches. At each stage in the tree, the same deci-

sion can be made for each leaf. Since the filtering operation can be viewed as a projection

onto a set of basis functions, the tree structure represents a choice of basis. For a one-

dimensional signal, , the number of possible bases from a tree of depth , is described

by the recursive equation

, (3.110)

where the undecomposed signal is represented by

. (3.111)

In Equation 3.110, the  term includes bases from the lowpass and highpass branches,

and the additional basis is the undecomposed case. Figure 3.10 graphically illustrates a

one-dimensional wavelet packet decomposition of maximum depth two, and lists the five

possible representations.
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The best basis needs to be chosen from the set of possible bases, so a criterion for

choosing the best basis must also be defined. For compression, Coifman et al. propose

minimum entropy as the criterion for determining the optimum tree structured filter bank.

Ramchandran and Vetterli [39] connect the quantization and transformation components

of lossy compression systems by choosing optimum rate-distortion performance as the cri-

terion for basis selection, and describe a fast tree search based algorithm for determining

the best basis. The Ramchandran and Vetterli algorithm is discussed in more detail in Sec-

tion 5.3.

3.7.4 Comparing image codecs

To give some quantitative perspective on the different image compression methods that

have been discussed, Table 3.5 lists the PSNR at 1.0 bpp and 0.5 bpp obtained by coding

the test image Barb8 (shown in Figure 3.11) using JPEG, EZW, wavelet packets, and

SPIHT. Because a JPEG codec9 and the SPIHT codec are freely available on the Internet,

the values in Table 3.5 for JPEG and SPIHT are obtained by experiment, whereas the val-

8.  The Gersho version of Barb is used to obtain the experimental results for JPEG and SPIHT.
9.  The JPEG codec is obtained from the Independent JPEG Group, www.ijg.org.

Figure 3.10: Wavelet packet decomposition, maximum depth = 2
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ues for EZW and wavelet packets are the published values in Shapiro’s [46] and Ram-

chandran and Vetterli’s [39] papers, respectively. Of the four coding methods, JPEG

produces the worst PSNR results by a considerable margin at both 1.0 bpp and 0.5 bpp.

Wavelet packets performs the best at 1.0 bpp, but at 0.5 bpp both zerotree codecs perform

better. Overall, SPIHT appears to work the best, producing the best PSNR at 0.5 bpp and

the second best PSNR at 1.0 bpp.

Table 3.5: Barb compressed at 1.0 bpp and 0.5 bpp

Method R (bpp) PSNR (dB)

JPEG 1.0 33.3

EZW 1.0 35.1

Wavelet packets 1.0 37.1

SPIHT 1.0 36.4

JPEG 0.5 27.8

EZW 0.5 30.5

Wavelet packets 0.5 30.3

SPIHT 0.5 31.4

Figure 3.11: Barb
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Even this simple comparison of coding methods on a single well accepted test image

is not as straightforward as it looks, underlining the care that must be taken when compar-

ing compression results in the literature. The rate results for wavelet packets reported by

Ramchandran and Vetterli are zeroth-order entropy estimates, and are not actual coded

rates. As will be shown in Section 6.3, the zeroth-order entropy is an optimistic estimate

of rate, especially when coding small subbands. Even when comparing actual coded rates,

it is difficult to make an apples-to-apples comparison of coding algorithms. All three sub-

band algorithms use different filters: Shapiro uses 9-tap QMFs, Ramchandran and Vetterli

use the Daubechies 8-tap orthogonal filters, and Said and Pearlman use the Antonini 9-7

biorthogonal filters. It is quite likely that the EZW results can be improved simply by

using the same filters as SPIHT, so the advantage of SPIHT over EZW is not as large as

the PSNR values in Table 3.5 seem to indicate.
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Chapter 4

Compression and Ultrasound Images

4.1 Recent research

In a recent article, Erickson et. al. [18] review the compression of medical images using

the wavelet transform. They discuss compression of images from a variety of medical

imaging modalities, including computed tomography (CT), magnetic resonance imaging

(MRI), chest radiography, and ultrasound. JPEG is compared against wavelet transform

methods such as SPIHT in their literature review and their own experiments. The conclu-

sion, based primarily on subjective quality assessment, is that in general wavelet trans-

form techniques are superior to JPEG, due to the blocking artifacts produced by JPEG.

Their comments on compression of ultrasound images highlight the speckle texture as a

difficult feature to compress, and they suggest that relative to other modalities ultrasound

produces images that are less tolerant to compression. Using SPIHT, they report that typi-

cally ultrasound images cannot be compressed at rates greater than 20:1 without degrading

the image beyond acceptability in terms of aesthetic appearance and utility for medical

interpretation.

Krasner et. al. [31] apply vector quantization to compress ultrasound liver images,

and discuss the effect of compression on image quality. Their work is interesting because

in addition to characterizing compressed image quality using a conventional squared error

metric, they also study the effect of compression on image statistics that are useful for tis-
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sue characterization. Images are compressed using two methods: pruned tree structured

vector quantization (PTSVQ), and PTSVQ with splitting. PTSVQ with splitting involves

dividing coefficients into high and low order bits. High order bits are compressed loss-

lessly using Lempel-Ziv coding, while low order bits are compressed using PTSVQ. They

find that PTSVQ with splitting results in less degradation in terms of mean squared error,

but more degradation in terms of statistical tissue characterization metrics, which shows

that mean squared error can be misleading. A disadvantage of this study is that it is

restricted to relatively low compression rates, generally above 1.0 bpp.

Cabral, Linker and Kim [5] compress pre-scan-converted images with JPEG and a

wavelet transform codec, comparing the results against the compression of scan-converted

ultrasound images, which is the conventional case. (See Section 2.4 for a brief description

of scan conversion.) The wavelet transform codec uses a depth three decomposition, EZW

bit allocation and quantization, followed by arithmetic coding. Experiments using the

wavelet codec are done with a variety of filters, including orthogonal Daubechies 4, 8, and

12 tap filters, and biorthogonal 9-3 and Antonini 9-7 filters. The Antonini 9-7 filters show

the best performance. Their results show that the wavelet transform EZW codec is supe-

rior to JPEG, and that compressing pre-scan-converted images produces better results than

compressing scan-converted images. At 0.5 bpp and averaged over nine images, the

improvement in PSNR for JPEG of pre-scan converted over scan-converted images is

2.5 dB, improving from an average of 31.3 dB to 33.8 dB. For the wavelet codec, the

average improvement in PSNR is 0.7 dB, from 34.3 dB to 35.0 dB, by compressing pre-

scan-converted images. In equivalent comparisons (scan-converted versus scan-converted

results, pre-scan-converted versus pre-scan-converted results), the wavelet transform

EZW codec outperforms JPEG in both PSNR and subjective quality. In their article they

show the recovered image of a pre-scan-converted image compressed at 0.37 bpp, and

report that in terms of subjective quality the EZW compressed image is almost identical to

the uncompressed image. They propose that the improved performance from compressing

pre-scan-converted images is due to the increased correlation between raster image pixels

in scan-converted images as the distance from the transducer increases. The drawback to
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compressing pre-scan-converted images is that the image must be scan converted in addi-

tion to being decompressed before display. The scan-conversion parameters are deter-

mined by the transducer and acquisition equipment, so portability of the image is

restricted unless these parameters are included with the image.

Luo, Li and Chen [32] identify speckle as a problem in the compression of ultra-

sound images, and try a novel solution, however their results do not appear promising.

Subband coding is at the heart of their technique. The original ultrasound image is decom-

posed into subbands, certain high pass subbands with speckle energy content are set to

zero, then the subbands are synthesized, producing what they call a structure image. They

generate what they call a speckle image by subtracting the structure image from the origi-

nal image. The structure image is encoded using SPIHT, but the entire speckle image is

not explicitly encoded. Instead, a small rectangular portion of the speckle image is loss-

lessly encoded and sent along with the SPIHT encoded structure image. At the receiver,

the decoded speckle patch is used as input to a texture model to synthesize a speckle

image, which is added to the decoded structure image to generate the final reconstructed

estimate. They report results only for a single image, and in terms of PSNR, their tech-

nique performs poorly when compared against simply coding the entire original image

using SPIHT. At 0.547 bpp, the PSNR of the SPIHT coded image is 29.6 dB, but the

PSNR of the synthesized speckle plus structure image is only 21.5 dB. This poor PSNR

result is expected, since there is only random correspondence between individual speckle

spots in the synthesized speckle image and the original image. The authors argue that the

appearance of the image reconstructed using their method is superior to SPIHT, but it is

difficult to draw this conclusion from the pictures included in their article.

de Solà Fàbregas and Tri [17] focus on the shape of the ultrasound-only region in

applying a shape adaptive DCT to compress sector scanned ultrasound images. The trans-

formation still operates on an  block of pixels, but a region of interest mask separates

pixels in a block into foreground and background pixels, and a separable transformation is

applied to foreground pixels only. Like JPEG, the transformed coefficients of a block are

8 8×
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then zig-zag scanned into a one-dimensional sequence, quantized, then run-length and

entropy coded. Results are reported for a single echocardiographic image, which for refer-

ence is also coded using JPEG to a PSNR of 42 dB at 0.43 bpp. Using the shape adaptive

DCT, experiments with a selection of different quantization tables result in an improved

PSNR of 42.6 dB at a lower rate of 0.32 bpp. Drawbacks for region of interest type coding

schemes which the authors do not address are the extra complexity required in the encoder

to define the region of interest, and the need to specify the region of interest to the decoder

as side information. This article also highlights a problem with reported medical image

compression results. Because there are many different modalities, and no standard test

images even within the same modality, reported compression results are difficult to com-

pare. The reported PSNRs at the reported bit rates in this article seem unusually high rela-

tive to results from the other reviewed articles. It seems intuitive that it is a good idea to

code a region of interest rather than the entire image when significant portions of the

image are background, but without knowing any more about the test images used, it is dif-

ficult to make any further assessments of the results from this article.

It is not easy to summarize the current state of the art for the compression of ultra-

sound images. Compared with other modalities, the literature on compression specifically

of ultrasound is limited. In the articles reviewed, the lack of common test images makes it

difficult to compare results in different articles. Nevertheless, three of the five articles dis-

cussed (Erickson et. al., Cabral et. al., Luo et. al.) apply zerotree coding to compress ultra-

sound images, and two of these three articles (Erickson and Cabral) compare zerotree

coding against JPEG and conclude that zerotree coding is superior. Based on the reviewed

articles, it appears that zerotree coding is currently the leading technique for the lossy

compression of medical ultrasound images.

4.2 Subband decomposition and image content

To connect the variety of background material that has been presented on ultrasound

images, image compression, subband coding, and wavelets, a single stage subband
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decomposition is applied to a normal image and an ultrasound-only section of a medical

ultrasound image that can be considered typical. The representative normal image is a

 pixel version of the test image Lena1. The ultrasound-only image is labelled

Ub, and is also . Ub is cropped from a sector scanned image of a liver2. The two

images are shown in Figure 4.1. Orthogonal filters, the Daubechies filters of length eight,

are used in order to compare the energy in the different subbands precisely.

The subband images for the two images after single stage subband decomposition

are shown in Figure 4.2. For both images, over 98% of the energy is concentrated in the

LL band. The distribution of the remaining 2% of the energy in the high pass bands is

reported in Table 4.1, which shows that the high pass energy distribution of Ub is much

less uniform than that of Lena. Edges and details from the original image appear as fea-

tures with reduced energy in all three of the high pass subbands of Lena. Features such as

1.  This version of Lena is obtained from the Waterloo Bragzone at links.uwaterloo.ca/
greyset1.base.html.
2.  The original image is obtained from the ALI Technologies website, www.alitech.com. ALI is a
manufacturer of medical PACS.

256 256×

256 256×

Figure 4.1: Lena and Ub

Lena Ub



Chapter 4. Compression and Ultrasound Images 68

the boundary between Lena’s shoulder and the background, the outlines of her eyes, nose

and mouth, the edges of her hat, and the feathers from her hat are all discernible in the

high pass subbands. There are more vertical than horizontal features in Lena, which is nor-

mal for an image of a person, so there is more energy in the HL band than the other two

high pass bands. In contrast, there are few edges in the ultrasound-only image, which is

dominated by speckle. After subband decomposition of the ultrasound image, the speckle

is concentrated in the LH band, and no features are visible in the HL or HH bands. For the

Table 4.1: High pass energy distribution

Image Subband
% of HP
energy

Lena LH 22%

Lena HL 64%

Lena HH 14%

Ub LH 88%

Ub HL 10%

Ub HH 2%

Figure 4.2: Subband images: Lena and Ub

Lena Ub

LL

LH

HL

HH

LL

LH

HL
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ultrasound image, almost all the high pass energy is in the LH band. The concentration of

high pass energy is explained by the shape of a speckle spot. Speckle spots in ultrasound

images are generally enlongated, due to the different transducer resolution in the lateral

and axial directions. Often the image is oriented such that the direction of insonification is

vertical, so that the speckle spot is elongated in the horizontal direction.

This simple experiment comparing the single stage subband decomposition of Lena

and Ub highlights an important issue in compressing ultrasound images. Ultrasound

images are quite different from normal images, and their features are dominated by

speckle. An efficient codec for normal images may not work as well for ultrasound

images, but improved compression performance may be obtained by applying techniques

that adapt to the unusual characteristics of ultrasound images.
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Chapter 5

Space-frequency Segmentation

5.1 Introduction

Space-frequency segmentation is an adaptive lossy compression technique that represents

an image as a set of quantized subimages. The algorithm finds the optimal set of subim-

ages by choosing the optimal decomposition topology from a finite set of possible decom-

position topologies, and finds the optimal bit allocation by choosing the best quantizer for

each subimage from a finite set of quantizers, all chosen according to a rate-distortion cri-

terion.

The possible decomposition topologies are determined by the type of decomposi-

tions allowed. In space-frequency segmentation, decomposition in either space or fre-

quency produces four subimages. For space-frequency segmentation, decomposition in

space means dividing an image into four quadrants, and decomposition in frequency

means filtering an image into four subbands using a two-dimensional separable perfect

reconstruction filter bank. Each subimage can also be decomposed in space or frequency,

up to some maximum decomposition depth, so that the optimal set of subimages is gener-

ated by a particular subtree chosen from a tree of space and frequency decompositions. As

discussed in Section 3.5, filtering with a perfect reconstruction filter bank can be viewed

as a projection onto a set of basis functions, so the space-frequency tree defines a set of

possible bases, and the optimal subtree defines a specific basis. It will be shown that
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space-frequency segmentation searches a larger set of possible bases than the wavelet

packet double-tree algorithm [26].

5.2 Rate-distortion theory

Space-frequency segmentation determines the best basis and choice of quantizers in a

rate-distortion sense, which means that for a given target rate, the algorithm chooses the

representation that will result in the lowest distortion. The optimal representation corre-

sponds to the operating point on the convex hull of the operational distortion-rate function

that has a rate that is closest to but does not exceed the target rate. In order to understand

what this means, a brief discussion of rate-distortion theory is required.

Rate-distortion theory [45] [3] [25] applies the mathematical rigor of information

theory to the problem of data compression. It relates the information produced by a source

to the fidelity with which that information can be recovered by the user. A limitation of

rate-distortion theory is the difficulty in defining measures of information and fidelity for

real world sources that are both practically relevant and mathematically tractable. Despite

its theoretical nature, rate-distortion theory is useful to the design of data compression sys-

tems because it provides a performance bound for the system.

In a general communication system, a source conveys information to a user. The

rate-distortion function, , defines the relationship between the user and the source by

stating that the user can recover information with distortion  if and only if information is

received at a rate that exceeds . A typical rate-distortion function is shown in Figure

5.1. An important property of the rate-distortion function is that it is a continuous, mono-

tonic decreasing convex function for , and is equal to zero for .

It is often useful to define the source-user relationship in the inverse manner in terms

of the distortion-rate function, . For a rate constraint , the minimum achievable

distortion is given by . In practice, the distortion-rate function and rate-distortion

function are often used interchangeably.

R D( )

D

R D( )

0 D Dmax<≤ D Dmax>

D R( ) R

D R( )
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When a source is quantized with a finite set of quantizers, the distortion-rate constel-

lation of all achievable distortion-rate pairs does not yield a continuous distortion-rate

function. Instead, a staircase line referred to as the operational distortion-rate function

joins the set of points that minimize distortion at a given achievable rate. The convex hull

of the operational distortion-rate function consists of straight lines connecting points on

the operational distortion-rate curve such that no point on the operational distortion-rate

curve is below the convex hull. A distortion-rate constellation, the operational distortion-

rate curve, and its convex hull are shown in Figure 5.2.

5.3 Optimal wavelet packet bases

Single-tree wavelet packets can be viewed as an adaptive binary subband decomposition,

where the decomposition topology for a particular source is chosen with respect to some

optimality criterion. Ramchandran and Vetterli [39] solve the problem of choosing the

best wavelet packet basis and best quantizer for each subband in a distortion-rate sense.

The Ramchandran and Vetterli algorithm extends the Generalized BFOS1 algorithm of

1.  The acronym BFOS stands for Breiman, Friedman, Olshen and Stone.

Figure 5.1: Typical rate-distortion function

D

R
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R(0)
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Chou, Lookabough and Gray [7], which finds the distortion-rate operating points of a tree

structured problem, by removing the monotonicity constraints that Generalized BFOS

places on the tree. Ramchandran and Vetterli also extend the optimal bit allocation algo-

rithm of Shoham and Gersho [47], which finds the operating point on the convex hull of

the distortion-rate function in terms of the slope at that point, by structuring the problem

using a tree and searching for the optimal slope as a maximum of a convex function. The

Ramchandran and Vetterli technique is very powerful, and can be applied to the general

distortion-rate optimization of a tree structured problem with an arbitrary set of quantizers.

It will be used to find the best space-frequency partition, and to choose the best quantizer

for each group of space-frequency coefficients.

A single-tree wavelet packet decomposition is represented by a tree, which defines

the possible topologies of a tree structured filter bank. Only frequency decomposition, fil-

tering by a perfect reconstruction filter bank, is allowed in a single-tree decomposition.

Each node in a single-tree corresponds to a subband, and each branch in the tree corre-

sponds to the decomposition into a subband, so that the children of each node correspond

Figure 5.2: Operational distortion-rate

D

R

Operational distortion-rate
function

Convex hull of
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to the subbands obtained by filtering the parent subband. At each node, there is a decision

as to whether or not to decompose the corresponding subband, subject to some maximum

decomposition depth constraint. When there are no further decompositions below a node,

the corresponding subband is quantized, so there is also a decision of the choice of quan-

tizer from a finite set of possible quantizers. The collection of decisions about whether or

not to decompose in frequency defines an optimal subtree, and the collection of decisions

about the quantizers at each leaf node in the subtree defines the optimal quantizer set for

that subtree. The decomposition and quantizer choices are made according to a rate-distor-

tion criterion; together, they define an optimal decomposition and bit allocation. A closer

look at Ramchandran and Vetterli’s development of a solution follows, showing how the

search for an optimal decomposition and bit allocation is converted to an expression that is

easily solved.

Some definitions are required. Let  represent the maximum depth wavelet packet

tree,  represent a pruned subtree of , and  represent the set of terminal nodes of

the subtree . Corresponding to each node  in the tree is a choice of basis and a set of

coefficients. Each  defines a unique subband decomposition, and together with the set of

quantizers used for each node, it specifies the codec. Let  denote the set of admissi-

ble quantizers for node , and  denote the set of admissible quantizers for the leaf

nodes of subtree . Assume that the quantized coefficients at each node will be coded

independently using an arbitrary entropy coding scheme.  and  represent the

distortion and rate for coding the coefficients at node  with quantizer . Assume

that squared error is used as the distortion measure, and entropy is used as the rate mea-

sure. The distortion  and rate  for coding subtree  with quantizer set

 is

(5.1)
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. (5.2)

Ramchandran and Vetterli find a solution by converting a constrained problem to an

unconstrained problem in terms of the Lagrange multiplier . The parameter  is also the

slope of the convex hull of the distortion-rate function, and , the value of the Lagrange

multiplier that solves the unconstrained problem, corresponds to the singular point on the

convex hull that is closest to but does not exceed the rate constraint. Solving the con-

strained problem,

(5.3)

such that

, (5.4)

finds the best basis and best quantizer set that minimizes the distortion for a given rate

constraint. Define  as the Lagrangian cost function corresponding to the Lagrange

multiplier ,

. (5.5)

Solving the unconstrained problem,

, (5.6)

is equivalent to solving the constrained problem when

. (5.7)

The goal is to find a way to efficiently compute the solution to the unconstrained

problem. Let  represent the distortion-rate operating point associated with a particular
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choice of subtree and quantizer set. The Lagrangian cost can be written in “flattened” form

as

. (5.8)

Using , define the biased Lagrangian cost functional ,

. (5.9)

Ramchandran and Vetterli prove that  is a convex function. Let  denote the value

of  that maximizes , with corresponding distortion-rate operating point .

Ramchandran and Vetterli show that  is the convex hull slope and  is the distor-

tion-rate operating point that solves the unconstrained problem with target rate .

The problem is now to find the value of  that maximizes , and since  is a con-

vex function, the solution is well behaved. The solution to the unconstrained problem can

be written in terms of the biased Lagrangian cost in “unflattened” form as

. (5.10)

Equation 5.10 summarizes the Ramchandran and Vetterli algorithm, and consists of

three nested optimizations. The innermost minimization chooses the quantizer that pro-

duces the lowest Lagrangian cost for each node in the tree, for a given value of the

Lagrange multiplier . The middle minimization finds the minimum cost subtree, again

for a given value of , using a fast tree pruning algorithm. At a tree node, if the cost of the

children is less than the cost of the parent (current) node, the winner is the children, other-

wise the winner is the parent, and the node inherits the cost of the winner. The orthonor-

mality property of wavelet packet bases allows direct comparison between the cost of

parent and children. Starting from the bottom of the tree, this tree pruning rule is applied

recursively to each node in the tree, so that the winning costs “bubble up” in the tree level

by level, until the root node is reached with the cost of the optimal tree. The outermost

maximization finds the value of  that meets the rate constraint by maximizing the biased

J λ( ) D x( ) λR x( )+=

J λ( ) W λ( )

W λ( ) D x( ) λR x( )+[ ]
x

min λRbudget–=

W λ( ) λ*

λ W λ( ) x λ*
( )

λ*
x λ*
( )

Rbudget

λ W λ( ) W λ( )

W λ*
( ) Dq n( ) λRq n( )+[ ]

q qa n( )∈
min

n S̃∈
∑{ }

S T≤
min λRbudget–

 
 

λ 0≥
max=

λ

λ

λ



CHAPTER 5. SPACE-FREQUENCY SEGMENTATION 77

Lagrangian cost function. The search for , the slope of the convex hull that defines the

operating point, is iterative. The algorithm starts with an upper and lower limit for , and

refines this range using a bisection method until it converges.

The Ramchandran and Vetterli algorithm finds the best basis and quantizer set for a

tree structured problem with a set of arbitrary quantizers. The algorithm development

relies on the use of the biased Lagrangian cost functional  (Equation 5.9 and Equa-

tion 5.10). Ramchandran and Vetterli use the parameter  to find a solution, and search

rate-distortion operating points that are singular points on the convex hull, using an effi-

cient tree pruning scheme. Because  is a convex function, Ramchandran and Vetterli

use a fast bisection algorithm to find the operating point.

5.4 Space-frequency segmentation

In the Ramchandran and Vetterli algorithm to find the optimal wavelet packet basis, the

middle optimization of Equation 5.10 finds the minimum cost subtree for the current value

of . The tree topology corresponds to a choice of basis, chosen from a set of possible

bases that is determined by the type of decomposition and type of structure allowed in the

tree. By replacing the wavelet packet single-tree with a different tree in the best subtree

search, the Ramchandran and Vetterli algorithm can be directly applied to find the distor-

tion-rate optimal basis and quantizers for a different set of possible bases. Space-fre-

quency segmentation [27] uses a tree that is symmetric in space and frequency partitions

to produce a rich set of possible bases that can be searched efficiently. The space-fre-

quency segmentation algorithm is best understood by examining its one-dimensional

counterpart, time-frequency segmentation. A variation on space-frequency segmentation,

the “block” algorithm, is faster than the general algorithm but only searches a subset of the

possible space-frequency bases. If the bases excluded by the “block” space-frequency

algorithm are not useful for image compression applications, this algorithm can be used

instead of the general algorithm to obtain a close to optimal solution.
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5.4.1 The one-dimensional case: time-frequency segmentation

One approach to finding a useful alternative tree topology is to grow wavelet packet trees

over binary time segmentations of the original one-dimensional signal. This is known as

the double-tree algorithm [26]. A wavelet packet single-tree is grown over the entire sig-

nal, then the original signal is split in half and a single-tree is grown over each half. The

depth of the two trees grown over the binary time segments is one less than the tree over

the undivided signal. The process can be repeated over quarters, eighths, et cetera until the

desired level of segmentation is reached, or the signal can no longer be split into binary

segments. Each single-tree for a segment is pruned using the wavelet packet tree pruning

algorithm, and the winning cost is stored in a binary cost tree. Pruning this cost tree pro-

duces the best double-tree basis for the current cost function. The number of possible

bases for a depth  decomposition is described by the recursive equation

, (5.11)

where

, (5.12)

and  is the number of bases for a depth  single-tree given by Equation 3.110 in Chap-

ter 3. The  term in Equation 5.11 counts bases from the double-tree grown over the

two time halves, and the  term includes bases from the single-tree grown over the

unsegmented signal. The double-tree algorithm should generate a better optimal basis than

the single-tree, because it allows the optimal single-tree to be grown for different seg-

ments of a non-stationary signal. The best basis found by the double-tree algorithm must

be at least as good as the best single-tree basis, since the set of possible single-tree bases is

a subset of the possible double-tree bases.

The double-tree algorithm is asymmetric with respect to time and frequency seg-

mentations. There are many trees over frequency, but only one tree over time, which is

grown from the original signal. An obvious extension to the double-tree algorithm is to
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grow a symmetric tree by allowing binary splits in both time and frequency at each node.

This is time-frequency segmentation. Each node in the time-frequency tree has four chil-

dren, two from a binary time segmentation, and two from a binary frequency segmenta-

tion. The original signal is at the root node. At each node, the time-frequency tree is

pruned by choosing the winner between time or frequency segmentation, based on the

minimum cost. The pruning algorithm starts at the bottom of the tree, and works back to

the root to find the optimal subtree. , the number of possible time-frequency bases for a

depth  decomposition, is defined by the recursive equation

, (5.13)

where

. (5.14)

 is the number of bases from the time-frequency tree grown over either the time or

frequency segment; multiplying by two accounts for the choice between time or fre-

quency. Because the double-tree bases are a subset of the time-frequency bases, the opti-

mal time-frequency segmentation basis must be at least as good as the optimal double-tree

basis. The graphical representations of depth two trees in Figure 5.3 compare the single-

tree, the double-tree, and the time-frequency tree.

5.4.2 Block time-frequency segmentation

The binary frequency partitioning operation filters a time sequence into lowpass and high-

pass frequency bands. Because of subsampling by two, each frequency segment has half

as many coefficients as the original signal. Binary frequency partitioning can be described

as a linear transformation using matrix notation. In a block transform, the filter length is

equal to the number of channels. Haar filters used for binary frequency partitioning are an

example of a block transform, where both the filter lengths and number of channels is

equal to two. For block transforms, there are no edge effects when filtering finite length
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a0 a1 a2 a3

Figure 5.3: Depth two trees
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sequences. Because there are no edge effects, time partition followed by frequency parti-

tions is equivalent to frequency partition followed by time partitions.

The block algorithm [27] is an efficient implementation of time-frequency segmen-

tation in terms of both computation and storage. Block time-frequency segmentation

searches a subset of the general time-frequency bases, excluding bases that are redundant

because of the equivalence of time-frequency and frequency-time partitions for a block

transform. The number of possible block time-frequency bases for a depth  decomposi-

tion can be obtained from the number of bases for the general time algorithm by subtract-

ing the redundant bases from Equation 5.13, so that the recursive equation becomes

, (5.15)

where

(5.16)

and

. (5.17)

Table 5.1 compares the number of possible bases for the single-tree, the double-tree, the

time-frequency tree, and the block time-frequency tree. When a block transform is used,

the block time-frequency algorithm and general time-frequency algorithm are equivalent.

Using a non-block transform (e.g. binary frequency partitioning using filters with lengths

greater than two), the block algorithm and general algorithm are close to equivalent if

edge effects are insignificant. When edge effects can be ignored, as is usually the case

when the filter length is small relative to the length of the sequence being filtered, block

time-frequency segmentation can be used to efficiently find a slightly suboptimal time-fre-

quency partition for a non-block transform. Herley et al. report experimental results on the

test images Lena and Barb using the Antonini 9-7 filters that show the performance of the

block algorithm is very close to that of the general algorithm. All experiments with space-

frequency segmentation performed as part of this thesis use the block algorithm.
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The block time-frequency algorithm finds the optimum subtree by building a set of

cost trees as it compares the costs between time and frequency blocks. An entry in a cost

tree contains a cost and a winning decision, either time or frequency. Cost trees are gener-

ated successively. The cost tree at a stage is analogous to the set of pruning decisions at

one level of the general time-frequency tree, but excludes all choices that are redundant if

time partition followed by frequency partitions is equivalent to frequency partition fol-

lowed by time partitions. The cost tree at the current stage is used to generate the cost tree

at the next stage, which will have one less level than the current cost tree. The final stage

cost tree contains a single level, and consists of a single winning decision, the first parti-

tion of the optimal partition, and a single cost, the cost of the optimal subtree. The optimal

subtree is read out by reversing the trail of winning decisions starting at the final stage cost

tree.

A binary segmentation operation divides a segment into two parts. Time segmenta-

tion simply divides a sequence in half, while frequency segmentation means lowpass or

highpass filtering followed by subsampling by two. The two segments from a partitioning

operation can be viewed as subblocks of a block. A frequency block can be viewed as the

transformed version of a time block.

The algorithm starts by building the stage zero cost tree. Let  represent the maxi-

mum decomposition depth. The stage zero cost tree consists of the rate-distortion cost of

each subblock from a wavelet packet decomposition of depth . At stage zero, the cost

tree has  levels, and each level has  subblocks. The number of wavelet packet

coefficients that correspond to a subblock in the stage zero cost tree is the original

Table 5.1: Comparison of one-dimensional trees

Depth

Number of possible bases

Single Double T-F Block T-F

1 2 2 2 2

2 5 8 8 7

3 26 89 128 82

4 677 8597 32768 11047
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sequence length divided by . The algorithm proceeds by generating cost trees at succes-

sive stages. At each level except the last one, the cost of a time block is compared against

the cost of the corresponding transformed frequency block, and the minimum cost block is

chosen. This rule is the key to the algorithm. The winning cost and winning decision are

stored in the next stage cost tree, which has one less level, and each level has half as many

subblocks. The cost tree at the last stage has a single level containing a single subblock.

An example partition

Figure 5.4, Figure 5.5 and Table 5.2 illustrate the block algorithm for a depth three decom-

position. A subblock is denoted by . The relationship between the subblocks in the

stage zero cost tree and the wavelet packet decomposition is shown in Figure 5.4. Figure

5.5 shows the cost trees generated by the forward algorithm for a depth three decomposi-

tion. Table 5.2 shows the grouping of subblocks into time and frequency blocks, compari-

sons between time and frequency blocks at different stages and levels, and the results
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Figure 5.5: Depth three cost trees
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stored in the next stage, as the algorithm proceeds. After calculating the subblock costs in

the stage zero cost tree from the coefficients of the wavelet packet decomposition, the

stage one cost tree can be generated. Level zero of the stage one cost tree is generated by

comparing time blocks at level zero against frequency blocks at level one of the stage zero

cost tree. The cost of the time block a0a1 is compared against the cost of the corresponding

frequency block b0b4, and the cost of the winner and the winning decision (time or fre-

quency) is recorded in e0. In a similar manner, the rest of the a2ia2i+1 and bibi+4 subblocks

are compared to generate the rest of the ei subblocks in level zero of the stage one cost

tree. The next step is to generate level one of the stage one cost tree. The cost of the time

block b0b1 is compared against the cost of the corresponding frequency block c0c2, and

the cost of the winner and the winning decision (time or frequency) is recorded in f0. The

algorithm proceeds through the rest of the b2ib2i+1 and cici+2 or ci+2ci+4 subblocks to gen-

erate the rest of the fi subblocks in level one of the stage one cost tree. The last level in the

Table 5.2: Depth three decomposition

Stage Level Block Subblocks compared Result

Time Frequency

0 0 0 a0 a1 b0 b4 e0

0 0 1 a2 a3 b1 b5 e1

0 0 2 a4 a5 b2 b6 e2

0 0 3 a6 a7 b3 b7 e3

0 1 0 b0 b1 c0 c2 f0
0 1 1 b2 b3 c1 c3 f1
0 1 2 b4 b5 c4 c6 f2
0 1 3 b6 b7 c5 c7 f3
0 2 0 c0 c1 d0 d1 g0

0 2 1 c2 c3 d2 d3 g1

0 2 2 c4 c5 d4 d5 g2

0 2 3 c6 c7 d6 d7 g3

1 0 0 e0 e1 f0 f2 h0

1 0 1 e2 e3 f1 f3 h1

1 1 0 f0 f1 g0 g1 i0
1 1 1 f2 f3 g2 g3 i1
2 0 0 h0 h1 i0 i1 j0
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stage one cost tree, level two, is now generated by comparing the c2ic2i+1 and d2id2i+1 sub-

blocks from the stage zero cost tree to generate the gi. The first entry in level two of the

stage one cost tree, g0, results from the comparison between the cost of the time block c0c1

and the cost of the corresponding frequency block d0d1. The rest of the stage one, level

two cost tree entries are generated in a similar way. There are no more stage zero compar-

isons to be made, so the stage one cost tree is complete, and the algorithm proceeds to gen-

erate the stage two cost tree from the stage one cost tree. Since each entry in the stage one

cost tree represents the least cost representation of two subblocks from the stage zero cost

tree, subblocks in the stage one cost tree can be grouped into time or frequency blocks and

compared in an analogous manner. The algorithm continues until reaching the stage three

cost tree, which consists of a single subblock, j0.

Figure 5.5 also illustrates how the optimum tree is read out of the cost trees. Assume

that at the stage three cost tree, the winner at j0 is frequency. This means that the two win-

ning subblocks in the stage two cost tree are i0 and i1, as indicated by a dotted line con-

necting j0 to i0 and i1. Assume that at i0 and i1, the winners are time and frequency

respectively. This means that the four winners in the stage one cost tree are f0 and f1, and

g2 and g3. Finally, assume that the winners at f0, f1, g2, and g3 are time, frequency, fre-

quency, and time respectively. This means that the eight winners in the stage zero cost tree

are b0, b1, c1, c3, d4, d5, c6, are c7, which defines the optimal decomposition. The final

winning subblocks are circled in Figure 5.5.

5.4.3 Extension to two dimensions

Extension of both the general and block time-frequency segmentation algorithms to two

dimensions is straightforward. In space-frequency segmentation, binary partition into two

one-dimensional segments is replaced by partition into four two-dimensional structures.

Space partition divides an image into four quadrants. Two-dimensional frequency parti-

tion produces four subbands: LL, LH, HL, and HH. General space-frequency segmenta-

tion applies the general time-frequency pruning algorithm to choose between four-way
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splits in space or frequency in a space-frequency tree. The number of possible bases for a

depth  space-frequency decomposition, , is defined by the recursive equation

, (5.18)

where

. (5.19)

Equation 5.18 is similar to Equation 5.13, but squaring is replaced by raising to the fourth

power because binary splits in one-dimension are replaced by four-way splits in two-

dimensions. Block space-frequency segmentation adapts the block time algorithm to two-

dimensional blocks. The principle of comparing the cost of a block to the cost of a trans-

formed block and keeping the winner is unchanged. The number of possible bases for a

depth  block space-frequency decomposition, , is defined by the recursive equation

, (5.20)

where

(5.21)

and

. (5.22)

The subtractive term in Equation 5.20 accounts for sixteen redundant subblocks with

 possible expansions. Table 5.3 compares the number of possible bases for the

space-frequency tree and the block space-frequency tree. At greater depths, the increase

from one to two dimensions results in an enormous increase in the number of possible

bases, and makes a fast optimal basis search algorithm a must in the two-dimensional

case.
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5.5 Space-frequency segmentation and ultrasound image
compression

Space-frequency segmentation is a good choice for coding ultrasound images. Rate-distor-

tion optimization is a powerful tool. If the rate and distortion measures are valid, there is

no better metric for finding an image representation within the constraints of the chosen

quantization and coding scheme. Space-frequency segmentation searches a large library of

possible bases for the best representation, and the fast pruning algorithm ensures that the

search is performed efficiently. Ultrasound images have some features that distinguish

them from the normal images that are the usual targets of compression algorithms. Space-

frequency segmentation finds the rate-distortion optimal representation for a particular

image without any underlying assumptions about the content of the image. The optimal

space-frequency partition can also provide some insight into the nature of ultrasound

images, which can be used to design a better codec.

Table 5.3: Comparison of space-frequency trees

Depth

Number of possible bases

S-F Block S-F

1 2 2

2 32 31

3 2097152 1781506

4 3.869(1025) 1.942(1025)
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Chapter 6

Results

6.1 Introduction

The goals of the experiments are to identify and understand the important parameters of a

space-frequency codec, to select a set of good parameters for the coding algorithm, and to

evaluate the use of space-frequency segmentation to code ultrasound images. Because

there are no widely accepted standard medical ultrasound test images, images coded using

space-frequency segmentation are compared against images coded using SPIHT, the

wavelet transform based zerotree codec of Said and Pearlman. The subjective quality of

the compressed images in terms of medically relevant features is assessed by ultrasound

radiologists. Finally, the optimum partition of a set of ultrasound images is investigated, to

find a common fixed partition that works well, and to better understand the nature of ultra-

sound images.

Note that this research does not fully optimize the codec in that there are still many

parameters to choose and vary. Some of these parameters are the entropy coding scheme,

the maximum decomposition depth, the filters, and the quantizers. Scalar quantizers are

used throughout the experiments, and the quantizers also have numerous parameters that

can be varied, including the number of quantizers, the step size of each quantizer, the

alphabet size of each quantizer, and the granular range that each quantizer spans. The

choice of a good set of parameters is further complicated by the interaction that is possible
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between parameters, such as the use of different quantizers and entropy coding schemes

for different groups of subbands, or the use of different filters at different decomposition

depths. The goal of the experiments reported in this chapter is to evaluate the potential of

space-frequency segmentation for the compression of medical ultrasound images. To this

end, a good set of codec parameters is determined experimentally, then applied to the

compression of ultrasound images. Exhaustive investigation of space-frequency codec

configurations to find the best codec is a task for future research.

6.2 Codec details

6.2.1 Implementation details

Before any other operations are performed, the original image is preprocessed by subtract-

ing an offset value, in order to roughly center the coefficient distribution around zero. Cen-

tering the distribution allows the use of symmetric quantizers. For simplicity and to avoid

sending the offset value as side information, the value is derived from the precision. For

an image with a precision of  bits, the offset value is . An 8-bit image with a possi-

ble pixel range of 0 to 255 is converted to have a possible pixel range of -128 to +127.

The space-frequency encoder and decoder are implemented as separate programs,

which communicate only through a file containing the compressed image representation.

This means that all coded rates reported for the implemented space-frequency segmenta-

tion codec are reliable, and are calculated from the size of the representation file. Like a

raw image representation, the file does not include the image width and height, but does

include the side information specifying the optimum partition and the quantizer for each

subband, in addition to the quantized subband coefficients.

The block space-frequency segmentation algorithm is implemented instead of the

full algorithm. Herley et. al. [27] report results for both algorithms which show that the

block algorithm is almost as good as the full algorithm. Unless explicitly stated, the 9-7

biorthogonal filters of Antonini et. al. are used, and symmetric extension is applied to han-

n 2
n 1–
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dle block boundaries. Use of these 9-7 filters is very common in the source coding litera-

ture.

6.2.2 Subband classifications

Subbands are classified into three groups according to the distribution of their coefficients:

high pass bands, low pass bands, and space-only bands. The codec treats subbands differ-

ently according to their classification. Low pass subbands are those which have been gen-

erated without any high pass filter applications. Low pass subbands look like subsampled

versions of the image prior to filtering, but with increased dynamic range. The coefficient

distribution has similar shape to that of the unfiltered image, but repeated low pass filter-

ing followed by subsampling concentrates energy into fewer and fewer coefficients,

increasing the magnitude of individual coefficients and increasing the range of coefficient

values. High pass subbands include all subbands that have been filtered with the high pass

analysis filter at any point in their decomposition hierarchy. High pass subbands have less

energy, and have a large number of zero valued coefficients. Space-only subbands are par-

titioned only in space; they are not filtered or subsampled at all. Coefficients in space-only

subbands retain the characteristics of a rectangular portion of the original unpartitioned

image. To illustrate the different subband classifications, Figure 6.1 shows the coefficient

distribution of Lena and the ultrasound only image Ub (which was used in Chapter 4), and

the distributions of the LL and HH subbands after depth one frequency decomposition for

both images. In the figure, the coefficient counts of the original image are scaled by a fac-

tor of 1⁄4 to allow comparisons across scales, and the coefficient counts of the HH band are

scaled by a factor of1⁄10 to display all three distributions clearly. Note that the coefficient

distribution of Ub shows a large spike at the minimum pixel value, and is skewed towards

black compared against the distribution of Lena. As long as the skew does not cause

excessive overload distortion, it is not a problem, since the quantized coefficients are

entropy coded.
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A subband is quantized with a scalar uniform quantizer, because scalar quantization

followed by entropy coding is simple and generally works well. Each quantizer is defined

by its alphabet size, step size, and range. The choice of quantizer is an important parame-

ter in determining the performance of the codec. Depending on the classification of the

subband, the quantizer for a particular subband is chosen from a different collection of

quantizers. There is no additional computational cost in allowing different groups of pos-

sible quantizers for the three subband groups.

Each subband group is allowed a different method of coding, and a different estimate

of rate in the rate-distortion cost calculation. Choice of coding method allows the best

choice to suit the characteristics of subbands in a particular group. For example, a coding

method that efficiently codes zero value coefficients is well suited to high pass subbands,

but less suitable for low pass or space-only subbands. The computational cost is high

when the rate used in the best partition search is calculated by actually coding the quan-

tized coefficients. Separating the rate calculation and coding scheme allows an estimate of

rate that is computed quickly to be used instead of the actual coded rate, as long as the

Figure 6.1: Coefficient distributions for Lena and Ub
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estimate is consistent with the coded rate. One example is to use zeroth-order entropy to

estimate the rate, then code the subband coefficients with an arithmetic coder. Using an

estimate instead of the actual coded rate produces a sub-optimal partition, but the

increased speed may outweigh the loss in fidelity. Again there is virtually no additional

computational cost in allowing different rate calculation and coding schemes for different

subband groups.

6.2.3 Verification of implemented codec integrity

Results from the implemented codec are compared with Herley’s published results using a

single quantizer step size for all subimages, to verify the sanity of the implementation of

the block space-frequency algorithm. The test images Lena and Barb are compressed at

1.0 bpp, 0.5 bpp, and 0.25 bpp, and the compressed image quality is reported in terms of

PSNR. In each case, the single step size is chosen to meet the target rate. Table 6.1 com-

pares the implemented experimental performance against the published performance. The

data in the table shows good agreement between the reported results and the results from

the implemented codec. Note that all rates in Table 6.1 are zeroth-order entropy estimates

(as in Herley’s paper), not actual coded rates.

6.2.4 Partitioned image representation

An image of subbands is a useful tool for studying the optimum space-frequency partition.

Figure 6.2 shows partition of the test image Lena into space and frequency subbands.

Table 6.1: Herley’s published results and results from the implemented codec

Image

Herley published Implemented codec

R (bpp) PSNR (dB) R (bpp) PSNR (dB)

Lena 1.0 39.77 0.9966 39.57

Lena 0.5 36.64 0.4999 36.62

Lena 0.25 33.51 0.2498 33.52

Barb 1.0 36.73 0.9967 36.75

Barb 0.5 32.07 0.4998 32.06

Barb 0.25 28.31 0.2495 28.42
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Since both space and frequency partitions occur in a space-frequency segmented subband

image, space partitions are denoted by a pair of intersecting white lines that separate a

band into four quadrants, and frequency partitions are denoted by a pair of intersecting

black lines that separate a band into four frequency subbands.

As an example, a space-frequency decomposition along with the corresponding sub-

band image is illustrated in Figure 6.3, again using Lena. The maximum depth of the

example decomposition is two. The first partition is frequency, then the LL band is parti-

tioned in frequency again, and the LH and HL bands are partitioned in space, but the HH

band is not partitioned any further.

6.3 Coding space-frequency segmented images

There is a trade-off between efficient coding and efficient quantization of space-frequency

segmented images. Knowledge of the source probability density function is required by

Figure 6.2: Subband partitions
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the entropy coder. Statistics can be gathered at the encoder by making a pass through the

data, but the information must then be sent as side-information to the decoder. When cod-

ing many subimages, the extra side-information required to describe the statistics for each

sub-image can be a significant amount of overhead. If the encoder and decoder are adap-

tive, no side-information describing source statistics needs to be sent. An adaptive coder

learns on the fly and can deal with changing source statistics, but how well the coder can

adapt depends on the alphabet size and sequence length. A small alphabet combined with

a large sequence means that the coder acquires a good estimate of source statistics rela-

tively quickly, and produces an efficient code.

Doing a space partition does not change the underlying coefficients, but allows dif-

ferent quantizers to be used on different areas of the same region. The freedom to use

more quantizers is generally advantageous, since the best quantizers are chosen to suit dif-

ferent statistics in different regions. In a space-frequency segmented image, it makes sense

to code subbands separately, however as decomposition depth increases, subbands

become smaller and are coded less efficiently. An additional complication is that a coding

Figure 6.3: Example space-frequency decomposition
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scheme that exploits intra-subband dependance may prefer coding larger subbands. The

trade-off is between using many quantizers and coding smaller subbands less efficiently,

or using fewer quantizers for the same region but coding the larger resulting subbands

more efficiently. A simple solution is to assume that the coder always works well, and

quantize and code the minimum size subimages dictated by the decomposition depth. For

any combination of space and frequency partitions, the minimum size subimage equiva-

lent is obtained by additional space partitions to the maximum depth without any more

frequency partitions. Herley et. al. [27] describe this approach, and by using entropy to

estimate coded rate but not actually coding any images, they completely avoid the prob-

lem of coding small subbands. Letting the rate-distortion optimization process decide the

resolution at which to code and quantize subbands produces the best trade-off, at the

expense of increased computation.

Another fundamental question is which entropy coding scheme to choose, in order to

balance coding efficiency against simplicity and fast computation. Arithmetic coding (dis-

cussed in Section 3.2.2) is one good choice. When the alphabet is relatively small and the

sequence to be coded is relatively large, an arithmetic coder operating on individual coef-

ficients can achieve a code rate close to the zeroth-order entropy. A coder that exploits cor-

relation between coefficients can do better than the zeroth-order entropy. Stack-run coding

(discussed in Section 3.2.3) is a simple technique that combines run-length coding with

adaptive arithmetic coding on a small alphabet. For certain sources that produce many

zeros, stack-run produces a code rate that is lower than the zeroth-order entropy. Other

schemes are possible as well, but generally with increased complexity.

6.3.1 Coding experiments using natural images

Test images are required in the study of image compression. In the source coding litera-

ture, a small set of test images is generally used, permitting comparison of results using

different source coding techniques. The test images are chosen so that their content is rep-

resentative of commonly encountered scenes. Two of these images, Lena and Barb, have
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already appeared in this thesis. The label “natural images” is used throughout this thesis to

refer to such images, and also to distinguish them from ultrasound images. While they do

not represent all images, the “natural images” used in this thesis are chosen to represent a

broad class of images (e.g. a person against a background), and to permit the results of this

thesis to be assessed in the context of the body of source coding literature.

The investigation of entropy coding schemes and space-frequency segmentation is

carried out using natural images. Natural images are chosen so that the results can be dis-

cussed in the context of Herley et. al.’s original work, since they do not investigate the use

of actual entropy coders. Use of natural images also allows the space-frequency technique

to be evaluated against other image compression techniques in a fair comparison. By

using natural test images, the focus of the coding experiments is the interaction between

the coding scheme and the space-frequency segmentation algorithm, which tells how to

effectively code space-frequency segmented images before proceeding to the task of com-

pressing ultrasound images.

Test images

The test images chosen to investigate coding performance are  versions of Lena

and Barb1. Both images are commonly used to evaluate lossy compression schemes. Lena

is relatively easy to code, but Barb has some features that make it more difficult to com-

press, particularly the fine striped pattern on the trousers and shawl. The target bit rate for

investigating coding schemes is chosen to be 0.5 bpp. Based on visual assessment of Lena

and Barb compressed using the Said and Pearlman SPIHT codec, 0.5 bpp is a reasonable

target rate. At 1.0 bpp the compressed image is virtually indistinguishable from the origi-

nal, especially in the case of Lena. Artifacts are clearly visible at 0.25 bpp, and the image

quality is generally poor. At 0.5 bpp, compression artifacts are present but are not severe,

making it an interesting target bit rate.

1.  The RPI version of Lena (ftp://ipl.rpi.edu/pub/image/still/usc) and the Gersho version of Barb are
used for the experiments in this chapter.

512 512×
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Maximum decomposition depth

Five is chosen as the maximum space-frequency segmentation decomposition depth. Up

to a certain point increasing the decomposition depth improves the compression perfor-

mance, since there are more bases to choose from. Obviously, the depth is limited by the

ability to recursively sub-divide the image into four equal size subimages. There are sev-

eral other factors which practically limit the depth, however: the expansion of the number

of possible bases, the validity of the block algorithm assumptions, the efficiency of coding

small subbands, and the increase in side information. Since the number of possible bases

increases exponentially with depth, at some point the computational cost outweighs the

improvement in compression with increasing depth. Another factor that limits the maxi-

mum depth is the assumption that edge effects from filtering can be ignored, which allows

the block space-frequency algorithm to find a partition which is nearly optimal. Edge

effects can be ignored when the filter length is short with respect to the length of the

sequence being filtered: starting with a  image and using 9-7 filters, at a depth

of five a filter of maximum length nine is applied to a sequence of length thirty-two. As

depth increases, sub-images become smaller, and small subimages cause problems for

adaptive entropy coding because the coder has a smaller sequence over which to obtain a

good estimate of the statistics. Another problem with increasing depth is the increase in

side information. The optimum partition description is negligible, but the quantizer

description for each subband is not. If all subbands are minimum size, there are 1024 sub-

images from a depth five decomposition. If there are sixteen possible quantizers, a 4 bit

quantizer description for each subimage takes up over 3% of the bit budget of a

image compressed at 0.5 bpp. Trading off all these different factors, a maximum depth of

five is a reasonable choice.

Quantizer sets

The initial task is to find a reasonable set of uniform scalar quantizers to use with the test

images at the target rate. The goal is to use the same set of quantizers for both images. In

an actual codec, different quantizer sets for different images is impractical, though differ-

512 512×

512 512×



Chapter 6. Results 99

ent quantizer sets for different classes of images is certainly feasible (e.g. natural and

ultrasound images). Since Lena and Barb represent an easy and a harder case for normal

images, using one quantizer set for both images suggests that a single quantizer set can

work for a range of images.

For each subband, there is a choice among sixteen different quantizers. More quan-

tizers allows a better quantizer choice to be made, but computational cost increases lin-

early with the number of quantizers, and the side information rate also increases when

more quantizers are used. The choice of sixteen is a reasonable trade-off, and Herley et. al.

[27] also report results using sixteen different quantizers.

The alphabet size for space only bands is determined by the step size, and is chosen

to cover the possible pixel range after preprocessing, -128 to +127. The alphabet size for

the low pass and high pass subbands is sixty-four, and is chosen small enough to allow

reasonably efficient coding of small bands (at depth five, the smallest subimage will con-

tain 256 coefficients), but large enough to ensure that overload distortion is not a problem.

The alphabet size can be tailored to suit the size and distribution of subimages at different

levels, but this adds too much complexity and is not attempted.

The primary variable defining a scalar quantizer is the step size. The method used to

determine a good step size range for the quantizer sets is to start with a large spread in step

size, and to refine the range by observing histograms of quantizer usage. A good step size

range is found for quantizer sets for Lena and Barb, using entropy, arithmetic coding and

stack-run coding, and restricting subbands to the minimum size or allowing the optimiza-

tion to determine the best subband size. Experiments are also conducted that vary the step

size linearly, or exponentially at a constant rate over the step size range, using entropy,

arithmetic coding and stack-run coding. Virtually no difference is found by varying the

step size linearly or exponentially, so a linear step size variation is chosen since it is intu-

itively simplest. For some subband groups, including a single coarse quantizer (with step

size 128) outside of the linear variation range is determined experimentally to be effective,

so only fifteen out of the sixteen total quantizers for these groups have a linear step size
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variation. The information from these experiments is combined to set the step size ranges

for the common quantizer set, which is also tested with entropy and the different coding

schemes. The results with the common quantizer set are almost as good as the best quan-

tizer set for a specific image and coding scheme, so the common quantizer set is used for

subsequent coding experiments. The step size, alphabet size, and minimum output value

for each quantizer in the common quantizer set are given in Appendix A.

Subimage size

Calculation of rate-distortion costs is the critical path in the space-frequency segmentation

algorithm. The optimal space-frequency partition can be viewed as a tree structured com-

bination of space and frequency partitions that is constrained by a maximum decomposi-

tion depth. Each node in the decomposition tree corresponds to a subimage. When the

optimization determines the optimal subimage size, there is a three way decision at each

node that is not at the maximum depth: partition in space, partition in frequency, or no fur-

ther partition. This three way decision requires three corresponding rate-distortion costs.

Note that space partition does not change the underlying coefficients. The choice of no

further partition at a non-maximum depth node can be eliminated without reducing the

basis choices, because multiple space partitions without any further frequency partitions

can be applied to any combination of space-frequency partitions to produce minimum size

subimages without altering the underlying coefficients. To illustrate the concept of mini-

mum size subimages, Figure 6.5 shows the subband image for the depth three wavelet

transform of Lena, and the minimum size subimage equivalent. When minimum size sub-

images are used, only the rate-distortion costs of subimages at maximum depth need to be

computed. The significant reduction in the number of costs that need to be calculated pro-

duces a corresponding significant reduction in the time it takes to find the best partition.

From a quantization point of view, it is obviously equivalent to quantize a region

with a single quantizer, or to quantize multiple space partitions of the same region with

that same quantizer. In fact, minimum size subimages mean that the best quantizer is

always chosen for a region at the minimum resolution allowed by the depth constraint.
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The only penalty in terms of quantization for the use of minimum size subimages is that

the maximum amount of side information to specify the quantizers is always required.

The real problem with minimum size subimages is the difficulty that a practical

coder has in efficiently coding small subimages. An adaptive entropy coder incurs a higher

relative penalty for learning the statistics of a shorter sequence, and a run-length coder is

limited to a shorter sequence over which it can code runs of identical values. Since zeroth-

order entropy as a measure of rate does not account for any of the problems faced by a

practical coder, experiments will show that it is an optimistic measure of rate, which does

not illuminate any of the coding problems associated with using minimum size subimages.

The best method to choose subimage size to trade-off coding and quantization effi-

ciency is investigated. Using minimum size subimages or allowing the optimization to

determine the size of each subimage, Lena and Barb are compressed using space-fre-

quency segmentation at a target rate of 0.5 bpp. The actual rate using arithmetic coding for

all three subimage groups is compared against the entropy estimate of rate, since the

results should be the same if subimage size is not an issue for coding. Table 6.2 reports the

Figure 6.4: Wavelet transform and minimum size subimage equivalent

Depth 3 wavelet transform Minimum size subimage equivalent
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experimental results. The experiments are performed on a Pentium II Xeon system run-

ning Windows NT 4.0.

The encoding time when the optimization determines the subimage size is approxi-

mately twice the time required when all subimages are minimum size, when entropy is

used as an estimate of rate and when subimages are actually coded using arithmetic cod-

ing. This confirms that use of minimum size subimages is very effective in speeding up the

space-frequency codec. As expected, subimage size is not a performance issue when using

entropy to estimate rate; using minimum size subimages and using optimum size subim-

ages produce virtually identical PSNR. Note that this indicates that in the case of zeroth-

order entropy, the difference in side-information between minimum size and optimal size

subimages trades off against the freedom to choose the optimal subimage size to produce

very similar results. Clearly different results between minimum size subimages and opti-

mum size subimages are produced with arithmetic coding. When the optimization deter-

mines the subimage size, the PSNR is 0.68 dB better for Barb and 0.52 dB better for Lena.

In the optimum size subimage case, there are many large subimages which show variation

in content across the subimage, but are not further partitioned in space. Herley et. al.

restrict the subimages to minimum size, but because they use zeroth-order entropy to esti-

mate the rate instead of actually coding the subimages, their results are misleading.

Table 6.2: Space-frequency segmentation and subimage size

Image
Coding
scheme Subimage size

Enc time
(min:sec) R (bpp)

PSNR
(dB)

Lena Entropy Minimum 0:09 0.4983 36.87

Lena Entropy Optimization
determined

0:22 0.4983 36.92

Lena Arithmetic Minimum 0:42 0.4995 35.77

Lena Arithmetic Optimization
determined

1:24 0.4972 36.29

Barb Entropy Minimum 0:09 0.5018 32.47

Barb Entropy Optimization
determined

0:22 0.4997 32.48

Barb Arithmetic Minimum 0:42 0.5011 30.99

Barb Arithmetic Optimization
determined

1:24 0.4975 31.67
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Entropy as a measure of rate is optimistic, because it ignores the problem of coding small

subimages. The experiments show that for a real coder, subimage size is a problem for

efficient coding, and allowing the optimization to choose the subimage size is the best way

to trade off the conflicting demands between quantization and coding. Even though the

penalty in terms of computation time is significant, the performance cost is too high to jus-

tify the use of minimum size subimages.

Entropy coding techniques

Space-frequency segmentation together with stack-run coding is used to compress Lena

and Barb at 0.5 bpp. Because stack-run coding requires energy compaction and a high

concentration of zero-valued coefficients, it is only applied to the high pass bands. Arith-

metic coding is used to code the low pass and space-only bands. The size of each subband

is chosen by the rate-distortion optimization algorithm. Table 6.3 compares stack-run cod-

ing against SPIHT, and against arithmetic coding all subbands (repeating the arithmetic

coding results from Table 6.2). In terms of PSNR, space-frequency segmentation is better

than SPIHT at compressing Barb, but is worse than SPIHT at compressing Lena. The sub-

jective quality of the compressed images appears consistent with the PSNR. Details in

Barb are preserved slightly better by the space-frequency compressed version, while the

low frequency areas of Lena look better in the SPIHT version. The subband images for

Lena are shown in Figure 6.5, and the subband images for Barb are shown in Figure 6.6.

Since the rate-distortion optimal space-frequency partition of Lena is quite wavelet trans-

form like, a coding scheme like SPIHT which uses the wavelet transform and exploits

Table 6.3: Lena and Barb compressed at 0.5 bpp

Image Codec R (bpp) PSNR (dB)

Lena SF - stack-run 0.4962 36.42

Lena SF - arithmetic 0.4972 36.29

Lena SPIHT 0.500 37.21

Barb SF - stack-run 0.4961 31.92

Barb SF - arithmetic 0.4975 31.67

Barb SPIHT 0.500 31.40
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both inter-band and intra-band correlation is expected to work well. The optimal partition

for Barb is less similar to the wavelet transform, and shows more frequency decomposi-

tions in vertical subbands, due to the stripes on the trousers and shawl.

On both Lena and Barb, stack-run coding the high pass bands performs better than

arithmetic coding the high pass bands. Since stack-run coding exploits inter-band correla-

tion, it is expected to work better, but the difference in terms of PSNR is not that large

(0.13 dB for Lena, 0.25 dB for Barb). Again, the optimum partition explains why stack-

run coding is not dramatically superior. Compare the arithmetic case against the stack-run

case in the subband images of Lena and Barb. The larger the subimage, the more efficient

stack-run coding is over arithmetic coding. The larger subimages required for coding effi-

ciency in the stack-run case limit the freedom to use many quantizers. Small space parti-

tioned subbands in the arithmetic coding case indicate the use of many different

quantizers, but the better quantization choices are balanced against the use of a less effi-

cient coding scheme. The power of the space-frequency segmentation algorithm is evi-

dent, since it applies the strengths of either of the two different coding schemes to produce

Figure 6.5: Lena subband images

Stack-run Arithmetic
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quite similar PSNR. The two different coding schemes do not differ much in computation

time; the extra step of forming stacks and runs followed by arithmetic coding a small

alphabet balances out against arithmetic coding a large alphabet. Since there is not much

difference in computational cost, stack-run coding is preferred, since in theory it can do

better than the zeroth-order entropy, even though in practice the improvement over arith-

metic coding is not as large as hoped for.

6.4 Compressing ultrasound images

6.4.1 Ultrasound test images

For manageability, two test images are chosen for the ultrasound compression experi-

ments. Both test images are  pixels in size. An image consists of an ultrasound

scanned area against a dark background, with some light colored text in the background

area describing the exam conditions. A bar of grayshades provides a visual indication of

the grayscale range, and appears in the left side of both images. The ultrasound area of

Figure 6.6: Barb subband images

Stack-run Arithmetic

640 480×
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both images is wedge shaped, implying that curved linear array transducers have been

used to capture both images. Abdominal exams are a common application for diagnostic

ultrasound, and both test images are of the liver. Both images are quite speckly, which is

typical for liver images, but it is not clear whether or not the speckle is diagnostically sig-

nificant. (For an example of diagnostically significant speckle in liver images, see the

paper by Krasner et. al. [31] reviewed in Section 4.1.) The text portions of both images

contain a small section of inverse video (e.g. dark text on a light background).

The two test images are chosen to represent an easy and a harder case for compres-

sion, while still being typical images. The test images are shown in Figure 6.7. The harder

case, labelled U12, is an image of a normal liver captured at 3.5 MHz. U1 shows high con-

trast and significant fine detail, particularly in the upper central area. There is also low res-

olution detail present in the low contrast dark areas across the center of the image. An

unusual feature in U1 is the icon in the upper left indicating the organ being scanned. The

easy case to compress case, labelled U73, shows a lesion in the liver. U7 was captured

using a 5 MHz transducer. At the time of capture the contrast was adjusted to highlight the

lesion, so the overall image is quite dark and low contrast. The ultrasound area of U1

occupies a larger proportion of the total image than the ultrasound area in U7. A radiolo-

gist commented that U1 is quite a typical image in terms of quality and content, but a bit

higher contrast than usual, and containing significant textural detail. The radiologist

viewed U7 as a poorer quality image without a lot of detail, but since the loss of detail

results from the intentional highlighting of the lesion, it is not atypical.

6.4.2 Compression experiments: image quality at 0.5 bpp

The choice of and justification for the codec parameters for the compressed image quality

experiments are similar to those from the coding experiments on normal images. The tar-

get bit rate is 0.5 bpp, and is chosen based on subjective image quality such that artifacts

2.  U1 is obtained from the ALI Technologies website, www.alitech.com. ALI is a manufacturer of
medical PACS
3.  U7 is obtained from the Radiology Department of Vancouver General Hospital.
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Figure 6.7: Ultrasound test images

U7

U1
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are visible but image quality is still quite high. A radiologist who examined U1 and U7

compressed at 0.5 bpp using space-frequency segmentation confirmed the choice of target

bit-rate, commenting that artifacts in U1 are present but image quality is still quite good,

while artifacts in U7 are hard to detect, and the slight edge sharpening around the lesion in

the compressed version of U7 actually makes the compressed version preferable to the

original. The maximum decomposition depth is five, since  is the largest power of two

factor of the image height of 480 pixels, and since the use of the Antonini 9-7 filters means

that a filter of maximum length nine is applied to a sequence of minimum length thirty at

depth five. For each subband there is a choice between sixteen different quantizers, and

high pass, low pass, and space-only subbands choose from a different collection of quan-

tizers. A common quantizer set is used for both U1 and U7. The alphabet size of the quan-

tizers for the space-only bands is chosen to cover the possible pixel range of the

preprocessed image, -128 to +127, and the alphabet size for quantizers for low pass and

high pass bands is sixty-four. The step size, alphabet size, and minimum output value for

each quantizer in the common quantizer set are given in Appendix B. High pass subbands

are stack-run coded, while low pass and space-only subbands are arithmetic coded.

Using squared error as an objective measure of compressed image quality, space-fre-

quency segmentation performs better than SPIHT for both test images at 0.5 bpp. Table

6.4 reports the PSNR from space-frequency segmentation and from SPIHT. The improve-

ment of space-frequency segmentation over SPIHT is 0.73 dB in the case of U1, and

1.50 dB in the case of U7.

One of the problems in using SPIHT to compress ultrasound images is that degrada-

tion of subjective quality is quite noticeable even at high PSNR values. Because it allo-

Table 6.4: PSNR for U1 and U7, 0.5 bpp

Image Codec R (bpp) PSNR (dB)

U1 Space-frequency 0.5008 32.9910

U1 SPIHT 0.500 32.2619

U7 Space-frequency 0.4991 38.6024

U7 SPIHT 0.500 37.1035

2
5
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cates more bits to large magnitude coefficients in low frequency bands, SPIHT seems to

have trouble with the speckle and other fine details in ultrasound images. The subjective

quality of the space-frequency compressed versions are superior to the SPIHT compressed

versions for both test images, and the overall subjective quality of the space-frequency

compressed images is quite high when compared against the original versions. Since the

coding rate is chosen so that the recovered estimate is approximately diagnostically equiv-

alent to the original, it is difficult to see the difference between recovered estimate and

original images reproduced at low resolution on paper, so pictures of the recovered esti-

mates are not included here.

Comparing the space-frequency compressed version of U1 to the original, there is

some blurring of fine high contrast textural detail in the compressed image, and there is

some loss of low contrast detail in the dark areas across the center of the image. An inter-

esting artifact that is present in the space-frequency compressed U1 but not the SPIHT

compressed U1 is the faintly visible boundary between space partitioned regions. The

boundary is most noticeable for space partitions that occur early in the decomposition

hierarchy. This boundary artifact is analogous to the blocking effect in transform coded

images, and is only produced by space partitions. Comparing the space-frequency com-

pressed version of U1 to the SPIHT compressed version of U1 shows that less detail is

preserved by SPIHT, and more artifacts are introduced by SPIHT. Figure 6.8 zooms in on

a region of fine detail in U1, comparing the original, space-frequency compressed version,

and SPIHT compressed version. Note the vertical space partition boundary visible in the

space-frequency compressed version, about1⁄3 of the way across the zoomed area, and the

artifacts and blurring in the SPIHT compressed version. Figure 6.9 zooms in on a region

of low contrast detail in U1, comparing the original, space-frequency compressed version,

and SPIHT compressed version. Note the blurring of low contrast detail in the SPIHT

compressed version.

The improvement in subjective quality of space-frequency segmentation over

SPIHT is less noticeable for U7 than U1, since the characteristics of U7 make it easier to



Chapter 6. Results 110

compress. The quality of the space-frequency compressed U7 is quite high, and it is diffi-

cult to distinguish it from the original, even in particularly speckly or low contrast areas.

The quality of the SPIHT compressed version of U7 is much better than the quality of the

SPIHT compressed version of U1, as reflected in the much higher PSNR. Some loss of

low contrast detail, for example in the lower left of the image, is still visible in the SPIHT

version, as is some blurring in higher contrast fine detail.

Figure 6.10 shows the difference images generated by subtracting the space-fre-

quency estimate from the original for both U1 and U7. The contrast has been increased for

Figure 6.8: Fine details in U1

Original Space-frequency SPIHT

Figure 6.9: Low contrast details in U1

Original Space-frequency SPIHT
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Figure 6.10: Space-frequency difference images

U7

U1
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display purposes. (The contrast is increased by a factor of four for the U1 difference

image, and by a factor of six for the U7 difference image.) In both cases, the speckle is the

most prominent feature of the ultrasound area of the difference image, which indicates that

there is a lot of speckle and that it is difficult to code well. For comparison, the difference

images generated by subtracting the SPIHT estimate from the original, displayed with the

same contrast adjustments as the space-frequency difference images, are shown in Figure

6.11.

The subband images for the space-frequency decomposition of U1 and U7 are

shown in Figure 6.12. Recall that a space partition is denoted by a pair of intersecting

white lines, and frequency partition is denoted by a pair of intersecting black lines. For

both U1 and U7, space partitions dominate the early decomposition levels. Up to depth

two, all partitions for both images, with the exception of the depth two frequency partition

of the lower right quadrant of U7, are space partitions. The shape of the ultrasound

scanned region drives the early partitions, since the optimum representation of the back-

ground area and text is to quantize and code it as is, without any frequency decomposi-

tions. Since space partitions are limited to binary divisions of the width and height, it is

difficult to fit the wedge shaped ultrasound area well. Multiple space partitions early in the

decomposition hierarchy limit the depth of subsequent frequency partitions on the ultra-

sound scanned area, and produce small subbands which limit coding efficiency after only

a few frequency partitions.

When the space partitions isolate an ultrasound scanned area, frequency decomposi-

tions dominate, and since the depth is limited by the early space partitions, the frequency

partitions proceed to the maximum depth in order to accomplish energy compaction. Note

that after the first frequency partition, the LH subband is often further partitioned in fre-

quency, but the HL and HH bands are not. As encountered in Section 4.2, the high pass

speckle energy is concentrated in the LH band (when the image is oriented such that

speckle spots are elongated in the horizontal direction, which is the case here), which

explains why additional decomposition of the LH band will produce additional energy



Chapter 6. Results 113

Figure 6.11: SPIHT difference images
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compaction. This pattern of additional decompositions of the LH band will also appear in

the investigation of a common partition for ultrasound only images, which is discussed in

Section 6.6.

The optimum decompositions show that the best way to compress ultrasound images

is to treat the background and ultrasound scanned areas differently, but this is not a simple

task because of the variety of different objects that can appear in the background (text,

reverse video text, graphic objects), and the unusual shape of the ultrasound scanned

region. Space-frequency segmentation has limitations in dealing efficiently with both

Figure 6.12: Subband images

U7

U1
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background and ultrasound areas simultaneously, but because it finds the optimal repre-

sentation without making any assumptions about the underlying image, and because it

incorporates space partitions that allow it to deal with different regions with different char-

acteristics, space-frequency segmentation performs relatively well for compressing ultra-

sound images.

6.4.3 Compression experiments: varying codec parameters

To ensure that the assumptions made about codec parameters for the image quality experi-

ments are sane, and to gain some additional insight into the compression of ultrasound

images using space-frequency segmentation, the effect of varying one parameter at a time

from its baseline value is investigated. Due to the volume of data and the convenience of

an objective measure, PSNR is used as the predominant measure of compressed image

quality for these experiments.

Target bit rate

The target bit rate is varied from 1.0 bpp down to 0.3 bpp in 0.1 bpp increments. At each

0.1 bpp increment, the space-frequency codec uses a different quantizer set. Using differ-

ent quantizers for different target rates means coarser quantizers can be used at lower

rates, and finer quantizers can be used at higher rates. The same quantizer set is used to

code both U1 and U7. The PSNR from the space-frequency codec and from SPIHT is

plotted against the rate for U1 and U7 in Figure 6.13. For U1, the space-frequency codec

retains its advantage over SPIHT until the lower bit rates, where image quality from both

compression schemes is significantly degraded. Since U7 is easier to compress and conse-

quently looks better at the lower bits rates, the narrowing in the space-frequency codec’s

advantage over SPIHT is less evident for U7.

Number of quantizers

The effect of quantizer set size on the performance of the space-frequency codec at

0.5 bpp is studied by allowing each subband to choose from sixteen, twelve, eight, and
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four different quantizers. The PSNR is plotted against the number of quantizer choices for

U1 and U7 in Figure 6.14. Reducing the number of quantizers reduces the rate by reducing

the amount of side information, but reducing the number of quantizers increases the dis-

tortion by reducing the choice of available quantizers. The reduction in rate but increase in

distortion trade off to produce no significant change in PSNR at a target rate of 0.5 bpp, as

the number of quantizers is reduced from sixteen to eight. A noticeable decrease in PSNR

does not occur until the number of quantizer choices is reduced to four. Because the cost

computation dominates the encoding time, the relationship between the number of quan-

tizer choices and the encoding time is roughly linear. Reducing the number of quantizer

choices from sixteen to eight will halve the encoding time, without any noticeable effect

on PSNR.

Decomposition depth

The maximum decomposition depth is varied from five to four to three at a target bit rate

of 0.5 bpp. The PSNR is plotted against the maximum decomposition depth for U1 and

U7 in Figure 6.15. Decreasing the maximum decomposition depth is an effective way of

Figure 6.13: Vary the bit rate
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decreasing the encoding time (decreasing the depth from five to four reduces the encoding

time by approximately 40%; decreasing from five to three reduces the encoding time by

approximately 60%), however, the increased distortion from reducing the number of

Figure 6.14: Vary the number of quantizers, 0.5 bpp
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Figure 6.15: Vary the maximum decomposition depth, 0.5 bpp
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space-frequency basis choices means that reducing the depth is not a good way of speed-

ing up the encoding process without compromising image quality.

Entropy coder

In theory, stack-run coding should perform better than arithmetic coding on some sources,

and experiments on Lena and Barb indicate that stack-run coding the high pass bands has

some advantage over arithmetic coding the high pass bands. In the image quality experi-

ments on U1 and U7, the high pass bands are stack-run coded, but arithmetic coding the

high pass bands produces a surprising result. Table 6.5 compares the PSNR on U1 and U7

at 0.5 bpp, where the high pass bands are stack-run coded or arithmetic coded. The low

pass and space only bands are arithmetic coded in all cases. Stack-run coding the high

pass bands and arithmetic coding the high pass bands produces virtually identical PSNR.

For each of the two test images, the optimum partition from the two different coding

schemes is quite similar, with predominantly space partitions up to depth two. Subsequent

frequency partitions produce small subbands after only a few frequency decomposition

stages. Since stack-run coding is not effective at coding small subbands, and the freedom

to choose larger subbands while still performing multiple frequency decompositions is

limited by the space partitions early in the hierarchy, stack-run coding is not any better

than arithmetic coding the high pass bands, for the two ultrasound test images at a target

rate of 0.5 bpp.

Table 6.5: Vary the coding method for high pass bands, 0.5 bpp

Image
HP coding

method R (bpp) PSNR (dB)

U1 Stack-run 0.5008 32.9910

U1 Arithmetic 0.5001 32.9964

U7 Stack-run 0.4991 38.6024

U7 Arithmetic 0.4986 38.6269
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Filter set

The choice of filters is investigated by trying two additional biorthogonal filter sets with

the space-frequency codec. The additional filters are chosen from those tested by da Silva

and Ghanbari [12]. One of the filter sets, labelled 10-18, is chosen in order to use longer

filters than the 9-7 Antonini filters, while the other filter set, labelled 6-10, is chosen in

order to have filters of similar length to the 9-7 filters. Da Silva and Ghanbari report that

both the 10-18 (da Silva and Ghanbari filter “G”) and 6-10 (da Silva and Ghanbari filter

“K”) filters perform better than the 9-7 (da Silva and Ghanbari filter “C”) filters in terms of

coding gain, PSNR, and subjective grade. In their original paper on stack-run coding, Tsai,

Villasenor and Chen [51] use the same 10-18 filter and obtain some improvement in PSNR

over the 9-7 filters. The PSNR from compressing the two ultrasound test images at 0.5 bpp

using the three filter sets is compared in Table 6.6. The 10-18 filters perform the worst,

probably because the block algorithm assumptions are less valid for the longer filters

when applied to small subimages. In terms of PSNR, the 6-10 filters perform slightly

worse than the 9-7 filters, and in terms of subjective quality, the 6-10 filters seem to pre-

serve slightly less high frequency detail. Of the three filter sets tested, the Antonini 9-7 fil-

ters perform the best.

6.4.4 A faster but sub-optimal codec

The main drawback with optimal representation search type codecs is the high computa-

tional cost required to find the best representation. The ongoing evolution of microproces-

sors and computing platforms addresses this problem to a certain extent, but it is useful to

Table 6.6: Vary the filter set, 0.5 bpp

Image Filter set R (bpp) PSNR (dB)

U1 9-7 0.5008 32.9910

U1 10-18 0.4962 32.6211

U1 6-10 0.4956 32.8067

U7 9-7 0.4991 38.6024

U7 10-18 0.4965 38.1496

U7 6-10 0.4964 38.4620
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find a codec that delivers most of the benefits of the best optimal search while limiting the

cost of such a search. The experiments in the previous section provide some clues to the

make-up of a faster but sub-optimal space-frequency codec. Arithmetic coding performs

as well as stack-run coding on ultrasound images, but zeroth-order entropy can be used to

estimate the cost of arithmetic coding. Using zeroth-order entropy in the cost calculation

instead of the actual coded rate produces a sub-optimal partition, but also significantly

decreases the encoding time, since the cost calculation dominates the encoding process.

The number of quantizer choices for each subband can be decreased from sixteen to eight

without significant increase in distortion, which approximately halves the encoding time.

The maximum decomposition depth is kept at five.

Table 6.7 compares the encoding time and PSNR for the ultrasound test images U1

and U7 at 0.5 bpp, between a faster sub-optimal space-frequency codec and the standard

space-frequency codec used in the image quality experiments. The decoding time is

1 second in all cases. The speed comparisons are done on a 400 MHz Pentium II Xeon

system running Windows NT 4.0. Since computing capabilities improve over time, the

absolute encoding time is less significant than the relative reduction in encoding time -

87% in the case of U1 and 86% in the case of U7. The speed improvements are obtained at

little cost in terms of PSNR, and in terms of subjective quality the recovered images from

the standard codec and the fast codec are very similar.

SPIHT is still much faster than the fast sub-optimal space-frequency codec. The

encoding and decoding times for SPIHT are similar. Using SPIHT on the same system, the

round-trip (encoding time plus decoding time) coding time required for U1 or U7 is

Table 6.7: Fast codec vs. standard codec

Image Codec
Enc time
(min:sec) R (bpp) PSNR (dB)

U1 Standard 2:15 0.5008 32.9910

U1 Fast 0:17 0.4998 32.7762

U7 Standard 1:52 0.4991 38.6024

U7 Fast 0:16 0.5001 38.4594
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0.4 seconds. Though the fast space-frequency codec still does not approach the speed of

SPIHT, the image quality of the recovered estimates produced by the fast codec is signifi-

cantly better than SPIHT as measured by subjective quality and PSNR.

6.5 Expert viewer assessment of compressed images

The goal of lossy medical image compression is to reduce the size of the image represen-

tation while at the same time to maintain the quality of image features that are relevant for

diagnosis. Though they provide a convenient measure of overall image quality, objective

measures such as PSNR are usually not designed for medical images. A non-expert viewer

may be able to identify compression artifacts, but is not aware of clinically relevant fea-

tures. Radiologists trained specifically to interpret images from a certain modality are the

best judges of medical image quality; this is especially true in the case of diagnostic ultra-

sound, where the echo location fundamentals behind ultrasound image generation produce

images that are quite alien to persons not trained in the interpretation of such images.

Images compressed using both the space-frequency codec and SPIHT were presented to

ultrasound radiologists to obtain expert viewer assessment of the differences in quality

between images from the two different codecs.

In a comprehensive article where they review study methodologies as well as con-

duct their own study of compressed medical image quality, Cosman, Gray, and Olshen

[11] divide the study of perceptual quality into subjective rating of image quality and

assessment of diagnostic accuracy. Studies of diagnostic accuracy typically employ

receiver operating characteristic (ROC) analysis, where the diagnostic task is defined as a

decision with respect to a threshold [30] [10] [35]. ROC studies require definition of a

suitable diagnostic task, a large number of test images, availability of some kind of stan-

dard diagnosis for each test image, the participation of a reasonable number of radiolo-

gists, and sophisticated statistical analysis to interpret the results. Subjective quality

assessment is less standardized. In their study of the subjective quality of compressed

Computed Radiography chest images, Ishigaki et. al. [30] ask the subjects to rank recon-
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structed images according to the degree of compression. A more common method of

studying subjective quality is to ask the subjects for a quality rating for each compressed

image, however the rating scale is not standardized [41] [19].

A valid formal study of compressed medical image quality is clearly a large and

demanding task that is beyond the scope of this thesis. The expert viewer assessment task

that is attempted is a limited study of subjective quality. The goal of the study is to com-

pare the subjective quality with respect to medically relevant features of ultrasound

images compressed with space-frequency segmentation and SPIHT, at a single bit rate

which is relevant and interesting.

6.5.1 Setup

The study is conducted with the Radiology Department at Vancouver General Hospital

(VGH), and all images used in the expert viewer assessment study are obtained from the

Radiology Department at VGH. The images in the test set are chosen with the help of a

radiologist to cover a selection that is representative of what radiologists encounter nor-

mally, and which includes diagnostically interesting features in the images. Because the

VGH Radiology Department conducts a large number of abdominal exams, the images in

the test set are dominated by abdominal images, including images of the liver, kidney, gall

bladder, and pancreas. Non-abdominal images in the test set consist of two thyroid

images. Most of the abdominal images are captured at 4 MHz using harmonic imaging, in

which signal processing using the second harmonic produces a slightly sharper image. The

rest of the abdominal images are captured at 3.5 MHz. Curved linear array and phased

array transducers are used for the abdominal images. The thyroid images are quite differ-

ent from the other images because they are captured at 8 MHz using linear array transduc-

ers, and consequently the ultrasound portion of the thyroid images is rectangular in shape.

All images in the test set are grayscale with a resolution of 8 bits. The PSNR of the com-

pressed test images using SPIHT ranges from 35.1 dB to 41.0 dB, while the PSNR using

space-frequency segmentation ranges from 37.5 dB to 39.7 dB.
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All compressed images in the test set are compressed at a rate of 0.4 bpp, which is

slightly lower than the 0.5 bpp used in other experiments in this thesis. The rate of 0.4 bpp

is chosen based on non-expert assessment of subjective quality, so that some compression

artifacts are visible but overall image quality is still high. The results from the expert

viewer assessment will show that this is an appropriate compression rate.

The test methodology is the two alternative forced-choice technique. Subjects are

shown a pair of images, and are asked to choose the image with the best subjective quality

in terms of medically relevant features. Each pair has a common original image, and no

pair of images is exactly identical. The subjects are not told whether or not the images are

compressed, nor which compression methods are used on the images. Unlike other subjec-

tive tests a quality rating scale is not used, since there is not enough variation in quality at

a single bit rate to justify the use of a quality rating, however subjects are encouraged to

record any relevant comments about image quality.

Uncompressed images are included in the test set as a control, so that there are three

possible permutations for a pair of images: space-frequency vs. SPIHT, uncompressed vs.

space-frequency, and uncompressed vs. SPIHT. Twelve pairs of images are used, and

since the goal of the test is to compare space-frequency segmentation against SPIHT, six

of the twelve pairs are space-frequency vs. SPIHT, while three pairs compare uncom-

pressed vs. space-frequency, and three pairs compare uncompressed vs. SPIHT. Original

uncompressed versions of the twelve images are shown in Appendix C. Within the three

possible permutations there is a mix of image quality (as measured by PSNR), to mini-

mize the bias towards either space-frequency or SPIHT. To limit learning effects, when the

images are presented to the subjects permutations are interleaved in the order: space-fre-

quency vs. SPIHT, uncompressed vs. SPIHT, space-frequency vs. SPIHT, uncompressed

vs. space-frequency. Images are presented side-by-side, but the higher quality image in

terms of PSNR is randomly distributed to the left or right hand side.
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6.5.2 Results

Two radiologists are involved in the study. The study is conducted in the radiology view-

ing room using monitors that are normally used for ultrasound images, under typical light-

ing conditions for viewing images. The winners (e.g. the image of the pair with the best

quality in terms of medically relevant features) in the twenty four decisions from the two

radiologists are tabulated in Table 6.8. Due to unclear instructions to one of the radiolo-

gists, there are three “no-decision” results, where the radiologist cannot choose a winner

from the pair of images.

The twelve comparisons between compressed images show a clear preference for

space-frequency compressed images over SPIHT compressed images. The space-fre-

quency compressed image is chosen as the best quality image of the pair eleven times out

of twelve, while the SPIHT compressed image is chosen only once. In the one case where

SPIHT is chosen over space-frequency, a thyroid image, the quality of both compressed

images is quite high – 39.7 dB for space-frequency and 38.8 dB for SPIHT. The radiolo-

gist who chose the SPIHT compressed image preferred it because it appears to have more

contrast and sharpness. At high quality levels where objectionable artifacts are minimal,

the low pass filtering effect of the wavelet transform can sharpen features by reducing

high frequency noise, so that the effects of compression can produce an image that is pre-

ferred over the original.

Table 6.8: Winners from the study

Winners

Space-frequency
vs.

SPIHT

Space-frequency 11

SPIHT 1

No decision 0

Uncompressed
vs.

Space-frequency

Uncompressed 3

Space-frequency 1

No decision 2

Uncompressed
vs.

SPIHT

Uncompressed 5

SPIHT 0

No decision 1
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Despite the clear preference for space-frequency compressed images over SPIHT

compressed images, at the PSNRs tested, the distinction in quality between the two com-

pression methods with respect to medically relevant features is not large. The radiologist’s

comments indicate that the winner is often chosen based on better sharpness and higher

resolution, particularly in speckly texture regions of an image. In a few cases, the SPIHT

compressed image is chosen as the loser because visible artifacts degrade medically sig-

nificant features. At 0.4 bpp, most of the compressed images in the test set have some loss

of detail and exhibit some compression artifacts, but the utility of most of the images for

diagnostic purposes is not significantly degraded. When the radiologists focus on com-

pression artifacts, both are always able to identify the image in a pair with lower PSNR,

but both radiologists concentrate on using medically significant features as the basis of

their winner choice, rather than simply choosing the image with the least visible artifacts.

Both radiologists comment that with the exception of a single image, all the images that

they are shown are suitable for diagnostic use. The one image that is judged unsuitable is a

SPIHT compressed image in which severe artifacts and blurring are visible. The unsuit-

able image is a low contrast image of a kidney. The bit allocation scheme used in SPIHT,

which allocates more bits to larger magnitude coefficients, appears to have trouble with

low contrast images, because there is less distinction by magnitude between coefficients.

The decisions from comparisons between compressed and uncompressed images

show that for this set of test images, 0.4 bpp is a suitable level of compression for the

assessment of compressed image quality. At 0.4 bpp, the quality of space-frequency com-

pressed images is quite high, and it is difficult to choose between space-frequency com-

pressed and uncompressed images, whereas the quality of SPIHT compressed images is

degraded, so that the distinction between SPIHT compressed and uncompressed images is

generally clear. In the six comparisons between space-frequency compressed and uncom-

pressed images, the space-frequency compressed image is the winner once, the uncom-

pressed image is the winner three times, and there are two “no-decisions”. In the six

comparisons between SPIHT compressed and uncompressed images, the uncompressed

image is the winner five times, and there is one “no-decision”. Thyroid images appear eas-
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ier to compress than abdominal images, and the “no-decision” case for the SPIHT versus

uncompressed comparison involves a thyroid image where the PSNR of the SPIHT com-

pressed image is quite high (41.0 dB).

6.6 Partitioning ultrasound-only images

When space-frequency segmentation is applied to medical ultrasound images, where the

ultrasound scanned area is often non-rectangular in shape and typically does not occupy

Figure 6.16: Ultrasound-only test images

C5C4

C1 C2 C3
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the entire image, the optimum partition indicates that the background and ultrasound areas

of the image should be treated differently by the compression system for best results.

Despite the geometric limitations on the possible partitions, space-frequency segmentation

does a reasonable job of adapting the optimum partition to fit the shape of the ultrasound

region, and does so automatically. If the ultrasound area could be perfectly separated from

the background (and ignoring for now exactly how this would be done) and subband

coded separately, it is useful to find a good strategy for coding the ultrasound-only area.

This leads to the investigation of the optimum partition for ultrasound-only images. In

addition, the optimum partitions of ultrasound-only images may give some insight into the

characteristics of ultrasound images.

Five rectangular ultrasound-only images are cropped from five medical ultrasound

images with wedge shaped ultrasound scanned areas.4 The wedge shape limits the size of

the extracted images to  pixels. The five images, labelled C1 to C5, are shown

in Figure 6.16. The images range in contrast from quite high (C1) to quite dark (C4). All

images are quite speckly, and C3, C4, and C5 also contain features from imaged organs.

Space-frequency segmentation is used to code the five ultrasound-only images at

0.5 bpp, using the quantizer set from the image quality experiments in Section 6.4.2. High

pass bands are stack-run coded, while low pass and space only bands are arithmetic coded.

The filters used are the Antonini 9-7 biorthogonal filters. Because the images are small,

the maximum decomposition depth is limited to three. The limited decomposition depth

also makes it easier to make sense of the optimum partition for each image. The subband

images describing the optimum partition for each image are shown in Figure 6.17.

A common partition is obtained by comparing the decisions from the five optimum

partitions at each partition decision point, and choosing the winner by majority vote.The

common partition is shown in Figure 6.18. It contains only frequency partitions, and is the

same as the optimum partition for C1, C3, and C5. The common partition is quite similar

4.  C1 is cropped from U1, and C2 is cropped from U7. The original images used to produce C3-C5
are obtained from the Radiology Department of Vancouver General Hospital.

192 256×
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to an octave band subband decomposition. Recursive decomposition of the LL band is

included in the common partition, and is also part of the optimum partition for all five

images, indicating that despite the presence of speckle, ultrasound images are still gener-

ally low pass in nature. This is consistent with the statistical analysis of Wagner et. al.,

which was reviewed in Section 2.5. All five optimum partitions as well as the common

partition also include a frequency partition of the LH band at depth one. Partitioning of the

Figure 6.17: Optimum partitions for ultrasound-only test images, 0.5 bpp

C1 C2 C3

C4 C5
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LH band is consistent with the subband decomposition experiment in Section 4.2, which

showed significant energy in the LH band due to the shape of the speckle spots.

The common partition is used to encode the five ultrasound-only images. The PSNR

from the common partition encoding is compared against the optimum partition and

SPIHT in Table 6.9. The results in the table show that there is little penalty in using the

common partition instead of the optimum partition. In all five cases the common partition

produces better PSNR than SPIHT. The subjective quality of the estimates recovered from

the common partition encoding are superior to the images recovered from SPIHT. The

common partition encoding does a better job of preserving high frequency details, particu-

larly the speckle texture. For the ultrasound-only image labelled C1, the original image,

Figure 6.18: The common partition

Original
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F
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the estimate recovered from the common partition codec, and the estimate recovered from

SPIHT are displayed side by side in Figure 6.19. The good performance of the common

partition with respect to SPIHT indicates that space-frequency segmentation can be a use-

ful tool for finding a good decomposition topology for subband coding ultrasound-only

images.

6.7 Summary

Coding experiments on natural images show that the best results are obtained by letting

the optimization determine the size of the subimage for coding and quantization. For

space-frequency segmentation on natural images, stack-run coding high pass bands works

better than arithmetic coding high pass bands. The choice of coding scheme for ultrasound

images is less clear, although this may change with higher resolution images that produce

larger subbands at a given decomposition depth. On the two test images U1 and U7, stack-

run coding and arithmetic coding high pass bands produce virtually identical results, due

Table 6.9: Common partition vs. SPIHT

Image Codec R (bpp) PSNR (dB)

C1 Optimum partition 0.5164 31.8482

C1 Common partition 0.4953 31.5625

C1 SPIHT 0.500 30.9860

C2 Optimum partition 0.5054 31.8505

C2 Common partition 0.4990 31.7649

C2 SPIHT 0.500 31.3897

C3 Optimum partition 0.5059 33.1806

C3 Common partition 0.4963 32.9311

C3 SPIHT 0.500 32.6403

C4 Optimum partition 0.4992 34.4473

C4 Common partition 0.4961 34.3372

C4 SPIHT 0.500 34.2514

C5 Optimum partition 0.5000 33.6784

C5 Common partition 0.4964 33.6319

C5 SPIHT 0.500 33.4025
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to the early space partitions driven by the shape of the scanned region, which limit the

depth of frequency partitions and the size of high pass bands. The similar results using dif-

ferent coding schemes for ultrasound images highlights the power of the rate-distortion

optimization algorithm, which exploits the different strengths of different techniques to

produce comparable results.

At 0.5 bpp, space-frequency segmentation is better than SPIHT at compressing med-

ical ultrasound images, in terms of both PSNR and subjective quality. Space-frequency

segmentation does a better job of preserving both fine detail and low contrast detail. The

optimum partition for the space-frequency representation indicates that the best way to

compress medical ultrasound images is to treat the background and ultrasound scanned

areas differently. Despite its limitations, space-frequency segmentation does a good job at

compressing ultrasound images because of its adaptive nature and its ability to treat differ-

ent regions differently.

A fast sub-optimal space-frequency codec is produced by using entropy as an esti-

mate of rate in the cost calculation, arithmetic coding all subbands, and reducing the num-

ber of quantizer choices for each band. Compared to the standard space-frequency codec

Figure 6.19: C1: original, common partition, and SPIHT, 0.5 bpp

Original Common partition SPIHT
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of Section 6.4.2, the fast codec reduces the encoding time from a few minutes to a few

tens of seconds, while maintaining recovered image quality. Though the speed is still sig-

nificantly lower than that of SPIHT, the quality of the recovered images from the fast

space-frequency codec is higher than that of SPIHT in terms of both subjective and objec-

tive measures.

Assessment of compressed medical ultrasound image quality by expert viewers

shows a clear preference for space-frequency compressed images over SPIHT compressed

images. In comparisons between space-frequency compressed and SPIHT compressed

images at 0.4 bpp, space-frequency compressed images are consistently chosen as the bet-

ter quality images in terms of medically relevant features. Despite the consistent distinc-

tion between images compressed using the two different methods, the differences in image

quality with respect to medically relevant features are not very large.

Experiments on ultrasound-only images show that space-frequency segmentation is

useful for finding a good fixed partition for subband coding of ultrasound-only images. A

fixed partition is useful for building a fast codec that is optimized for ultrasound images.

Experiments using five test images result in a common partition that combined with scalar

quantization and stack-run and arithmetic coding performs better than SPIHT in terms of

both PSNR and subjective quality.
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Chapter 7

Conclusions

Space-frequency segmentation finds the rate-distortion optimal representation of an

image, choosing from a set of bases where the possibilities for space or frequency parti-

tion are symmetric. The choice of quantizer used to quantize subband coefficients is

included in the rate-distortion optimization. Because it adapts the representation to suit the

image, space-frequency segmentation is a good choice for images with unusual features.

The speckle texture and the shape of the ultrasound scanned region make space-frequency

segmentation a good choice for coding medical ultrasound images.

Experiments coding ultrasound images with a space-frequency codec produce good

results, showing improvement in terms of both PSNR and subjective quality when com-

pared with wavelet transform zerotree coding using SPIHT. The improvement in subjec-

tive quality is particularly noticeable in regions of fine speckle texture. Assessment of

compressed ultrasound images by radiologists confirms that, in terms of medically rele-

vant features, the subjective quality of space-frequency compressed images is superior to

SPIHT compressed images. The search for an optimal representation is computationally

expensive. Using entropy as an estimate of rate in the cost calculation during the optimal

search results in a faster codec that produces a close to optimal representation.
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7.1 Summary of contributions

A space-frequency segmentation codec is implemented to study the effectiveness of

space-frequency segmentation for the compression of medical ultrasound images. The use

of actual entropy coders in the implemented codec extends the work of Herley et al., who

originally propose the space-frequency algorithm but do not report actual coded rates, by

studying the problem of coding the space-frequency representation effectively. The

parameters that determine the performance of the space-frequency codec are explored, and

a good set of parameter settings is determined experimentally. The use of space-frequency

segmentation to compress medical ultrasound images is investigated in detail. An expert

viewer study is conducted in which ultrasound radiologists evaluate the subjective quality

of compressed medical ultrasound images with respect to diagnostically relevant features.

7.2 Suggestions for future work

There are many parameters that can be varied in the space-frequency codec, such as the

choice of quantizers, the entropy coding scheme, and the filters used. Optimization of

quantizer set size, step size, alphabet size and granular range requires more experiments to

characterize subimage statistics, and should result in improved performance. Choosing

different entropy coding schemes based on subimage size is another idea to improve the

codec. Since stack-run prefers coding larger subimages, applying arithmetic coding to

small subimages and stack-run coding to larger subimages may produce more efficient

coding. A similar idea can be used to choose different filters based on subimage size, so

that longer filters are applied to larger subimages, but shorter filters are applied to smaller

subimages.

Despite improvements in speed, the high computational cost remains the primary

drawback in using space-frequency segmentation to code ultrasound images. One area of

future research is to improve the speed of the optimal basis search. Because the target

images are from a single medical imaging modality and share some common characteris-
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tics, searching the entire set of possible space-frequency bases may not be necessary.

Investigating ways to limit the search will require a better understanding of the nature of

ultrasound images. Calculation of the cost function is the critical path in the space-fre-

quency algorithm. Finding a cost metric that is simple to calculate but results in an effi-

cient basis choice will also improve the speed without sacrificing quality.

Knowledge of the optimal space-frequency representation leads to modifications of

fixed transform algorithms to improve their performance on ultrasound images. Treating

the background and text separately from the ultrasound scanned area is one obvious

method. The utility from treating these areas differently is confirmed by the space parti-

tions in the space-frequency representation, which occur early in the space-frequency

decomposition hierarchy. The wavelet transform does not appear to be the best partition

choice for preserving fine detail, particularly in speckly regions. Experiments on ultra-

sound-only images show that space-frequency segmentation can be used as a tool to find

an effective fixed partition.

An interesting problem in coding ultrasound images is the need to preserve detail in

regions of low contrast. Zerotree methods, which allocate more bits to coefficients with

larger magnitude, seem particularly poor at addressing this problem. Space-frequency seg-

mentation appears better at preserving low contrast detail, but because the optimality crite-

rion is minimum overall rate-distortion cost, no particular distinction is made between

areas of low or high contrast. A bit allocation scheme which takes into account the local

level of contrast is an interesting idea for future investigation.
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Appendix A

Quantizer Set for Lena and Barb, 0.5 bpp

Table A.1: Quantizers for high pass bands

Step size
Alphabet

size
Minimum
output

128.0 64 -4096.0

84.0 64 -2688.0

78.9 64 -2524.8

73.7 64 -2358.4

68.6 64 -2195.2

63.4 64 -2028.8

58.3 64 -1865.6

53.1 64 -1699.2

48.0 64 -1536.0

42.9 64 -1372.8

37.7 64 -1206.4

32.6 64 -1043.2

27.4 64 -876.8

22.3 64 -713.6

17.1 64 -547.2

12.0 64 -384.0
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Table A.2: Quantizers for space-only bands

Step size
Alphabet

size
Minimum
output

128.0 3 -128.0

120.0 4 -128.0

112.0 4 -128.0

104.0 4 -128.0

96.0 4 -128.0

88.0 4 -128.0

80.0 5 -128.0

72.0 5 -128.0

64.0 5 -128.0

56.0 6 -128.0

48.0 7 -128.0

40.0 8 -128.0

32.0 9 -128.0

24.0 12 -128.0

16.0 17 -128.0

8.0 33 -128.0

Table A.3: Quantizers for low pass bands

Step size
Alphabet

size
Minimum
output

64.0 64 -2048.0

61.3 64 -1961.6

58.7 64 -1878.4

56.0 64 -1792.0

53.3 64 -1705.6

50.7 64 -1622.4

48.0 64 -1536.0

45.3 64 -1449.6

42.7 64 -1366.4

40.0 64 -1280.0

37.3 64 -1193.6

34.7 64 -1110.4

32.0 64 -1024.0

29.3 64 -937.6
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26.7 64 -854.4

24.0 64 -768.0

Table A.3: Quantizers for low pass bands

Step size
Alphabet

size
Minimum
output
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Appendix B

Quantizer Set for U1 and U7, 0.5 bpp

Table B.1: Quantizers for high pass bands

Step size
Alphabet

size
Minimum
output

128.0 64 -4096.0

64.0 64 -2048.0

60.0 64 -1920.0

56.0 64 -1792.0

52.0 64 -1664.0

48.0 64 -1536.0

44.0 64 -1408.0

40.0 64 -1280.0

36.0 64 -1152.0

32.0 64 -1024.0

28.0 64 -896.0

24.0 64 -768.0

20.0 64 -640.0

16.0 64 -512.0

12.0 64 -384.0

8.0 64 -256.0
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Table B.2: Quantizers for space-only bands

Step size
Alphabet

size
Minimum
output

128.0 3 -128.0

44.0 7 -128.0

41.7 8 -128.0

39.4 8 -128.0

37.1 8 -128.0

34.9 9 -128.0

32.6 9 -128.0

30.3 10 -128.0

28.0 11 -128.0

25.7 11 -128.0

23.4 12 -128.0

21.1 14 -128.0

18.9 15 -128.0

16.6 17 -128.0

14.3 19 -128.0

12.0 23 -128.0

Table B.3: Quantizers for low pass bands

Step size
Alphabet

size
Minimum
output

128.0 64 -4096.0

40.0 64 -1280.0

38.0 64 -1216.0

36.0 64 -1152.0

34.0 64 -1088.0

32.0 64 -1024.0

30.0 64 -960.0

28.0 64 -896.0

26.0 64 -832.0

24.0 64 -768.0

22.0 64 -704.0

20.0 64 -640.0

18.0 64 -576.0

16.0 64 -512.0
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14.0 64 -448.0

12.0 64 -384.0

Table B.3: Quantizers for low pass bands

Step size
Alphabet

size
Minimum
output
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Appendix C

Images for the Expert Viewer Study

Figure C.1: Space-frequency vs. SPIHT, Image 1
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Figure C.2: SPIHT vs. original, Image 1

Figure C.3: Space-frequency vs. SPIHT, Image 2
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Figure C.4: Space-frequency vs.original, Image 1

Figure C.5: Space-frequency vs. SPIHT, Image 3
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Figure C.6: SPIHT vs. original, Image 2

Figure C.7: Space-frequency vs. SPIHT, Image 4
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Figure C.8: Space-frequency vs. original, Image 2

Figure C.9: Space-frequency vs. SPIHT, Image 5
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Figure C.10: SPIHT vs. original, Image 3

Figure C.11: Space-frequency vs. SPIHT, Image 6
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Figure C.12: Space-frequency vs. original, Image 3


